The first eigenvalue of the Dirac operator in a conformal class

Bernd Ammann and Emmanuel Humbert

September 25, 2006

Abstract In this overview article, we study the first positive eigenvalue of the Dirac operator in a unit volume conformal class. In particular, we discuss the question whether the infimum is attained. In the first part, we explain the corresponding variational problem. In the following parts we discuss the relation to the spinorial mass endomorphism and an application to surfaces of constant mean curvature. The article also mentions some open problems and work in progress.

1 The associated variational problem

Let (M, g_0) be a compact n-dimensional Riemannian manifold equipped with a fixed spin structure that will not be mentioned explicitly in the notation, dim M = n ≥ 2. Let [g_0] be the set of all metrics conformal to g_0 having volume 1. For any metric g = f^2g_0 ∈ [g_0] we obtain a spinor bundle Σ^g M and a Dirac operator D^g : Γ(Σ^g M) → Γ(Σ^gM). We identify Σ^g M with Σ^{g0} M such that [Hit74, Hij86, Hij01] D^g φ = f^{−1}D^{g0} φ,

|φ|_g = f^{(n−1)/2}|φ|_{g0} .

In particular, with this identification the kernel of the Dirac operator is conformally invariant.

We study the first positive eigenvalue of the Dirac operator as a function on [g_0], e.g. we are interested in the supremum and the infimum.

At first, one can show that the first positive eigenvalue of the Dirac operator λ^+_1 (g) is not bounded from above. Indeed in [ACHH] we construct a sequence of so-called Pinocchio metrics. Pinocchio metrics are a sequence of metrics (g_n) conformal to g_0 with an almost cylindrical part whose length tends to ∞ for n → ∞ as indicated in Figure 1. Some analytic arguments involve that lim inf λ^+_1 (g_n) > 0, but ν_n :=^n � vol(M, g_n) → ∞. Hence, ν^{−2}_n g_n is a sequence of metrics in [g_0], such that λ^+_1 (ν^{−2}_n g_n) → ∞. As a result of these arguments we obtain sup g∈[g_0 ]

λ^+_1 (g) = ∞.

Figure 1: Pinocchio metrics with growing cylindrical part (= growing nose).

Now, let us turn our attention to the infimum of λ^+_1 (g). We define

λ^+_{min}(M, [g_0]) := inf_{g∈[g0 ]} λ^+_1 (g).

This invariant satisfies λ^+_{min}(M, [g_0]) ≤ λ^+_{min}(S^n) = (n/2)ω^{1/n}_n where the sphere carries the standard Riemannian metric, and where ω_n denotes its volume [Hij86, Bär92, Amm03b, GH06].

The infimum λ^+_{min}(M, [g_0]) is always positive, i.e. the first eigenvalue is uniformly bounded away from 0. This result is due to J. Lott if the Dirac operator is invertible [Lot86], for the general case see [Amm03b]. In order to prove this result it is helpful to reformulate the problem as a variational problem. Namely we define the conformally invariant functional

F(φ) =

‖Dφ‖^2_{L2n/(n+1)} � ⟨Dφ, φ⟩ . One then shows that λ^+_{min}(M, [g_0]) := inf F(φ)

where the infimum runs over all spinors of regularity H^{2n/(n+1)}_1 with � ⟨Dφ, φ⟩ > 0. Note that due to the boundedness of the Sobolev embedding H^{2n/(n+1)}_1 → L^{2n/(n−1)} and due to the Hölder inequality the denominator � ⟨Dφ, φ⟩ is continuous on H^{2n/(n+1)}

1 . The infimum of F is attained iff λ^+_1 (g) attains its infimum in a “generalized” metric. By a generalized metric we mean a (2, 0)- tensor of the form f^2g_0, where f is a real function that may have zeros (see [Amm03c, Amm03a] for details). We obtain the following result.

THEOREM 1.1 ([Amm03a]). Let α := 2/(n − 1) if n ≥ 4, and let α ∈ (0, 1) if n ∈ {2, 3}. Assume that

λ^+_{min}(M, [g_0]) < λ^+_{min}(S^n) (1.2)

holds.

(A) Then there is a spinor field φ ∈ C^{2,α}(ΣM) ∩ C^∞(Σ(M \ φ^{−1}(0))) on (M, g_0) minimizing F among all spinors with � ⟨Dφ, φ⟩ > 0. In particular, after possibly adding an element of the kernel of D, the minimizer satisfies the Euler-Lagrange equation of F:

D_{g0} φ = λ^+_{min} |φ|^{2/(n−1)}φ, ‖φ‖_{2n/(n−1)} = 1.

(B) There is a generalized metric g conformal to g_0 with volume 1 such that

λ^+_1 (g) = λ^+_{min}.

The generalized metric has the form g = |φ|^{4/(n−1)}g_0 where φ is a solution of the Euler-Lagrange equation in (A). The generalized metric is smooth outside the zero set of the conformal factor.

(C) If n = 2, then the zero set of the conformal factor of g, denoted S_g , is finite. The generalized metric is smooth everywhere including in the zero set S_g . Furthermore, #S_g < genus(M).

In particular, if M is diffeomorphic to a 2-torus, then g is a metric in the ordinary sense.

Roughly speaking, the inequality (1.2) avoids concentration of minimizing sequences for our functional.

Inequality (1.2) is strongly related to the Yamabe problem. The Yamabe problem [Yam60] is the problem to find a metric of constant scalar curvature in the given conformal class [g_0]. It has been solved affirmatively in [Tru68], [Aub76], [Sch84], see also the well-written overview article [LP87]. The most difficult step in the solution of the Yamabe problem is to show that any manifold not conformal to the standard sphere satisfies

Y (M, [g_0]) < Y (S^n) (1.3)

It is a direct consequence of Hijazi’s inequality [Hij86] that inequality (1.2) implies inequality (1.3). Hence, proving (1.2) for a given conformal spin manifold (M, [g_0], χ) provides an alternative proof for the solvability of the Yamabe problem.

Obviously, one would like to determine all conformal manifolds (M, [g_0]) and all spin structures on M such that (1.2) holds. Unfortunately, this problem is widely open. It is not known whether (1.2) holds for all manifolds not conformal to S^n. However, some special cases are known. We will explain some of them in the following sections.

2 The spinorial mass endomorphism

We assume in this section that the Weyl curvature W of (M, g_0) vanishes in a neighborhood of a point p ∈ M. This is equivalent to saying that there is a metric g ∈ [g_0] that is flat on a small ball B_ε(p) centered in p.

Furthermore, we assume that the Dirac operator on M is invertible. The integral kernel of the inverse of the Dirac operator will be denoted as G^D (x, y) ∈ Hom (Σ_yM, Σ_xM), which is a smooth ΣM ⊠ ΣM-valued function on M × M \ {(x, x) | x ∈ M}. In particular we obtain � M ⟨G^D (x, y)(φ_0), Dψ(x)⟩ dx = ⟨φ_0, ψ(y)⟩ for all smooth spinors ψ ∈ Γ(ΣM) and φ_0 ∈ Σ_yM, y ∈ B_ε(p).

We work in normal coordinates for g based in p. As the metric g is flat on B_ε(p), we can trivialize the spinor bundle on B_ε(p) by parallel sections. Without explicitly stating it, we identify Σ_yM and Σ_xM, x, y ∈ B_ε(p) via parallel transport along a path from x to y in B_ε(p). Similarly, x − y can be identified with a vector in T_pM ∼= T_xM ∼= T_yM, and hence Clifford multiplication by x − y defines an endomorphism in End(Σ_pM).

With these trivializations we then obtain on B_ε(p) for φ_0 ∈ Σ_yM

G^D(x, y)φ_0 = − 1 ω_{n−1} x − y |x − y|^n

· φ_0 + v(x, y)φ_0,

where (x, y) → v(x, y) is a smooth End(Σ_pM)-valued function on B_ε(p)×B_ε(p).

The section x → α_g (x) := v(x, x) of the bundle End(ΣM|_{Bε(p)}) is called the mass endomorphism of (M, g) on B_ε(p). The index g indicates that it depends on the choice of g ∈ [g_0]. (One can show, that α_g(x)dvol^{n−1n}g (x) is invariant under conformal changes g, hence α_g (x)dvol^{n−1n}g (x) yields a well-defined smooth section defined on the interior of {x ∈ M|W_x = 0}.) The self-adjointness of the Dirac operator implies that α_g(x) is a self-adjoint endomorphism of Σ_xM, hence its eigenvalues are real.

Furthermore, in dimension n ≢ 3 mod 4 there is a real linear endomorphism of ΣM anticommuting with the Dirac operator, and hence with α_g (x). Thus, in this case, the spectrum of α_g(x) is symmetric with respect to 0.

In dimension n ≡ 3 mod 4, this is not the case, as we will see at the example of the real projective space RP^{4k+3}.

EXAMPLE 2.1. (Real projective space.) Suppose that (M, g_0) is the real projective space RP^{4k+3}, k ∈ N ∪ {0} with its standard metric with universal covering π : S^{4k+3} → RP^{4k+3}. The projective space RP^{4k+3} carries two spin structures. For one of the spin structures n/2 is in the spectrum of the Dirac operator, and the corresponding eigenspinors are so-called Killing spinors to the constant −1/2, i.e. spinors ψ satisfying

∇_X ψ = − 1 2 X · ψ.

The value −n/2 is not in the spectrum. For the other spin structure, −n/2 is in the spectrum with eigenspinors being Killing spinors to the constant 1/2, and n/2 is not in the spectrum. (See [Bär96, Section 4] for more informations about real projective spaces and other quotients of spheres.)

For each spin structure, we obtain a fiberwise isomorphism of vector bundles

π_∗ : Σ_pS^{4k+3} → Σ_{π(p)}RP^{4k+3}.

This allows us to calculate

G^D_{RP} 4k+3 (πx, πy) ∘ π_∗ = π_∗ ∘ G^D_S4k+3 (x, y) + π_∗ ∘ G^D_S4k+3 (x, −y), (2.2) where −y denotes the antipodal point of y. In order to calculate α_g (y) for some g ∈ [g_0] we perform a stereographic projection. The first summand π_∗ ∘ G^D_{S4k+3} (x, y) ∘ (π_∗)^{−1} goes over into the euclidean Green function − 1 ω_{n−1} x − y |x − y|^n · . Hence, α_g (y) = 0 is equivalent to G^D_{S4k+3} (y, −y) = 0, and using Moebius transformations it is clear that if G^D_{S4k+3} (y, −y) did vanish then the conformal change formula for G^D_{S4k+3} would imply that G^D_{S4k+3} vanishes everywhere. Hence α_g(y) ≠ 0. On the other hand, the isotropy group of the Spin(4k + 4) action on S^{4k+3} in the point y is the subgroup Spin(4k + 3). This isotropy subgroup acts on Σ_yRP^{4k+3}. It is the unique irreducible representation of Spin(4k + 3) and commutes with α_g (y). Hence, by Schur’s lemma α_g (y) = λ Id where λ ∈ R\{0}. On the other hand, it is easy to see that changing the spin structure changes the sign of the spinorial mass endomorphism.

THEOREM 2.3 ([AHM03]). Let (M, g_0) be a Riemannian spin manifold, flat in a neighborhood of p ∈ M, with invertible Dirac operator. If the spinorial mass endomorphism α(p) has a positive eigenvalue, then (1.2) holds.

If α(p) has a negative eigenvalue, then the same result holds if we replace everywhere the first positive eigenvalue by the first negative one, namely

inf_{g∈[g0]} � � �λ^−_1 (g) � � � < n 2 ω^{1/n}_n . (2.4)

With this inequality, we can conclude in analogy to Theorem 1.1 that |λ^−_1 (g)| attains its infimum, and that one obtains a solution of the Euler-Lagrange equations.

COROLLARY 2.5. Let (M, g_0) be a (locally) conformally flat Riemannian spin manifold of dimension n with invertible Dirac operator. Assume that the spinorial mass endomorphism does not vanish everywhere on M.

(1) If n ≢ 3 mod 4, then (1.2) and (2.4) hold,

(2) If n ≡ 3 mod 4, then (1.2) or (2.4) hold.

Note that the “or” in the second case is not an “exclusive or”. One of the major problems around the spinorial mass endomorphism is that we need results that provide sufficient conditions for the non-vanishing of α.

We conjecture that for generic metrics the mass endormorphism should not vanish everywhere. A way to study this conjecture in dimensions 3 and 4 might be to study the perturbative methods explained in [Mai97].

In dimension n ≡ 3 mod 4, a criterion for the non-vanishing of the spinorial mass endomorphism arises from the amazing connection of the spinorial mass endomorphism to the regularization of the trace of D^{−1}. Let us assume that (M, g_0) is conformally flat, i.e. that the Weyl curvature vanishes everywhere.

For any y ∈ M let g_y ∈ [g_0] be a flat metric that coincides with g_0 in y. In [Oki01] it is shown that the regularized trace T R(D^{−1}) satisfies

T R(D^{−1}) = � tr α_{gy} (y) dy

if n ≡ 3 mod 4. Okikiolu’s approach is tightly related to techniques developped in [KV95], but while Kontsevich and Vishik’s techniques apply mainly to regularized traces of pseudo-differential operators of non-integer order, Okikiolu managed to control regularized traces of integer order by using a clever splitting of pseudo-differential operators into an “even” and an “odd” part. Okikiolu’s work was motivated by calculating variation formulae for regularized traces.

Unfortunately, it seems even harder to calculate T R(D^{−1}) than to calculate the mass endomorphism itself. Hence, this criterion has not admitted strong applications until today for our problem.

3 Surfaces

For hypersurfaces in R^{n+1} there is another useful criterion for proving (1.2) which is particularly helpful for surfaces in R^3. We will restrict to surfaces here, but similar techniques also apply in higher dimensions. The idea relies on the spinorial Weierstrass representation, [KS96], see also [Fri98], [Bär98] for more recent approaches, and see also [Amm03a, Section 9] for a history overview and further references.

Suppose that (M, [g_0]) is a compact Riemann surface and that the universal covering ~M admits a periodic branched conformal immersion F : ~M → R^3. By “periodic”, we mean that there exists a group homomorphism h : π_1(M) → R^3 such that F (γ · x) = F (x) + h(γ)

where γ · x denotes the image of x under the action of the Deck transformation γ ∈ π_1(M).

If all branching points have even branching order, then the immersion F induces a spin structure on M. Let us explain this in more details: Let J be the complex structure on M and (X, JX) be a frame on M. Then outside the branching points � dF (X) |dF (X)| , dF (JX) |dF (JX)| , dF (X) |dF (X)| ∧ dF (JX) |dF (JX)| �

is a frame in SO(3). Pulling back the double cover SU(2) → SO(3) defines a spin structure on M \ {branching points}. The spin structure does not extend over the branching points of odd order. However, if we assume that all branching points have even order, the spin structure extends to all of M. We obtain a spinor bundle. We can use the restriction of a parallel spinor of unit length as explained in [Bär98] in order to obtain a spinor φ on M satisfying

Dφ = H|φ|^2φ |φ|^2 = |dF |.

We will call this spinor the spinor induced by the immersion F . Hence, if ker D = {0}, then an easy Rayleigh quotient type argument implies that

(λ^+_{min}(M, [g_0]))^2 ≤ � H^2,

where the integral has to be taken with respect to the volume measure induced from R^3, and ranges over a fundamental domain of M.

The integral is the famous Willmore integral of F . It is not hard to prove that if F is the lift of a map M → R^3 (i.e. h ≡ 0), then � H^2 ≥ 4π. Hence, we do not get (1.2) in this case. However there are many Riemann surfaces together with branched conformal immersions F : ~M → R^3 with non-trivial periodicity map h for which we obtain � H^2 < 4π, and the resulting bound is exactly (1.2) for surfaces.

Alternatively, one can use perturbative methods [Mai97], or surgery methods [AH06a, AH06b] to prove (1.2) in some cases.

Now, let us assume that for a Riemann surface inequality (1.2) is satisfied. Then the functional attains its minimum, and the minimizer ψ satisfies the Euler-Lagrange equation Dψ = λ^+_{min}|ψ|^2ψ

with ‖ψ‖_L4 = 1. Earlier in this section, we have explained how to get from a periodic conformal immersion to a spinor on (M, g) satisfying Dψ = H|ψ|^2ψ. This construction from a branched conformal immersion to a solution of Dψ = H|ψ|^2ψ can be inversed. Namely by writing ψ = (ψ_+, ψ_−) and by setting

α := Re � � ψ_+ ⊗ ψ_+ + ψ_− ⊗ ψ_− iψ_+ ⊗ ψ_+ − i ψ_− ⊗ ψ_− 2iψ_+ ⊗ ψ_−

� � ∈ Γ(T^∗M ⊗_R R^3).

one obtains a closed R^3-valued 1-form α, and this form is the differential of a periodic branched conformal map F : ~M → R^3 with induced spinor ψ.

We obtain the following result.

PROPOSITION 3.1 ([Amm03b]). Assume that the Riemann spin surface (M, g, σ) satisfies λ^+_{min}(M, [g], σ) < 2 √ π. (3.2)

Then there is a periodic branched conformal cmc immersion F : ~M → R^3. The mean curvature is equal to λ^+_{min}(M, [g], σ) and the area of a fundamental domain is 1. The regular homotopy class of F is determined by the spin-structure σ. The indices of all branching points are even, and the sum of these indices is smaller than 2genus(M). In particular, if M is a torus, then there are no branching points.

Examples.

(a) Let (M, g) be a 2-dimensional torus. Via a conformal change we can achieve that g is flat, i.e. M = R^2/Γ, equipped with the Euclidean metric. We

assume that the lattice Γ is generated by � 1 0 � and � x y � , with y > 0.

The spinor bundle of a flat manifold is flat as well, hence the holonomy is a map Γ → U(Σ_pM). Indeed, the image of this map is contained in {± Id}. We obtain a homomorphism χ : Γ → {± Id}. This homomorphism characterizes the spin structure σ in the sense that two spin structures on (M, g) are isomorphic iff the homomorphisms χ coincide, and to each such homomorphism there is a spin structure. The case χ ≡ + Id corresponds to the so-called trivial spin structure σ_{tr}, the other cases correspond to non-trivial spin structures.

Let us concentrate in this summary to the case of a non-trivial spin structure σ ≠ σ_{tr}. After a possible rotation and rescaling, we can achieve that χ � 1 0 � = Id χ � x y � = − Id,

|x| ≤ 1 2 , y^2 + � |x| − 1 2 �_2 ≥ 1 4 , y > 0.

The Dirac operator is always invertible.

One easily sees λ^+_{min}(M, g, σ) ≤^π√_y . Hence, the proposition yields solutions for y >^4_π . We conjecture that in some cases these minimizers are given (up to rotation and translation) by the parametrized cylinder

F : R^2 → R^3 � a b � → � � � √ y 2π cos^{2πb}_y √ y 2π sin^{2πb}_{ya} √ y

� � �

However, in some cases, e.g. if x = 0 and 4/π < y < 1, the cylinders are represented by solutions of the Euler-Lagrange equations, but these solutions do no longer minimize the functional. We conjecture that in the case x = 0, y < 1 minimizers correspond to the unduloid immersions (see Figure 2). Recall that an unduloid is a surface of revolution of constant mean curvature.

(b) If M has genus 2, then as in the case of the torus, the dimension of the kernel is independent of the metric, however it depends on the spin structure. If σ is a spin structure such that (M, σ) is spin-cobordant 0, then the Dirac operator is invertible for any metric. Again, as in the torus case, one can find for any ε > 0 a conformal class [g] on M with λ^+_{min}(M, [g], σ) < ε and one obtains periodic constant mean curvature surfaces.

Figure 2: An unduloid in R^3, visualized by Nick Schmitt.

(c) If the genus is larger than 2, then the kernel of the Dirac operator on a Riemannian spin manifold (M, σ) depends on the metric. For example if M is a surface of genus 3 equipped with the spin structure σ and the conformal structure g_0 associated to the periodic conformal immersion with vanishing mean curvature indicated in Figure 3.

This immersion induces a harmonic spinor on (M, g, σ). However, as (M, σ) is spin-cobordant 0, there is a perturbation [g_t] of the conformal structure such that the Dirac operator on (M, g_t, σ) has a trivial kernel for small t ≠ 0 [Mai97]. In this case lim_{t→0}

t≠0

λ^+_{min}(M, [g_t], σ) = 0,

hence there exist solutions of Dψ = c|ψ|^2ψ. Such a solution is visualized in Figure 4.

REMARK 3.3. For n ≥ 4, the geometric interpretation of the Euler-Lagrange equations is unknown, however we have the following unpublished partial result. Suppose that (M, g_0) is a real-analytic 3-manifold, and φ a solution of the Euler- Lagrange equation. Then there is a (non-complete) ricci-flat 4-dimensional manifold (N, h) and an isometric embedding (M \ φ^{−1}(0), |φ|^2g_0) into (N, h) of constant mean curvature. We conjecture that (N, h) carries a parallel spinor. Note that 4-manifolds with a parallel spinor are Ricci-flat Kähler manifolds.

Further informations and all our related publications can be found on the webpage

http://www.berndammann.de/publications.

Figure 3: A periodic branched conformal minimal surface, visualized by K. Grosse-Brauckmann

References

[ACHH] B. Ammann, B. Colbois, O. Hijazi, E. Humbert, work in progress.

[AH06a] B. Ammann and E. Humbert, The first conformal Dirac eigenvalue on 2-dimensional tori, to appear in J. Geom. Phys., 2006.

[AH06b] B. Ammann and E. Humbert, A gluing formula for the spinorial τ-invariant (preliminary title), work in progress, 2006.

[AHM03] B. Ammann, E. Humbert, and B. Morel, Mass endomorphism and spinorial Yamabe type problems, to appear in Comm. Anal. Geom., 2006.

[Amm03a] B. Ammann. The smallest Dirac eigenvalue in a spin-conformal class and cmc-immersions. Preprint, 2003.

[Amm03b] B. Ammann. A spin-conformal lower bound of the first positive Dirac eigenvalue. Diff. Geom. Appl., 18 21–32, 2003.

[Amm03c] B. Ammann. A Variational Problem in Conformal Spin Geometry. Habilitationsschrift, Universität Hamburg, 2003.

Figure 4: A periodic branched conformal cmc surface, visualized by K. Grosse- Brauckmann

[Aub76] T. Aubin. Équations différentielles non linéaires et problème de Yamabe concernant la courbure scalaire. J. Math. Pur. Appl., IX. Ser., 55 269–296, 1976.

[Bär92] C. Bär. Lower eigenvalue estimates for Dirac operators. Math. Ann., 293 39–46, 1992.

[Bär96] C. Bär. The Dirac operator on space forms of positive curvature, J. Math. Soc. Japan, 48 69–83, 1996.

[Bär98] C. Bär. Extrinsic bounds for eigenvalues of the Dirac operator. Ann. Global Anal. Geom., 16 573–596, 1998.

[Fri98] T. Friedrich. On the spinor representation of surfaces in Euclidean 3-space. J. Geom. Phys., 28 143–157, 1998.

[GH06] F. Grosjean and E. Humbert. The first eigenvalue of Dirac and Laplace operators on surfaces (preliminary title). Preprint in preparation, 2006.

[Hij86] O. Hijazi. A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors. Comm. Math. Phys., 104 151–162, 1986.

[Hij01] O. Hijazi. Spectral properties of the Dirac operator and geometrical structures. In Ocampo, Hernan (ed.) et al., Geometric methods for quantum field theory. Proceedings of the summer school, Villa de Leyva, Colombia, July 12-30, 1999. Singapore: World Scientific. 116-169 . 2001.

[Hit74] N. Hitchin. Harmonic spinors. Adv. Math., 14 1–55, 1974.

[KS96] R. Kusner and N. Schmitt. The spinor representation of surfaces in space. preprint, http://www.arxiv.org/abs/dg-ga/9610005, 1996.

[KV95] M. Kontsevich and S. Vishik. Geometry of determinants of elliptic operators. In Functional analysis on the eve of the 21st century, Vol. 1 (New Brunswick, NJ, 1993), volume 131 of Progr. Math., pages 173–197. Birkhäuser Boston, Boston, MA, 1995.

[Lot86] J. Lott. Eigenvalue bounds for the Dirac operator. Pacific J. of Math., 125 117–126, 1986.

[LP87] J. M. Lee and T. H. Parker. The Yamabe problem. Bull. Am. Math. Soc., New Ser., 17 37–91, 1987.

[Mai97] S. Maier. Generic metrics and connections on spin- and spin-^cmanifolds. Comm. Math. Phys., 188 407–437, 1997.

[Oki01] K. Okikiolu. Critical metrics for the determinant of the Laplacian in odd dimensions. Ann. of Math. (2), 153, 471–531, 2001.

[Sch84] R. Schoen. Conformal deformation of a Riemannian metric to constant scalar curvature. J. Diff. Geom., 20 479–495, 1984.

[Tru68] N. S. Trudinger. Remarks concerning the conformal deformation of Riemannian structures on compact manifolds. Ann. Sc. Norm. Super. Pisa, Sci. Fis. Mat., III. Ser., 22 265–274, 1968.

[Yam60] H. Yamabe. On a deformation of Riemannian structures on compact manifolds. Osaka Math. J., 12 21–37, 1960.