LP-SPECTRUM OF THE DIRAC OPERATOR ON PRODUCTS WITH
HYPERBOLIC SPACES

BERND AMMANN AND NADINE GROSSE

ABsTrRACT. We study the LP-spectrum of the Dirac operator on complete manifolds.
One of the main questions in this context is whether this spectrum depends on p. As a
first example where p-independence fails we compute explicitly the LP-spectrum for the
hyperbolic space and its product with compact spaces.

1. INTRODUCTION

The LP-spectrum of the Laplacian and its p-(in)dependence was and still is studied by many
authors, e.g. in [I7], [18], [22]. On closed manifolds one easily sees that the spectrum is
independent of p € [1,00]. For open manifolds, independence only holds under additional
geometric conditions. Hempel and Voigt [22], [23] proved such results for Schrédinger opera-
tors in R™ with potentials admitting certain singularities. Then Kordyukov [27] generalized
this result to uniformly elliptic operators with uniformly bounded smooth coefficients on a
manifold of bounded geometry with subexponential volume growth. Independently, Sturm
[34] showed the independence of the LP-spectrum for a class of uniformly elliptic operators
in divergence form on manifolds with uniformly subexponential volume growth and Ricci
curvature bounded from below. Both results include the Laplacian acting on functions.
Later the Hodge-Laplacian acting on k-forms was considered. E.g. under the assump-
tions of the result by Sturm from above, Charalambous proved the LP-independence for the
Hodge-Laplacian in [I4, Proposition 9]. The machinery used to obtain these independence
results uses estimates for the heat kernel as in [32].

In contrast, the LP-spectrum of the Laplacian on the hyperbolic space does depend on p
[16l Theorem 5.7.1]. Its LP-spectrum is the convex hull of a parabola in the complex plane,
and this spectrum degenerates only for p = 2 to a ray on the real axis, ¢f. Remark [10.1]

In addition to the intrinsic interest of the p-independence of the LP-spectrum, such results
were used to get information on the L?-spectrum by considering the L'-spectrum, as in
particular examples the L'-spectrum can be easier to control. The result of Sturm was used
for example by Wang [37, Theorem 3] to prove that the spectrum of the Laplacian acting on
functions on complete manifolds with asymptotically non-negative Ricci curvature is [0, 00).
Some explicit calculations for the LP spectrum of the Laplace-Beltrami operator on symmet-
ric spaces were already carried by Lahoué and Rychener in the 1980’s [29], and Taylor [36]
was able to determine the LP-spectrum of this operator for all symmetric spaces of non-
compact type. For locally symmetric spaces important progress was made recently by Ji
and Weber, see e.g. [24] 25 [26] 39].

About the LP-spectrum of the Dirac operator much less is known. As before, on closed
manifolds the spectrum is independent on p € [0,00]. Kordyukov’s methods [27] do not
apply directly to the Dirac operator D, but following a remark of [27, Page 224] his methods
generalize to suitable systems, and thus also to the square D?. Unfortunately, the system
case is not completely worked out, but it seems to us, that the case of systems is completely
analogous to the case of operators on functions. Assuming this, Kordyukov has shown
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that the spectrum of D? is p-independent for 1 < p < oo on manifolds with bounded
geometry and subexponential volume growth. For many such manifolds (e.g. for all such
manifolds of even dimension or all manifolds of dimension 4k + 1), this already implies the
p-independence of the LP-spectrum of D, see our Lemma [B-§] together with the following
symmetry considerations.

Many of the results and techniques that were constructed up for Laplace operators are not
yet developed for Dirac operators. It is interesting to compare the properties of the Dirac
and Laplace operator. Furthermore, the LP-spectrum of the Dirac operator is important for
non-linear variational problems based on the Dirac operator, e.g., for (classical) Dirac op-
erators certain LP-spaces and LP-spectral gaps naturally occur when considering a spinorial
Yamabe-type problem which was our motivation to enter into this subject, see [5] and below.

In this paper we determine explicitly the LP-spectrum for a special class of complete man-
ifolds — products of compact spaces with hyperbolic spaces. More precisely, we study the
following manifolds:

Let (N™, gn) be a closed Riemannian spin manifold. Let M = M, be the product manifold
(MmF = HEFL x N7 gy = gyr+1 + gn) where HA+1 is the (k + 1)-dimensional hyperbolic
space scaled such that its scalar curvature is —c2k(k + 1) for ¢ # 0 and HE' is the (k + 1)-
dimensional Euclidean space. For those manifolds we obtain the following result which is
also illustrated in Figure

Theorem 1.1. We use the notions from above. Let p € [1,00], ¢ > 0, and k € NU {0}.
The LP-spectrum of the Dirac operator on M™% = HE+1 x N™ is given by the set

1 1
UpZ:{,u,E(C p—2’}

where A% is the lowest eigenvalue of (D)2, \g > 0, and DY is the Dirac operator on
(N,gn). In particular, the Dirac operator D: HY — LP on M™F has a bounded inverse if

and only if Ao > ck‘% — %‘

p? = N2+ k2 [Imk| < ck

Note that we also allow the case n = 0, i.e. the case that NV is a finite set. In this case we
define A\g := 0.
For an overview of the structure of the proof, see the end of the introduction.
From the Theorem one can directly read off the LP-spectrum of D? and compare it to
the known spectrum of the Laplacian acting on functions which is done in Remark
As mentioned above our interest in the LP-spectrum for the Dirac operator on such spaces
comes from an application in conformal spin geometry which we want to sketch very briefly:
In the article [3] the first named author studied the behavior of a spinorial analogue of
the Yamabe invariant under surgeries. In these Gromov-Lawson type constructions an
important role was played by spinorial Yamabe-type invariants on the spaces HF*! x S”
where ¢ is in [0, 1] and where S™ is the standard sphere. When these invariants were studied
in [21], the important role of the LP-spectrum of the Dirac operator on such spaces became
apparent. The results of the present article are preliminaries for some theorems about
spinorial Yamabe-type invariants in [5].
The paper is structured as follows: Notations and preliminaries are collected in Section [2]
Results on the Green function of the Dirac operator acting on L2-spinors can be found in
Section General remarks and results for the Dirac operator acting on LP-sections are
given in Appendix [B]
In Section [4} the Dirac operator on the model spaces M™* is written in polar coordinates
and the action of Spin(k+1) on M”* is studied. This is used in Sectionto prove a certain
symmetry property of the Green function on M”* and in Section |§| to study its decay.
After these preparations we are ready to prove the main theorem (Theorem. In Section
we decompose the Green function into a singular part and the integral kernel of a smoothing
2
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FIGURE 1. The shaded region (including the boundary) illustrates the LP-
spectrum of the Dirac operator on M™F = H**! x N k > 1, c¢f. Theo-

rem [[.11
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L L 2\ 2
Right: Ao > ck |1 — 3| x3=<A3—c2k2(p_2>> .

operator. Using the homogeneity of the hyperbolic space we show in Proposition that
the singular part gives rise to a bounded operator from LP to itself for all p € [1,00]. In
Proposition [7.2] we show that under certain assumptions on the decay of the Green function
also the smoothing part gives rise to a bounded operator from L? to LP for certain p. Using
the decay estimate obtained in Section [6] we then see in Section [§] that the LP-spectrum of
Mk is contained in the set o, given in Theorem

Thus, it only remains to show that each element of o, is already in the LP-spectrum of
Mk, For that we construct test spinors on HA*! in Section |§| and finish the proof for
product spaces in Section [0}

Acknowledgements. We thank an anonymous referee for many helpful comments.

2. PRELIMINARIES

2.1. Notations and conventions. In the article we will use the convention that a spin
manifold is a manifold which admits a spin structure together with a fixed choice of spin
structure.

Let (M, g) be a spin manifold and X, the corresponding spinor bundle, see Section

I'(Xa) denotes the space of spinors, i.e., sections of ¥j;. The space of smooth compactly
supported sections is denoted by CS°(M, ), or shortly C°(3r). The hermitian metric
on fibers of ¥j; is denoted by (.,.), the corresponding norm by |.|. For s1,s2 € T'(M,3y)
we define the L?-scalar product

(81,82)L2(g) Z:/ <81,82>dV019.
M

For s € [1,00] ||.|[s(g) is the L*-norm on (M",g). In case the underlying metric is clear
from the context we abbreviate shortly by ||.||s.
Spect? (D) denotes the spectrum of the Dirac operator on M viewed as an operator from
L to L%, cf. Appendix [B]
We denote by m;: M x M — M, i = 1,2, the projection to the i-th component. Moreover,
we set Xy K335, = 71(En) @ w5 (Z3)-
C*(M) denotes the space of i-times continuously differentiable functions on M.
B:(x) C M is the ball around z € M of radius € w.r.t. the metric given on M.
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A Riemannian manifold is of bounded geometry, if its injectivity radius is positive and the
curvature tensor and all derivatives are bounded.
The metric on the k-dimensional sphere S¥ with constant sectional curvature 1 will be

denoted by o*. For S¥ with metric r20* we write SF.

2.2. Coordinates and notations for H**! and its product spaces. We use polar
coordinates on HF*1. Namely, we fix a point pg € H¥*! and an identification of T}, HA*!
with REF1. Often we also use the exponential map to identify T, HF 1 =2 R¥+1 with HF+!.
In polar coordinates the metric is then gyrs1 = dr? + f(r)?0* where o* is the standard
metric on S* and

1 .- .

. < sinh(er) ifc#0

— — c

f(r) :=sinh.(r) : { . feen.
In particular, the distance r = distyr+1(y,po) of y to pg = 0 w.r.t. gyr+1 coincides with the
euclidean one on R*+1. The subset {y € HF*! | distyr+1(y, 0) = r} is isometric to S’;(r) and

its (unnormalized) mean curvature is given by

Or i

v = —k /(r) 0, = —kcoth.(r)0, where coth.r := CCOt?(CT) %f c#0

£ f(r) = if c=0.

Let N be a closed Riemannian spin manifold. Note that we include the case where N is
just a point. Set M™* := H+*! x N, and 7 shall denote the projection of M”* onto its

HA+1_coordinates.

S

2.3. General preliminaries about spin geometry. The following can e.g. be found
in [I9]. A spin structure on M™ is a pair (Pspin(M), ) where Pspin(M) is a principal
Spin(m)-bundle and where a: Pspin(M) — Pso(M) is a fiber map over the identity of M
that is compatible with the double covering ©: Spin(m) — SO(m) and the corresponding
group actions, i.e., the following diagram commutes

Spin(m) x Pspin(M) — Pspin(M)

.

Oxa (e M

7

Pso (M)

SO(m) x Pso(M)

Let X,, be an irreducible representation of Cl,,. In case m is odd there are two such ir-
reducible representations. Both of them coincide if considered as Spin(m)-representations.
For m odd we fix one of the two representations for the whole article. If m is even, there

is only one irreducible Cl,,-representation of ¥,,, but it splits into non-equivalent subrep-

)

resentations ng ) and Eg{ as Spin(m)-representations.

Define wy; = i[mTH]el ey ... ey with (e;); being a positively oriented orthonormal frame

on M. We have w?, = 1. If m is odd, then wy; commutes with the Clifford multiplication

and thus acts as +1 or —1 on X,,,. If m is even, the it acts as +1 on 2&?’. Sections of ES,J{)

(resp. o )) are called positive (resp. negative) spinors.

)

In the article it will be convenient to use the notation 3\, & € {0+, —} also in the case m

odd as well, by setting ngl) = X, for both choices of €.

The spinor bundle ¥, is defined as ¥y = Pgpin(M) X,,, £ where p,,: Spin(m) —

End(%,,) is the complex spinor representation. Moreover, the spinor bundle is endowed

with a Clifford multiplication, denoted by -’ -: TM — End(3js). Then, the Dirac op-

erator acting on the space of smooth sections of 3, is defined as the composition of the
4



connection V on X,s (obtained as a lift of the Levi-Civita connection on T'M) and the
Clifford multiplication. Thus, in local coordinates this reads as

D= iei . Vei
=1

where (€;);=1,...m is a local orthonormal basis of TM. The Dirac operator is formally self-
adjoint as an operator on L?, i.e., for ¢p € C®(M,%)) and ¢ € C*(M, X)) we have
(¢, DY) = (Dp, ).

As M is complete, the Dirac operator is not only formally self-adjoint, but actually has a
unique self-adjoint extension that is a densely defined unbounded operator D: HZ(3;) C
L2(3y) — L3(Zar), see [41]. Here HZ(X)s) is the subset of all ¢ € L?(3)/) such that
Vo, defined in the distributional sense, is again in L?. The notation above indicates that
H?2(X ) is the domain of the operator, and that “densely defined” and “self-adjoint” should
be understood as an unbounded operator from L?(Xj;) to L?(Xs). From the spectral
theorem it follows that D — p: HZ(Xp) C L?(Xp) — L?(X ) is invertible for all u ¢ R,
in the sense that the inverse is a bounded operator from L?(X)) to L?(Xy). See also
Appendices [A] and [B] for more details.

2.4. Dual spinors. The hermitian metric induces a natural isomorphism from >3, to Sar
In this way we obtain a metric connection and a Clifford multiplication on ¥}, and this
allows us to define a Dirac operator D*: C*°(X%,) — C°°(X%,). Locally D'f =3, ¢;- Ve, f
where f € C*°(X%,) and e; is a local orthonormal frame on M. Completely analogously
to the proof that the usual Dirac operator is formally self-adjoint, one proves that for
feC>®(Z3), ¢ € C(X)) such that supp f N supp ¢ is relatively compact we have

/ D' f(g)dvol, = / F(Dg)dvol,.

2.5. Spinors on product manifolds. In this subsection our notation is close to [8]. Let
(Pt = M™ x N™, gp = gy + gn) be a product of Riemannian spin manifolds (M, gar)
and (N, gn). We have

PSpin<M X N) - (PSpin(M) X PSpin(N)) XE zm-l-n

where &: Spin(m) x Spin(n) — Spin(m + n) is the Lie group homomorphism lifting the
standard embedding SO(m) x SO(n) — SO(m + n). Note that £ is not an embedding, its
kernel is (—1,—1), where —1 denotes the non-trivial element in the kernel of Spin(m) —
SO(m) resp. Spin(n) — SO(n).

The spinor bundle can be identified with

v YN else,

and the Levi-Civita connection acts as VZM®EN = VEM @ [dy +Idy,, ® VN, This iden-
tification can be chosen such that for X € TM,Y € TN, ¢ € I'(Zp), and ¢ = (1,92) €
Yn ® Xy for both n and m odd and ¢ € T'(Xy) otherwise, we have

> _{ZM(X)(ZN@ZN) if both m and n are odd
p=

(X,Y) plp@9)=(X mp)@(wNn NY)+e@ (Y NY)
where for both n and m odd we set wy ‘n (¢1,%2) = i(V2, —t1) and Y x5 (¢1,12) =
(Y N2, N 1)
The Dirac operator is then given by
DP(p@y) = (DMp@wy N ¥) + (p® DVy)

where DN = di%g(DN, —DY) if both m and n are odd and DN = DN otherwise.
Since wy- and DY anticommute, D™ ® wx and id @DV anticommute as well. Thus

(DP)? = (D)2 @ id +id ®(DN)2. (1)
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If we additionally assume that M and N are compact, then this equation implies together
with the spectral theorem that the L?-spectrum of the square of the Dirac operator on the
product space M x N is given by

{02+ u? | A2 € Spectt ((DM)?), 1i? € Spech=((DM)?)}.

2.6. The L?-spectrum of the Dirac operator. The simplest case of Theoremis when
p =2 and when N is a point. In this case we have by definition Ay = 0. The theorem then
states that the L2-spectrum of the Dirac operator on H¥*! is the whole real line R C C.
This fact was already known before, by scaling it suffices to consider the Euclidean case
¢ = 0 and the hyperbolic case ¢ = 1.

On Euclidean space RFt! = Hé“ it is an easy calculation. The spinor bundle is trivialized
by parallel orthonormal sections sy, ...,s; with ¢ the rank of the spinor bundle. The Dirac
operator preserves V; := C'* (Rk“) - 8;, anticommutes with the Clifford action by parallel
vector fields, and its square maps f - s; to (Af)-s;. As A has L? spectrum [0, 00) on RFF1,
the statement follows.

On hyperbolic space, the L?-spectrum of the Dirac operator was calculated by representation
theoretical methods in [II]. Unfortunately [II] contains a small error, and the value 0 is not
an eigenvalue of the Dirac operator in contrast to what is claimed in [1I]. The argument
can be repaired, and it follows that the spectrum is as claimed. A complete proof was given
in [I3], using similar techniques as in the present article.

We will not give a proof of this special case of Theorem [I.T], instead we will use this special
case for the proof of the full version of Theorem [T.1]

Using the results of the previous subsection, we also get the L?-spectrum of the Dirac
operator on M™* = H¥! x N: With Lemma [B.§ we get

SpecNL/HS(Dz) = [A2, 00).
Together with Lemma Example and Lemma [B.8| this yields
Spect’s (D) = (—00, —Ag] U [Ag, ).

2.7. A covering lemma.

Lemma 2.1 (Covering lemma). Let (M, g) be a Riemannian manifold of bounded geometry,
and let R > 0. Then there are points (z;)icr C M where I is a countable index set such that

(i) the balls Br(x;) are pairwise disjoint and
(ii) (Bar(xi))icr and (Bsr(x;))ier are both uniformly locally finite covers of M.

Proof. Choose a maximal family of points (z;);c;y in M such that the sets Bgr(z;) are
pairwise disjoint. Then (J,c; Bor(2;) = M. For y € M let L(y) = {i € I | y € Bsr(x;)}.
For ¢ € L(y) we have Br(z;) C B4r(y) and, thus,

|_| Br(x;) C Bar(y),

i€L(y)

where U denotes disjoint union. Comparing the volumes of both sides and using the bounded
geometry of M we see that there exists a number Lg such that |L(y)| < Lg for all y € M.
Thus, the covering by sets Bsgr(z;), and hence the one by Bsg(z;), is uniformly locally
finite. |

2.8. Interpolation theorems.

Theorem 2.2 (Riesz-Thorin Interpolation Theorem, [40, Theorem I1.4.2]). Let T be an
operator defined on a domain D that is dense in both LY and LP. Assume thatTf € LINLP
for all f € D and that T is bounded in both morms. Then, for any r between p and q the
operator T is a bounded operator from L" to L".

6



Theorem 2.3 (Stein Interpolation Theorem, [I6] Section 1.1.6], [30, Theorem IX.21]). Let
P0,q0,P1,q1 € [1,00],0<t <1, and S={2€C|0<Rez<1}. Let A, be linear operators
from LPo N LP1 to L + L9 for all z € S with the following properties
(i) z+— (A.f,g) is uniformly bounded and continuous on S and analytic in the interior
of S whenever f € LPO N LP* and g € L™ N L™ where r; is the conjugate exponent
to q;-
(if) There is Mo > 0 such that ||Aiy fllqy < Mol fllp, for all f € LPo N LP* and y € R.
(i) There is My > 0 such that ||Aiyiyfllg, < M| fllp, for all f € LPo N LP* and y € R.
Then, for 1/p = t/py + (1 — )/po and 1/q = t/q1 + (1 — t) /g0
1A fllg < MEMy ™! fllp

for all f € LPo N LP1. Hence, Ay can be extended to a bounded operator from LP to LY with
norm at most M{My~".

3. THE GREEN FUNCTION

In this section, we collect results on existence and properties of the Green function of
the Dirac operator D and its shifts D — u, p € C. They are obvious applications of
standard methods, but a suitable reference does not exist yet. Unless otherwise stated we
only assume in this section that the Riemannian spin manifold (M, g) is complete. Let
A:={(z,x) | x € M} C M x M be the diagonal.

Definition 3.1. [0, Definition 2.1] A smooth section Gp_,,: M x M\ A — Xy KX}, that
is locally integrable on M x M is called a Green function of the shifted Dirac operator D —
if

(D = p)(Gp—p(z,y)) = by 1ds,,, (2)
in the sense of distributions, i.e., for any y € M, ¥y € X |y, and ¢ € C° (X )

/M (G, y)o, (D — ) p(w))da = (o, (1)

and Gp_,(.,y) € L*(M \ B,(y)) for any r > 0.
In case that the operator D — p is clear from the context, we shortly write G = Gp_,.

Proposition 3.2. If M is a closed Riemannian spin manifold with invertible operator
D —p: H3(Spy) C L3(2p) — L?(Z), then a unique Green function exists. This Green
function is the integral kernel of the inverse of D — u: HZ(Xp) € L2(Zar) — L?(Zr).

To prove the well-known proposition, one usually starts by showing the existence of a
parametrix.

Lemma 3.3. [28] 111.§4] Let M be a closed Riemannian spin manifold. Then there is a
smooth section Pp_,: M x M\ A — Xy KXY, called parametriz, which is LY on M x M
and which satisfies

(D:r - N)(PD*H(x’y)) = 6yld2M\y + R(aj’y)
in the distributional sense for a smooth section R: M x M — ¥ K 33,.

Let € > 0 be smaller than the injectivity radius. We choose x: [0,00) — [0, 1] smooth with
support in [0, €] and constant to 1 in a neighborhood of 0. The statement of the lemma is still
true is we replace Pp_,(z,y) by x(dist(z,y))Pp—_,(z,y) and an appropriately modified R.
We thus can assume without loss of generality that the support Pp_,(z,y) and thus the
support of R is in (M x M), := {(z,y) € M x M |dist(z,y) < }.

Convolution with Pp_,, defines an operator Pp_,, by

(Po_ i) = /M /M<PD_u<z,y>w<y>7 o(z)) dzdy
7



for all ¢, p € C2°(Xps). Then, Pp_,, is a right inverse to D — p up to infinitely smoothing
operators. We thus call it a right parametrix. The existence of such a right parametrix
follows using the symbol calculus from the fact that D is an elliptic operator. An efficient and
very readable overview over how to construct a right parametrix for an elliptic differential
operator on a compact manifold can be found e.g. in |28, II1.§4], although the reader should
pay attention to the fact that it is not so obvious that the different notions of infinitely
smoothing operators used in there are in fact all equivalent. The latter fact follows from
standard techniques used in the theory of pseudo differential operators, see e.g. [I] or [35]
for textbooks on this subject.

Proof of Proposition[3.4 From the last Lemma we have the existence of a parametrix
Pp_,(x,y). We will use the notations of that Lemma. Since D — p is assumed to be invert-
ible, there is a section Pp_,: M x M — ¥y W¥3, with (D, —p)Pp_, (z,y) = R(z,y). By
elliptic regularity Py, .(7,y) is smooth in z for each y € M. Again by elliptic regularity
(D — p)~! is a continuous linear operator C>°(Xy,) — C*(Xy) for any ¢ € N. Further
Pp_,.(+,y) is the composition

_N—1
Sar — C2(Sa) P Cl(Sa)
where the first map is the smooth map that maps ¢ € Xy/|, to R(-,y)¢. This implies
that Pp,_, (z,y) is smooth as function in both z and y. We set Gp—,(2,y) = Pp—.(z,y) —
Pp_,(z,y) and obtain (D, — u)(Gp-u(z,y)) = 6,1dy,,,. Moreover, since Pp_,, is Lt
on M x M and PI’DﬂJ is smooth in both entries the Green function Gp_, is L' as well.
Furthermore, Pp_,(.,y) is smooth on M \ B,(y)) for any > 0 and, hence, the same is true
for Gp_,(.,y). In particular, Gp_,(.,y) € L>(M \ B,(y)). If Gp_,, is a possibly different
Green function of D —p then (D —p)(Gp—p(.,y) —Gp—u(.,y)) =0forally € M. AsD—pu
is invertible we have Gp_, = Gp_,. O

As for Pp_,,, convolution with Gp_,, defines an operator Gp_, by

(Cp_pithr) = /M /M<Gp_u<x,y>w<y>, o(2))dady

for all ¢, € C°(Xnr). By construction Gp_,, is the right inverse of D — u, and is thus

even defined on L?. Since the inverse of D — p exists by assumption, Gp_,, = (D — p)~ !,

and Gp_,, is in particular also a left inverse of D — p.

Lemma 3.4. Let M be a closed Riemannian spin manifold, and let D — p be invertible.
Then Gp—,(z,y) is the adjoint of Gp_z(y,x), i.e. Gp_p(y,x) is the integral kernel of the
adjoint operator of Gp—,,.

Proof. Using the definitions and discussions from above and Lemma|B.3(ii) we have G},_,, =
(D—=p)™H*=(D—p)~! =Gp_z. In particular, we get for all ¥, p € L*(X)/) that

(%,6h_ ) =(Gp—utb, ) = (D — ) "', 0) = (¥, (D — 1) ')

/ / ); G-y, v)p(x))dydz.

Moreover, we have
Lemma 3.5. In the situation of Lemma we have (Dy, — p)Gp—pu(2,y) = 0, lds: |, i-e.,
for fo € T(Ejyl2), ¢ € CF(Xm)

/ (DY) — 1) (. 9) fo) (0 )y = fol(x)).
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Proof.
/ (D — 1)Gp—p (2 9) fo) (p(y))dy = / (G, 9) fo) (Dy — w)o())dy

:/fO(G’D_,L(o:,y)(Dy — m)e(y))dy
=fo(p(@)).

where the last step uses that Gp_,, is also the left inverse of D — p.

Now, M has no longer to be closed, but we assume bounded geometry.

Proposition 3.6. Let (M,g) be a Riemannian spin manifold of bounded geometry. Let
D — pu: H}(Sy) C L3(Enm) — L*(Zar) be invertible. Then there exists a unique Green
function.

Proof. We choose R > 0 such that 3R is smaller than the injectivity radius. Let (z;);cs be
as in the Covering Lemma [2.1} Recall that (M x M), := {(z,y) € M x M |dist(z,y) < e}.
Because of M = J,;.; Bar(x;) we have

(M X M)R C UBSR(xz) X BgR({Ei).
iel

We embed each ball Bsg(x;) isometrically into a closed connected manifold M,,, which is
diffeomorphic to a sphere and DM=: — 1 is invertible. This can always be achieved by local
metric deformation on M,, \ Bsgr(z;), see Proposition
Thus, by Proposition the operator DM=: — 11 possesses a Green function G*i(x,y) with
(Di/[” — p)G*¥(z,y) = 0,1ds,. By abuse of notation we will view G*(z,y) for z,y €
Bsr(z;) also as a partially defined section of ¥j; ¥ X%, — M x M, which is defined on
B3r(wi) x B3p(wi).
Now we choose smooth functions a; on M x M such that suppa; C Bsg(z;) X Bsr(z;) C
(M x M)¢r and such that ), ; a; equals to 1 on (M x M)g/3. Now we set

H(z,y) = Z ai(z,y)G" (z,y).
il

This implies supp H C (M x M)gr. Moreover, H(.,y) € L?(M \ B,(y)) for all r > 0 since
this is true for each summand.

Our next goal is to prove that (D, — pu)H(x,y) — 0, Idy, is smooth. Note that G*i(z,y)
and G® (x,y) are both defined for (z,y) € (Bsr(x;) X Bsr(z:)) N (Bsr(x;) x Bsr(z;)), but
they will not coincide in general. On the other hand their defining property and the locality
of the differential operator D (cp. Lemma imply that

(Dz = p) (G™(2,y) = G (2,y)) = (D, — p) (G"(w,y) — G™ (z,y)) = 0.
Thus,
((Dg = p)* + (D = )*) (G" (2, y) = G™ (@, y)) = 0.
=P
Since P is an elliptic operator, elliptic regularity implies that G¥i (x, y) —G% (z,y) viewed as a
difference of distributions is a smooth function on (Bsgr(z;) X Bsr(x;))N(Bsr(z;) x Bsr(x;)),
and thus a;(z,y) (G" (x,y) — G% (x,y)) as well. On Bsg(x;) x Bzr(x;) we rewrite

H(z,y) = G (z,y)+ D ailz,y) (G™(z,y) — G (z,y)),
i€\{j}
and we conclude that (D, —pu)H (z,y) = 6, 1ds, +F(x,y) where F(x,y) is a smooth section
of ¥ K X%, with support in (M x M)gg.
There is a unique section H' of ¥;K¥%, such that (D, —p)H'(x,y) = F(z,y) and such that
H'(.,y) is L? for all y. This follows for each y from the assumption that D — p is invertible.
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As D — p is a linear operator with continuous inverse and by elliptic regularity H’ is smooth
in z and y.

We set G(x,y) = H(x,y) — H'(x,y), and this gives a Green function for D — p. Smoothness
of G follows by smoothness of all G¥, and smoothness of F' and H'.

Assume that G and G are two Green functions for D. We set 1, (z) := (G — G)(x,y)). For
almost all y € M the properties of the Green function imply (D — u)i, = 0 in the sense
of distributions, ¢, € L, (M) and ¢y |y B, (y) € L*(M \ B,(y)). Local regularity implies

¥y, € L*(M). By the invertibility of D — u we btain v, = 0 for almost all y € M and thus
G=G. O

Note that due to the last Proposition Lemmata [3.4] and [3.5] also hold true for manifolds M
of bounded geometry.

We finish this section by stating another property of the Green function:

Lemma 3.7. Let (M,g) be a Riemannian spin manifold of bounded geometry, and let
D — i1 be invertible. Then the Green function also decays in L? in the second entry, i.e.,
Gp_pu(z,.) € L*(M \ B,(z)) for allr > 0.

Proof. The Green function Gp_j(.,z) is in L?(M \ B,(z)) in the first component. Then
the claim follows from Lemma [3.4] in the extended version to manifolds M of bounded
geometry. O

4. THE DIRAC OPERATOR ON HYPERBOLIC SPACE AND ITS PRODUCTS

In this section we examine the Dirac operator on the model spaces M7* = HF! x N.
Note that we also allow the case where N is zero dimensional. First, we introduce polar
coordinates on H¥*! and write the Dirac operator in these coordinates. For this purpose it
is convenient to introduce three foliations on the space M := (HX*! x N)\ ({po} x N), and
to relate the associated Dirac operator with the Dirac operator on the total space. Then,
we study the canonical action of Spin(k + 1) on M"* and its spinor bundle.

4.1. The Dirac operator on a foliation. In this subsection we want to keep the notation
rather general to allow other applications in future work. So we recall some well-known facts
about Dirac operators on foliations, and describe them in a way suitable for our needs.
We assume that M is a Riemannian spin manifold with the Levi-Civita connection V.
To define foliations on M, we will choose our terminology close to Warner’s book, see [38]
1.56-1.64].
We assume that F = (J, .5, Fz is an f-dimensional distribution on M, so for each x €
M, F, is an {-dimensional subspace of T, M, depending smoothly on z. In particular a
distribution F on M defines a vector bundle over M, denoted by F — M. A vector field
X € C®°(M,TM) is called tangential to F if for all z € M we have X, € F,, and we then
simply write X € C*°(M,F). The distribution F is called involutive it XY € C*>*(M,F)
implies [X,Y] € C°(M,F). A foliation is defined as an involutive distribution.
It follows from Frobenius’ Theorem that there exists a family of disjoint connected /-
dimensional submanifolds (Z,)pcp, the leaves of the foliations, such that M = (J,c5 Zb
and such that T, 7, = F, for all z € Z, C M and all b € B.
Note that in general B is just a set. In the cases considered in the following subsections, we
can achieve that B is a smooth manifold with Z; depending smoothly on b and such that all
manifolds Z; are diffeomorphic to each other, but we will not assume this in this subsection.
For each x € M let v, be the orthogonal complement of F, in T,,M. We obtain a vector
bundle v := | J, ¢y, vz over M, the normal bundle. As vector bundles with scalar product
we have TM = F ® v.
Each leaf will be equipped with the Riemannian metric induced from M. Then the Levi-
Civita connection provides a connection, called the intrisic connection V™*, on the bundle
TZ, — Zy for every b € B. Also the restriction of v to a leaf Z; carries a natural connection,
10



also denoted by V'™; for X € C*(Z,,TZ,) and W € C*®(Zy,v|z,) we define VIZ'WW as the
normal component of V¥ W.

Remark 4.1. These connections actually yield a partial connections on M, i.e. a bilinear
maps Vint: C°(M,F) x C®°(M,F) — C®°(M,F) resp. Vut: C®°(M,F) x C°(M,v) —
C>™(M,v) which are C°(M)-linear in the first argument and which satisfy the usual prod-
uct rule for C°°(M)-multiplication in the second argument. The partial connection on
C> (M, F) is characterized by being torsionfree and metric. However both partial connec-
tions are not a connections in the ordinary sense on M as V2 is not defined if X is not
tangential to F.

Although TM = F @ v holds in the sense of vector bundles, it does not hold for vector
bundles with partial connection. The difference between the (partial) connection on TM

and the partial connection of the sum F @ v is the second fundamental form II. More exactly
for X € T, Zy, Y € C®(TZg) and W € C*(vp) we have
VY - VY =1, (X,Y), (VEW — VW, Y) = — (4, (X,Y), W).
—_—— ——
€T Zy

The bundle of positively oriented orthornormal frames of M will be denoted by Pso (M),
and let Pspin(M) — Pso(M) be a spin structure on M. We restrict these principal bundles
to Z, and obtain principal bundles Pgpin(M)|z, and Pso(M)|z, over Z,. On TM|z, =
TZy, ® v|z, we have a connection defined by VM and another connection defined by Vint.
Both connections define connection-1-forms on Pso(M)|z, and they lift to connection-1-
forms on Pspin(M)|z,. Finally both connection-1-forms yield a connection on the associated
spinor bundle again denoted by V™ and V™. Note that the associated spinor bundle
coincides with ¥/|z,, and VM is just the restriction of the standard connection on Xy to

Zy. These connections are in fact partial connections on the bundle X,;.
A calculation shows for all X € C°°(M, F) and all spinors ¢ € C>°(M, )

in 1
V%wzvxts0+§zerﬂzb()(,ei)-<p (3)

where (e;); is a local positively oriented orthonormal frame on F, cp. [8, around (9)].

Remark 4.2. In [8] a slightly different notation is used, as can be seen in the following
dictionary of notations

Bar [8] Q M | V9 and VM o VN and D | D
vEC | vEM @ id +id @VEN
Our article .‘ M C HFE x N . Z . vM . ~ Vint . D% . DZ,

Furthermore, in [8] one single submanifold is considered whereas we foliated the space. But
this is not an essential difference.

In order to avoid missunderstandings, let us mention that a slightly different formalism is
used in [9], it introduces an internal and an ambient Clifford multiplication, which differ by
multiplication with a unit normal field. This is convenient if the submanifold is a hypersur-
face. However as we need arbitrary codimensions this is not helpful for our purpose.

In fact, in [9] the Clifford multiplication of the ambient manifold coincides with the Clifford
multiplication on the hypersurface only up to Clifford multiplication with the normal vector
field. In contrast to this in our notation the Clifford multiplication of the ambient space M
coincides with the one on the submanifolds Zy,.

The partial Dirac operator Dg: is now defined as D = Zle e; - VM and the intrinsic

e;
int
the choice of frame, it yields a global definition. Note that (D ¢)|z, and (D,)|z, only
depend on ¢|z, , each of them defines a family of Dirac-type operators on the leaves. On each
11
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leaf the intrinsic Dirac operator is locally a twisted Dirac operator on the submanifold N,
the twist bundle is either the normal bundle if ¢(dim M — ¢) is even, or two copies of the
normal bundle ¢(dim M — ¢) is odd.

In the applications in the following subsections all normal bundles have a parallel trivial-
ization, hence, in this case the intrinsic Dirac operator coincides on each leaf with several
copies of the Dirac operator on this leaf. As multiplicities are irrelevant for our discussion
we have chosen the name ’intrinsic Dirac operator’ for Dj,, slightly abusing the language.
By , the intrinsic Dirac operator D{;, is related to the partial Dirac operator Dg via

1=
Dg¢:D£t¢*§HJ~"%

where H F = trllx € C>®°(M,v) is the unnormalised mean curvature vector field of the
leaves Zy, in M, see [8, Lemma 2.1].

4.2. The Dirac operator in polar coordinates. The goal of this subsection is to study
spinors in suitable polar coordinates on M™% = HF+1 x N.

We express the hyperbolic metric in polar normal coordinates centered in a fixed point pg
which will be sometimes identified with 0. In these polar coordinates M = (HA+\ {po}) x N
is parametrized by Rt x S¥ x N.

Define the following foliations on M:

e The radial foliation F, where the leaves are the 1-dimensional submanifolds RT x
{z} x {y}. The radial vector field 9, on hyperbolic space generates F, pointwise.
e The spherical foliation Fgx where the leaves are the k-dimensional manifolds {r} x
s* x {y}.
o The N-folation Fy, where the leaves are the n-dimensional manifolds {r}x{z}xN".
On an open subset of M we choose an orthonormal frame ey, ..., e, m = n+k+1 = dim M,
such that eg4a,..., e, is an orthonormal frame for Fy, and es, ..., eg11 is an orthonormal
frame for Fgr and where e; := 0,.. The notation should be read such that % and 0, denote
essentially the same (radial) vector, but 0, is viewed as a vector which acts via Clifford
v

multiplication whereas 5 acts as a covariant derivative. The three foliations provide three

partial Dirac operators 0, - (Tvr = Dg”', D(S; = Dafsk and Dév = D[J;N. The partial Dirac
operators along N and S¥ are locally defined as

n n+k
DYg:=> e VMg, Dip:= 3 e VMp,
=1 1=n—+1

for ¢ € C*°(Xpr). Note that we allow k& = 0 which simply gives Dgo = 0. The Dirac
operator D on (rg,00) x S¥ x N is the sum of partial Dirac operators

\Y
Dz@r-%—i—ng—s—Dé\’.
The intrinsic Dirac operators along N and S* are given by
n . n+k
DN = e -Vitty, Diio:= > e Vil
i=1 i=n+1

We denote the second fundamental form of S* in H**! as Tlgx and set ﬁgk := trIgx. Then
using natural identifications IIgx and Hgr do not depend on whether they represent the

second fundamental form and the mean curvature field of S* in H¥*!, or of S¥ in HA+! x N
or of S x N in HEF! x N.

Using Hy = 0 and f(r) = sinh.(r), cp. Section
Orf(r)
f(r)

12
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we obtain DY := DY = DY and D%k = D?:t + £ coth.(r)0,-.
We set DS = f (7“)D§ft which is on each spherical submanifold up to multiplicity the
standard Dirac operator on S*¥ and obtain
vV ok
— D% 48, 1 Zcothy(r)d, - +DV. 4
sinh.(r) + dr - 2«0 (r)ar -+ @)
Lemma 4.3. The following operators anticommute: DN with Dsk, DN with 0,-, DN with
Oy - %, DS" with Or+, and DS" with Oy - %. However 9,- commutes with O, - %, and (DSk)2
commutes with D.

Proof. Let Pespin(HF1) — Pso (HA!) and Pspin(N) — Pso(N) be the fixed spin structures
on HE! and N. Then we write as in Subsection

Sy = (Popin(HET) X Popin(N)) x¢ S, (5)

P

where ¢ is the composition Spin(k + 1) x Spin(n) 5 Spin(m) “% End(%,,). The bundle
P carries the Levi-Civita connection-1-form aI\Lﬂ(j and another connection-1-form o™ as
explained before.
We obtain a connection preserving bundle homomorphism /.., which is fiberwise an isometric
isomorphism, and

: I
t LC
E]HI]chrl\{po}xNavm : YR+ xskx Ny V

| | (6)

HEI\ {po} x N —<L 5 R+ xSkxN
commutes. Note that I. is also compatible with the Clifford multiplication in the sense that
for X € TZ we have

X - I.(9) for Z =R* x {z} x {y} or {r} x {z} x N
1(X - 9) = s _ K
X - 1e(p) for Z = {r} x S* x {y}.

Then the lemma follows immediately by the corresponding statements for Yg+ gy n. O

We will also use the map I, = I&l ol : EH’g“\{po}xN — Ygr+1\{o}x v Which allows to
identify ZHI;Jrl N (@y) With Xges1y vz, and thus with Yget1n(0,y), 0 = po-

4.3. The action of Spin(k + 1) on Mk = H¥1 x N. We identify T, HF! with R¥+1,
The left action a; of the spin group Spin(k + 1) on R¥*! obtained by composing the double
covering Spin(k + 1) — SO(k + 1) with the standard representation yields a left action
on HEF! via the exponential map exp, : R¥! — HF! which is a diffcomorphism. As
this action is isometric it yields a left action on Pspi, (HET!) — also called a;. Thus, we
obtain a Spin(k + 1)-action on Pepin(HF1) X Pspin(N) x Sy, as @1 = a1 x id x id. Since
a; and the principal Spin(k + 1)-action which acts from the right commute, the a;-action
descends to a Spin(k + 1)-action from the left — denoted by as — on the spinor bundle
2H’§+1><N = (Pspin(H(]erl) X PSpin(N)) X¢ Ym (fOI‘ C asin ) such that

EHEH N az(7) EHEH <N
HEH 5 N SO0 gy

commutes.
By construction, the action a; does not depend on ¢. Thus, Diagram @ commutes with
this Spin(k + 1)-action.
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Moreover, note that a; preserves the spheres S¥ = {r} x S¥ x {y} C HE*! x N; for k > 0
this action is even transitive on Sfyy. Hence, the diagram above can be restricted to this
submanifold. Furthermore, (po,y) is a fixed point of a; X id for all y € N. Thus, the

az-action can be restricted to an action that maps Xyr+1, n|(po,y) to itself.

4.4. Spinors on S¥ ¢ RF¥*1. We will now analyse the special case N = {y} and ¢ = 0, thus
HAE+1 = R*¥+1. This well-known case is not only important as an example, but will also be
used to derive consequences for the general case.

We obtain immediately from and Ilg. = f% g|S;Tc O, where SF is the sphere of radius r

canonically embedded in RF+1:

Lemma 4.4. Assume that ¢ is a parallel spinor on R*¥T1. Then for any X € TSF we have
. 1 . 1
Vi¥to=——0,- X -pand V¥ (0, - ¢) = —0, - X - (0 - ¢).
2r 2r
In particular, we have

k k
Dskgo = rDiS;tgo = —§8r - and DS (Or - ) = —5& (O - ).
Using Lemma |4.3{ and V29, = 0 this implies

2 2

(D7 = g and (020, - 0) = 0,0

5. MODES OF Spin(k + 1)-EQUIVARIANT MAPS

In this section we assume k > 1. We now have a Spin(k + 1)-action on Yge+1]o & Zgy1,
{r} x S* and Yrrt1|{ryxsk, and thus one on C‘X’(Sk,ZRkH\{T}XSk) given by (v- f)(z) =
az() f(a1 ()~ 'z). To simplify notations we mostly write S* for {r} x S*.

We now have to classify Spin(k -+ 1)-equivariant functions Ygr+1|o — C°°(SF, Sprt1|gr)-
For 19 € Ygk+1]o let the parallel spinor on R¥*! with value 9y at 0 be denoted by ¥,. For
k odd, the positive and negative parts of ¥y are denoted by \I'(()i).

Lemma 5.1. Let F: Y3y — C™(S*, Sgrs1|se) be a linear Spin(k + 1)-equivariant map.
Then for k even F has the form

Py —> ((Il\I/Q + a0, - \Ifo)|sk
and for k odd F has the form
Yo = (a11‘1’(()+) + azz‘l’((f) + a0y - ‘I’(()H + a120; - ‘1’87))|Sk
for suitable constants a;,a;; € C.

The lemma is in fact a special case of Frobenius reciprocity as partially explained in the
proof.

Proof. In the case k even, one easily checks that ¢y — WUglsx and g — O, - Wylgr are
linear Spin(k + 1)-equivariant maps. The same statement holds for k& odd for ¥y — \I!S'H sk
o > Oy W5 [ o > UE g and g 5 9 0 g

The converse will be checked using Frobenius reciprocity. Since 9, is a Spin(k+1)-equivariant
vector field, we obtain a Spin(k+1)-equivariant inclusion Pso (S¥) < Pso (RF*1)|sk, (e1, -+, ex)
(e1,-++ ek, ). Viathe inclusion SO(k) — SO(k+1) we can view Pso (R¥F1)|gx as an SO(k)-
principal bundle, then the inclusion commutes with the SO(k) action of the SO(k)-principle
bundles. It follows from the construction of the spin structure on S* that this inclusion
lifts to a Spin(k + 1)-equivariant inclusion Pspin(S¥) < Pspin(R¥+1)|gx of Spin(k)-principal
bundles. Note that the Spin(k + 1) action is the one described above which commutes with
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the Spin(k)-actions from the principal bundles. Thus we have the Spin(k + 1)-equivariant
isomorphism of Spin(k + 1)-principal bundles.
Popin(8") Xspin(y Spin(k + 1) = Pspin(R*)|51.
We apply Frobenius reciprocity [33, Theorem 7.47] for the homogeneous space S¥ = G/H,
G = Spin(k + 1), H = Spin(k) which states that
Home (W, Ind$ (V) = Hompy (W g, V)

for any G-representation W and any H-representation V. Here W|y denotes the restriction

of the G action on W to an H action on W. Further, Indg(V) is the induced representation,
defined as

Ind% (V) := {smooth maps G — V| f(gh) = h™'f(g9) Vge G, he H}
and the action of G on f € Ind% (V') is given by
(@£)(9) == f(@ '9) Vg,5€G.
So let W =V = ¥j,1 be the standard spinor representation with the standard action of G,

resp. its restriction to H. Then
Srrt]gr = Popin(R¥) sk Xspin(hr1) Sht1 2 Popin(S*) Xspinhy k1 £ G xyg V

as a G-equivariant bundle over S¥ = G/H.

Thus its space of sections C°(S¥, g1 st ) equals Ind$ (Sg11), see also [33, Theorem 7.46].
Hence, Homg (W, Indg(V)) is the space of all F' satisfying the assumptions of the lemma.
The lemma follows by calculating

2 for k even,

dim H W, V) = dim Homgpin(x) (Skt1, Tg1) =
im Homg (W g, V) im Homgpin () (Zk+1, Zk+1) {4 for k odd.

This follows from Schur’s theorem as V' is the sum of two non-isomorphic irreducible repre-
sentations if k is even and as V is the sum of two isomorphic irreducible representations if
k is odd. O

Then using Lemma [I.4] we obtain immediately
Corollary 5.2. Let F': Y11 — C(S¥, Sprti|sk) be a linear Spin(k + 1)-equivariant map.
Let g € Xg11 and ¢ = Fipg. Then (Dsk)% = %gp.

We say that ¢ is in the spherical mode %, and thus ¢ is in the mode of lowest energy on
the sphere.

Now we want to carry over the last result to M7"%. In the following py € H*¥*! denotes

again the fixed point of the Spin(k + 1)-action, and let yo,y € N.

Lemma 5.3. Let F': Xgri1, vl(po.yo) — Cw(Sk,EHf+lxN|§kX{y}) be a linear Spin(k + 1)-
2

equivariant map. Let Yo € Lygrr1 v l(po,yo) and @ = Fibg. Then (DSk)2<p = %g@.

Proof. Note that the composition I. = I(jl o I. where I. is defined as in @ maps the

spinor bundle over (H**1\ {pg}) x N to the spinor bundle over (R¥*1\ {0}) x N. This map

preserves the intrinsic connection V™ and uniquely extends into pg = 0. Via pullback we
then obtain a Spin(k + 1)-equivariant vector space isomorphism

Jra oo N
COO({T} X Skvzﬂﬂ’g*lxN‘{r}xSkx{y}) = C ({T} X Skszk+1xN|{r}xSkx{y})a 1/) — I, o0 zb
Moreover, we can write in the sense of Spin(k+1)-modules Xgr+1 4 n|(z,y) = B = Ep1 @V
if k is even or Ygk+1yn|(z,y) = E,(;)l QVH @ 221)1 ® V) if k is odd, where V() .=

Homspin(kﬂ)(Zgl, Yrr+1x N (2,y)) 18 @ vector space which is independent of x € RF+T,
15



()

) P Mg

Let now k be odd. Then any o € (V(%))* defines a map et vl
Let A: 22‘21 — Bkt vl (po.yo) D€ @ Spin(k+1)-equivariant map. By composition we obtain

for fixed A, a and d,e € {+, —} a Spin(k + 1)-equivariant map
S5 A F %)
21(6_21 — EH’§+1xN|(1)07yo) —C (Sk,EHlCchlxN‘Skx{y})
Jrw oo ~ (Y00 & 00
YO (SF, Speriy st y)) = CF(SF, Sarsilgr @ V) S C2(SF,20)).

Let now k£ be even. Then the argumentation is analogous to the one above when replacing
VE by V and i by Spp1.
Then the Lemma follows from Corollary together with the identification by J, . (]

Corollary 5.4. Let G(q,p) be the Green function of the operator D — i, u & Speclzﬂf (D).
Let ¢ = (r,x,y) € M™F be the polar coordinates when using po as the origin, r > 0. Let
Yo € Eypmr|(po,yo)» Yo € N. Set p(q) :== G(q, (Po, yo))¥o. Then

k k2
(D% )@l ryxstx iy} = Z<P|{r}xskx{y}-

Proof. Now we consider the Green function of the shifted Dirac operator D — u for u &
Speclzﬂ; (D) as a map

G(-,(po,v0)): EJI-]I’ngl><N|(po,yo) - 1—‘(ZJHI’SHXl\f\{(po,.yo)}>‘
It follows from the definition of G, in particular from its uniqueness, and from the equivari-
ance of D under Spin(k + 1) that G(-, (po,yo)) is Spin(k + 1)-equivariant as well. In par-
ticular, G( -, (po,¥0))ls x 1y} is @ Spin(k + 1)-equivariant map as considered in Lemma
Thus, together with Lemma [5.3] the corollary follows. O

6. DECAY ESTIMATES FOR A FIXED MODE

Let u & Speclzﬂg k(D) Then, by Theorem there exists a unique Green function for
D — p. The goal of this section is to estimate the decay of this Green function at infinity.
For that, let y = (po,yn) € HET! x N and ¢y € S|, be fixed. Set ¢(x) := G(z,y)io.
The Definition of the Green function, cf. , implies that ¢ is an L2-eigenspinor of D to
the eigenvalue p outside a neighbourhood of y. Moreover, by Corollary we know that ¢
is in the spherical mode %.

Recall from Subsection that

Specys (D) = (=00, —Ao] U [Ag, 00).
In the following the complement of this spectrum is denoted by I, := (C\ R) U (= Ao, Ag).
Now we decompose the space of spinors restricted to {r;} x S¥ x N into complex subspaces
of minimal dimensions which are invariant under DY, 9,-, DS*. For k > 0 such spaces have
a basis of the form 1, 9, -1, P, and 9, - P1, where 1) satisfies DV1) = i), (DSk)Qw = p%1p,
p € g + Ny, and P := Ds* /p. All these operations commute with parallel transport in

r-direction, so by applying parallel transport in r-direction we obtain spinors v, 0, - 1, P,
and 0, - Py on Rt x S* x N with similar relations, and the space of all spinors of the form

¢ =P1(r)Y + @2(r)0r - Y + 3(r) PY + pa(r)0; - Py (7)

is preserved under the Dirac operator D on M"* because of . Then the operators
discussed above restricted to such a minimal subspace are represented by the matrices, cp.

Lemma [£:3]

A0 0 0 0 0 p 0 0 -1 0 0
Ny |0 =x 0 o0 s [0 0 0 —p {1 0 0 o0
DT=10 0o —x 0 Dm=1, 0 0o o =10 0 0o -1
0 0 0 A 0 —p 0 0 0 0 1 0
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For k = 0 we have DS" = 0 and one can proceed analogously with a basis v, 0, - ¥ and

obtains
N_ (A O _ (0 -1
D <0 —)\> 5r(1 0)'

Proposition 6.1. Assume that ¢ is an L*-solution to the equation Dy = up, u € Iy,
on (M™F),, = (HF\ B, (po)) x N. Assume that p has the form given in with
parameters p and . Let k satisfy k2 = A2 — 2, Rex > 0. Then Rex > 0. Moreover, let

K3, = A5 — 1. If Reky, > 0, then there is are positive constants C and ry such that

|g0(x)\ < CHcpHLz((MgL,k)>TO)e(—ck/2—Remo)d(m,po) for all z = (xth) c (H§+1\Br1 (po))XN

where C' is a constant that only depends on ¢, k,r1, A, i and p but not on A. For c =10 an
analogous estimate holds when replacing e (¢F/2)d@1.p0) by =k/2 yhere r = d(x1,po).

Proof. We prove first the case k > 0: By assumption ¢ can be written as in . We view
the components of ¢ as a vector in C?*, i.e., ®(r) := (p1(r), p2(r), ¢3(r), pa(r)). So by
the following equation is equivalent to Dy = pp:

A—p —gcothcr Sinﬁvr 0 0 -1 0 0
k ) p
= §C0thc7" _)\_'u 0 " sinhor 1 0 0 0 ’
0= ﬁ 0 A= —gcothcr o(r) + 0O 0 0 -1 '(r).
0 _Sin}plcr‘ gCOtth A—p 0 O 1 0
Thus using 1 for the identity matrix and setting
0 Atp 0 0 000 1
| A= O 0 0 oo 10
ATl o o o —a+u]r FTlo1 0 o)
0 0 —“A—p 0 100 0
we obtain
k coth. r p
'(r)=A- <1 B) a(r).
) ( 2 + sinh, r ) (r)

We start with the case ¢ # 0: We now substitute ¢ = e =", &(¢) = ®(—c ' logt). Then

do 1 k(14 t2) 2p ~
—=(-=4 1 B) .
dt (ct e e

Such singular ordinary differential equations are well understood, see [I5, Chap. 4, Sec.
1-3]. In particular, t = 0 is a singular point of first kind, and [I5, Chap. 4 Thm 2,1] yields
that ¢t = 0 is a so-called “regular singular point”, and the associated theory applies. However,
in our situation it is more efficient to analyse the equation directly.

— 1) — kQ+t2)
We set h(t) := (logt — log(t + 1) — log(1 — t))k/2, then h/(t) = We define

2(t—13) *

~

B(t) 1= e MDA/ (1),
and we calculate
@ _ 2
dt ~— 1—1¢2

As B anticommutes with A, we have t4/¢Bt=4/¢ = t24/¢B_and as B is an isometry of C*,
we see that

tAlepp=A/eyp,

||tA/CBt_A/C|| _ t2|Re Kyl/c
where ||. || denotes the operator norm and where

4=t/ A2 — 2.
17



are the (complex) eigenvalues of A. It follows that for 0 < ¢t < 1/2

d |d(I>| 2
log |®(t

s B0)] < 2 < 22

Thus the solution extends to ¢t = 0, and

B(0)]e 3 < (B(1)] < [B(0)|e>

HtA/th_A/CH < 3pt2|Re K+|/c

This estimate yields explicit asymptotic control for </15(t), and thus for . Namely, assume
crg > 1 > log 2, there are two fundamental solutions ¢+ of Dyt = pw such that &4 (0) is
an eigenvector of A to the eigenvalue k4 and such that

*2‘R3”+|"6Renireh(e ) < |§0i( )| Spefz‘Re"#""eRenireh(efw)
|(I’i(0)|
This implies that for every § € (0,1) there is 7y such that

e~ 3pe r:=d(x1,po) > To-

(1 _ 5)6( (ck/2)+Rers)r :g:l:(( ;: < (1 +5)e(7(ck/2)+Reni)r o= d(xl,po) > 7. (8)
+

o ol

®(r) 2 (sinh, r)* dr < — 2L
/ [B(r)[*(sinhe 1) dr < Coregy ol
and the left inequality of we see that ¢y is in L2((M™*). ) if and only of Rex+ < 0.
In the following we call this k1 just k) and also replace the + index by A in all other
occurrences. We note that |[Re x| is increasing in |[A|. Thus, ¢ and 7y from above can be
chosen independent on A.
Next, we multiply the first inequality of by |®(0)| and then integrate its square:

7o

lell7 215 2 [T (e ;
>(1 — P (—ck+2Re ry)r h k .
e o 20 / e (sinh, 7)* dr

Hence, we obtain an upper bound
R ) ) 9 9 2Rem,\r0 1
< — 5N -
BAO < 2= )1l ) ( S )

where (' is a constant independent on .
Using this again with the right inequality of we get for all  with r = dist(z,pg) > 7o
that

140 CekaiRenyye ((€2RCT0\ T2
lo(z)] < Cl||<P||L2((Mm ) r) € elmek/2HRe ) <_2R%\)
Scl(_QReﬁ)\)EH(p”LQ((MT.kaO)e—Ckr/2+Remx(r—fo)' (9)

For r > 7y we see that (—2Re sy )e?Re"("=70) is monotonically decreasing in |Re x|, and
we obtain from ()

i —ckr T—T
|(p(x)‘ SCI(_QRG K/}\O)2 ||(‘0||L2((M2"k)>,ﬁo)e ck /2+Rel€>\0( 7o)

SCH(‘0||L2((M'(Igl,k)>’;0)e(_ck/2+Re Kxg)T

for all  with r = d(z1,po) > 7o. Here, C' can be chosen such that it only depends on ¢, k,
70, Ao, ( and p but not on A. Note that the « in the claim is simply —xy,.

Next we consider the case ¢ =0,k > 0:

k p
' (r)y=(A— —1+=B)®(r).
1= (4- 51+ 28)00)
Set ®(r) = r2e~A7®(r). Then, &' (r) = fe‘AT'BeA’"@ = fe‘gA’"Bi). Then we can proceed
as above and obtain the claim.
18



It remains the case £k = 0: Then

(%(T))' _ ( 0 /\+u> (@M))
©a(r) A—p 0 ©2(r)
and direct calculation gives the claim. O

In order to estimate the decay of ¢(z) = G(z,y)vo, Yo € Eypmrly at infinity we will
decompose ¢ into its modes in S¥ and N direction, respectively. Lemma provides an
estimate of the decay of each mode which is independent of the mode in direction of N.
Moreover, from Corollary we know that ¢ has spherical mode %2. Thus, we obtain a
decay estimate for ¢:

Lemma 6.2. Let u & Speclzﬂ; (D), and let G be the unique Green function of D — . We set
M, (r) == {z € M, | dist(z, NY) = r} where N¥ = {po} x N and y = (po,yn) € H*1 x N.
Let k satisfy k%2 = A3 — p? and Rex > 0. Then for all e > 0 and ro sufficiently large there
is a constant C' > 0 independent on y such that

/ |G (z,y)|?dx < Ce 2" B for all v > ro.
My(r)

Proof. Let 1y € X, |y. Set o(x) := G(x,y)o. Then, for k > 0 the spinor ¢ decomposes
into a sum of spinors ¢,z 5 of the form with (DSk)2<pp27A = p*pp2\ and DN\ =
A, , respectively. By Corollary p? may only take the value %2. For k = 0 the
spinor ¢ decomposes into a sum of spinors ¢ with DN ©o,x = Apoa. Thus, for all k
fMy(r) lp(2)[Pdz = 2o ||<Pk2/4.,/\H%2(My(T))~

Together with Proposition we obtain for ¢ # 0

/ \(p(x)|2dx < ZC||30k2/4,>\||iz((M;nvk)>T )e(_Ck_QReK)T Sinhff(r)
My(r) by 0

< (e ?rRen Z llox2 /2,1 ‘i2((M£"”“)>ro>
A

S 0/6—27' ReKHSDHQL?((MZ"’k)ND)'

The case ¢ = 0 follows analogously. |

7. DECOMPOSITION OF THE GREEN FUNCTION

We decompose the Green function G of the shifted Dirac operator D — y on M = M"™*
into a singular part and a smoothing operator. Both operators will be shown to be bounded
operators from LP to LP for all p € [1, o0].

At first we choose a smooth cut-off function x: R — [0,1] with suppx C [-R,R] and
X|(_rjonsz = 1- Let pr M x M —[0,1] be given by p(z,y) = x(distyr+ (mu(z), mu(y)))-
Let now

Gl(x7y) = p($7y)G((E7y) and G2($7y) = G(l‘,y) - Gl(xay)
Then G4 is zero on a neighbourhood of the diagonal, and thus smooth everywhere. The
singular part is only contained in G;.

Proposition 7.1. Let M = M™* and G be as defined above. Then, for all1 < p < oo the
map Py o — fM G1(.,y)p(y)dy defines a bounded operator from LP to LP.

Proof. We start with a smooth spinor ¢ compactly supported in Bar(0) x N C M. For such
a ¢ the spinor Pj¢ is supported in B3g(0) x N C M. We embed B3r(0) isometrically into
a closed Riemannian manifold Mgr. Let Mz x N. The metric on Mg can be chosen such
that DMrXN —  is invertible, cf. Proposition The norm of (DMrXN — yy=1. [P — [P
is denoted by Cr(p).

For p < co we estimate
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p

dx

[ pelras= [ \ [ ety

</ / G, y)oly) dy
B3sr(po)XN |/ Bar(po) XN

<Car [ o de=Calo) el
MpXN

Next we want to consider arbitrary ¢ € LP(M, X)), p < co. Then C°(M, X)) is dense in
LP(M,¥y), and it suffices to consider p € C2°(M, X )s). Choose points (z;);e; C HFFL as
in Lemma. Then (Bagr(x;) X N)ier and (Bsgr(x;) x N)ier both cover M”* uniformly
locally finite. We denote the multiplicity of the second cover by L and choose a partition of
unity 7; subordinated to (Bag(z;) X N);er.

Let o = > ; where ¢; = nip € CF(Bar(xi) x N,Xn). Hence, Pip; € CX(Bsr(w;) x
N, ¥). Moreover, let f;: M — M be given by f; = (Id, f;) where f; is an isometry of HF+!
that maps z; to pg. We choose a lift of f; to an isometry on the spinor bundle. Due to the
homogeneity of HF ! we have P;(fiogo = fio(Prp)o it

Then, by triangle inequality and Holder inequality and since for fixed = the value Pjp;(x)
is nonzero for at most L spinors gpi, we have

S Z|P1<Pi($)

p
dz < / [(DMAXN — )~ tolP da
MpXN

|Pro(x

p
<Py Pl
i

Thus, we obtain

1 -1 f ft
”PlSDHiP(M) <L Z ||P1901'||}[7,P(B3R(17:)><N) =Lr Z [1Pi(fiopio fi )”IiT’(BsR(PO)XN)
< [P~ 1CR ZHfZOQDZOf 1||LP(BaR(IJo)><N)

-1
=LP CRP ZHSDZ'”LIJ(BSR(II.)XN)

S LPCR( ) ||50||Lp M)*

It remains the case p = co. Let 7); as above, and let ¢ € L. We decompose again ¢ = > ¢,
where ¢; = 1, is compactly supported. Then, we obtain as above that

| Prpll o (ary < Z [ ProillLos (Bsg (2 xN) < CZ il oo (Bsr(zi)x Ny < CLl[@l| Lo (ar)-

We now turn to the off-diagonal part G.

Note that HX*! is homogeneous for all c. In particular, the representation of the metric
in polar coordinates — dr? + sinh?(r) o* (cf. Section — is independent of the chosen
origin of the polar coordinates on HF L. We set M, (r) := {z € M™F | dist(z, N¥) = r}
where NY = {y1} x N where y = (y1,92) € HF™! x N. Then, the volume vol(M,(r)) =
f(r)*vol(N)vol(§%) = sinh®(r)vol(N)vol(S*) is independent of y. We will subsequently
leave out the y in the notation and write vol(M(r)).

Proposition 7.2. Using the notations from above, assume that there are constants C,p > 0
with

/ |Go(x,y)|>dz < Ce 2" for all r > 0.
My (r)
Let p =1 and p = co. Then, for p > <& the operator Py: ¢ — J G2(y)e(y)dy from LP

to LP is bounded.
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Proof. We start with p = 1 and estimate for ¢ € C°(M, X))

[ irpwiars [ [ Gaalewlas= [ ([ icaw i) o)

- / I ( / + /Mm |G2<a:,y>|dfdr> o(y)|dy
g/M /Hhvol(M(r));‘ </My(r)|G2(x,y)|2di>2 le(y)| dy

E
< C"/ sinhZ (r)e™ " dr|l¢| L.
r>7o

where T is the angular part and r the radial part of x.

k
For p > % the integral fT>T0 sinh¢ (r)e~?" dr is bounded. Hence, P»: L' — L! is invertible.
Next, we consider the other case p = co. Then for ¢ € L (M, Xy;)

(Pl < [ / |l lew)dyar

< / sup || / Galz,y)|dgf | dr
2 M, (r) M (r)

2

< ||<P||Loo/ |G (. y) | L2 1y vOL(M (1)) % dr

R

2

o0 h -
< Cllgfu~ / e~ sinbf (r) dr < Clg]oe.

R

2

where for p > < the last inequality follows as above. Thus, || Pa¢|ec < Cll¢llo- O

8. 0, CONTAINS THE LP-SPECTRUM ON MK

In this section we prove one direction of Theorem

Proposition 8.1. Let p € [1,00]. Let A3, Ao > 0, be the lowest eigenvalue of the Dirac
square on the closed Riemannian spin manifold N. The LP-spectrum of the Dirac operator

on M is a subset of
1 1
p 2l

Proof. We will show that D — pu: HY C LP — LP has a bounded inverse for all u € C\ o,,.
Fix p € C\ 0p, and let £ € C such that p? = A2 + k2. For p = 2, the lemma follows from
Subsection

Let now p € {1,00} and t € 01 = 0. Then p &€ 09 and (D —p): H(M?*) C L2 (M7F) —
L2(M™*) has a bounded inverse given by P, : ¢ ch Gu(z,y)e(y)dy. By Proposition

p? = N2+ k2 Imk| < ck

op::{ue(C

1

and Lemma the operator P,: LP — LP is bounded for |Imx| > ck % -5

Hence, the L'- and the L>-spectrum of D on M;"’k have to be contained in 07 = 0.

First we deal with the case that Imx > 0. For p € [1,2] we use the Stein Interpolation

Theorem Fix € > 0 and yp € R. We set h(z) := p(2)? := X3 + k(2)? := A3 + (yo +
21
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%iz +ie)? and A, = (D? — h(z))~'. By Subsection [2.6| the operators
-1
k k ’
Aeriy: D2_ >\3+<y0_62y+1( cw+5)> )

2
—_——

=Im k(2)>0

for 0 <w <1 and y € R, are bounded as operators from L? to L?. Furthermore

9 9 ck [ ck 2\
Arpiy= (D" = [ A0+ e A

is bounded from L! to L' as seen above. Thus — as required to apply the Stein interpolation
theorem — A;,, and A, are bounded operators from L' N L? to L' + L?.

Let now ¢ € L'NL? and ¢ € L¥NL?% Set S:={z € C|0 < Rez < 1}. We define b, 4 (2) =
(A, 1). The map by, 4 is analytic in the interior of S, since the resolvent is, see Lemma
Moreover, [y, ()| < [A[llpll 2|l < (maxocres<t |4 llllz ]l where |4, ] de-
notes the operator norm for A,: L? — L% Thus, b, 4(2) is uniformly bounded and continu-
ouson S :={z € C|0 < Rez < 1}. Thus, we can apply Theorem [2.3]and obtain for ¢ € (0,1)

and p = %ﬂ that A; = <D2 —h (% — 1)>_1 = (D2 — <>\% + (yo + cki (% — %) +i€)2>)
is bounded from LP to LP.

In the case Imx < 0 we set analogously A, = (D?—g(z))~! for g(z) = A3+ (yo — £

Liz — 16)2
-1

and obtain that A; = (D2 - g(% — 1)) is bounded from L? to L. Since yp € Rand e > 0

can be chosen arbitrarily, we get for all u € C\ o, that p? is not in the LP-spectrum of D?.

Using Lemma the claim follows for p € [1,2] and with Lemma(i) forp € [2,00). O
9. CONSTRUCTION OF TEST SPINORS ON Hk+1

In this section we determine the Dirac LP-spectrum of the hyperbolic space. The general
case for M, is given in the next section.

Proposition 9.1. Let p € [1,00]. The LP-spectrum of the Dirac operator D on the hyper-
bolic space HFF! is given by the set
1 1

H . _
oy = {Mec |ImM|§k’p 2’}

Proof. From Proposition we know that the LP-spectrum is contained in ¢¥. Thus, it

b
remains to show that each element p of alﬂjﬂ is contained in the LP-spectrum of D. For that
we start with a similar ansatz as was used in [I8, Lemma 7] for the Laplacian.

Let the hyperbolic space H**1, k > 0, be modelled by the space {(y,x1,...,2%) | vy > 0}
equipped with the metric g = y=2(dz? + ... + dz} + dy?). We set e; = ya% = y0; for
i=1,...,kand ¢, = y% = y0,. Then, (e, e1,...,e;) forms an orthonormal basis, which
can assumed to be positively oriented. Further we have [e,, e;] = ¢; = —[e;,e,]. All other
commutators vanish. Then, —Fﬁy =T% =1 and all other Christoffel symbols vanish. The
orthonormal frame (ey,ei,...,e;) can be lifted to the spin structure ¥: Pepin(HF1) —
Pso (H*+1), namely we choose a map E: H¥1 — Popin (HFY) with 9(E) = (ey, €1, ..., ex).
A spinor is by definition a section of the associated bundle Sgr+1 = Pepin (HF1) X o Dk41
so every spinor can be written as z + [E(z), ¢(x)] for a function ¢: HF1 — ¥, 4.

Hence, identifying (e, e1,. . ., ex) with the standard basis of R¥T! we obtain [12, (4.8)], [T,
Lemma 4.1]

1
Ve, Byl = [E, 0,0+ =€

. 5 i€y @i Ve, lE, 0] =[E,0,¢]
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and

k
k
- E’Zei'@ﬁp*ey’aeﬂ*§ey'¢]

k
= [E, Zyez' ditp + yey - Oyp — key ¢l (10)

i=1
Let ¥ € Yk11 be a unit-length eigenvector of the Clifford multiplication with the vector
ey = (1,0,...,0)" € R¥1 to the eigenvalue +i, ie. e, -1y = Fithy. Set p,(z,y) =
b(z)c,, (log y)y“1pg where a € C, b(x) is any compactly supported function on R*, and where
¢n: R — R is chosen to be a smooth cut-off function compactly supported on (—4n, —n),
Cnl[—3n,—2n) = 1 and |c;,| < 2/n. Then for p € [1,00) one estimates ||c, |[5/[|c, |5 < Cn P
0 as n — oo. For p = oo we have ||c),||co/llcnlloc < 2/n — 0 as n — oo. Then we set
®,, := [E, ¢,] and obtain

K
= | B, yea(logy) y* > _(9:d) e - oo % b()c;, (log y)y it

=1

h(a)en(log y) (+ia F ik - M)ya%] . (11)

2

In the following we will use the notation (X - .) € End(EkH) for the Clifford multiplication
by X € RF*! and obviously its operator norm |(X - .)| equals to the usual norm of X.

Let p = 5:|:1k<777), s € R. We choose z = logy and a = :Fi,u: %ZFis. Thus, the
last summand in vanishes and pRe a = k. Then, for p € [1, oo) we have

[(D — 1) ®ally
[@nllp

(ka | > (0ib)(ei- )P fOOO len(log y)|pprea+p7k71);
(fow [b@)[P f e (log ) pypRea—i=1) s
o Upe @I 5™ I (logy)Pyre 71
(ka |b | fO ‘Cn log y)|Pprea7k71)
ook (o S0P Jy leallogy)Pyr "\ * L (Jo” I Gogy) Py~ \
ka |b | fO |Cn logy)|py_1 fO |cn(logy)|py—l
i (fmz Oibl? J Icn<z>|pezp>p+ (f_‘)oo |c;<z>|p>p
a .
I]Rk |b | f |Cn Z f_oo |Cn(Z)|p

< Ce~ <f_ =) )p%()
J2 o lea(2)IP

where the last inequality uses

0 —-n —-n -0
/ len(2)[PeP dz = / len(2)[PeP dz < o= / len(2)|P dz = = / len ()P da.
—00 —4n —4n —00

For p = 0o we have p = s+ ig, a = Fs and the estimate above is done analogously.

Summarizing, we have shown that &TEI, the boundary of UEI, is a subset of the Dirac LP-

spectrum for H*! for p € [1,00]. Note that 0¥ = Jys,~, 00 for s < 2 and o =

Us<res o for s > 2, respectively. Thus, using the Riesz-Thorin interpolation theorem we

see that oy is a subset of the LP-spectrum of D on H*! for p € [1, 00]. O
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Remark 9.2. From we obtain

D?*[E, ¢ Zy e €j- 8aj<p+2y €€y 0;0yp —y= Ze, ey - Oip
i.j

k
+Zy ey e 661¢+Zyey ¢i+ Oip = y*0,0yp — YOy + Y5Oy

k2
- Y5 Zey ei- 0ip+ys 3y<p— Rd

k2
=B~y ) 00—y 050 +y(k — 1Oy + Y yey i dip — ¢

We use p and ¢, = b(x)c,(logy)y®wo of the last proposition with b, «, ¢, and ¥y as
therein. For ¢, we require additionally |cl| < 8n=2. Hence, ||cl|lp/lcnllp = 0 as n — oo
forp € [1,00]. Then we have

(D? = 1®) B, pn] =

E, (—y%n(log Y)Yy 07 — yPb% (cn(log y)y™) + y(k — 1)b0y (cn(log y)y®)

2

k
—(Z+u2)bcn(logy) )%—wn (log y)y Zy (Oib)ei - ¥ ]

E, —y*c,(logy)y 26 bipg — ic, (logy)y Zy (9;b)e; -

—y%b (cZ + 2o+ k—2)c, + ¢y (a(a —1)—(k—1)a+ % n M2>> 1/}0]
=[E, —cn(logy)y*+? Z 92bapy — icy (log )y D" (Bib)e; - o

—y*b(c, + a+k—2)c,) o],

and by analogous estimates as in Propositz'on we have ||(D? — ) [E, onlllp/IIEs enlllp —
0 as n — oo.

Remark 9.3. Note that while the L?-spectrum of the hyperbolic space only consists of con-
tinuous spectrum, this is no longer true for the LP-spectrum for p # 2 as can be seen by
considering 0 € Uf

We view the hyperbolic space (H**! gg) modelled on the unit ball By(0) C R’”l of the
Euclidean space and equipped with the metric gu = f?gr where f(x) = = Ir\z and |.|
denotes the Euclidean norm. Take a constant spinor v on By(0) normalized such that
10l e (B, (0),9m) = 1. Then D92+ = 0. Using the identification of spinors of conformal
metrics set o := f~2¢. Then D% =0 and ||g0||}£p(gm) = fBl(O) FFH=5P | |Pdvol,,, . Thus,
@ is an LP-harmonic spinor if and only if fBl(o)(l - |x\2)*k*1+§pdvolgE < o0, i.e., if and
only if fol(l — ) s -2k qp < oo, This is true precisely if p > 2 and k > 0. Thus, for
all p > 2 and k > 0 the LP-kernel of the Dirac operator on (H**1, gu) is nontrivial.

10. THE LP-SPECTRUM ON M™* CONTAINS o,

In this section we complete the proof of Theorem [I.1] In Proposition [B.1]it was shown that
the LP-spectrum on M™* is contained in op. Thus, the converse remains to be shown. The
case N = {y} was solved in Proposition
Recall that by Lemma and Example the Dirac LP-spectrum on M™F* is point
symmetric, i.e., it is symmetric with respect to the reflection A — —\.
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Let now p € do, with p? = A2 + k2, [Im k| = ck ’% -1
scaling, we see that x is in the spectrum of the Dirac operator of H**1. Then, by Lemma
k? is in the LP-spectrum of (DH’5+1)2, and by Remarkthere is a sequence ; € I'(Zyp+1)
. k1 .

with ||((DHe)2 — /<;2)wi||Lp(H;§+1) — 0 while Hl/)lv||Lq(H;cc+1) = 1. Moreover, by Remark
there is a ¢ € I'(Sy) with [[¢||a(v) = 1 and (DY) = AZep.

Assume that at least one of the dimensions of N and HF ™ is even. Then Xy, = Sy @ Xy
and by we have D? = (DHEH)2 + (D)2, We set o; = 1; ® 1. Then

1(D? = 12)gilly =llvs @ (DN)? = A2)¢ + ((DFe)2 = k)b @
=[[(D")? = k2 @ ¢, — 0.

Thus, p? is in the LP-spectrum of D?. By the point symmetry of the spectrum and by
Lemma both © and —p are in the LP-spectrum of D.

Similarly we obtain the result if both the dimensions of N and H¥*! are odd by setting
;i = 1; ® (¥, 1) in notation of Section

Up to now we have shown that all u € do, are in the LP-spectrum of the Dirac operator on
M. Following the same arguments as in the last lines of the proof of Proposition the
proof of Theorem [[.1]is completed.

Remark 10.1. From Theorem and Lemma [B-8, we can immediately read off the LP-
spectrum of D? on M™*. This consists of the closed parabolic region bounded by

be given. By Proposition and

2
1 1 1 1
SGRI—))\%—CQkQ(—) +32+2isck‘—‘.
p 2 p 2

Let us compare the LP-spectrum for D? on MFHLE = HETL (e =1 and Ay =0)

2
11 11
sERH—k2<—> +s2+213k<—>,
P2 2 p

with the one of the Laplacian on functions whose LP-spectrum is given by the closed parabolic
region bounded by [18, (1.5)]

1 1 1 1
sER— k*= (1—)+52+215k(—>.
D P 2 p

Up to a shift in the real direction this is the same spectrum. However the qualitative differ-
ence is that for p # 2 the spectrum of D? contains negative real numbers, in contrast to the
Laplacian.

APPENDIX A. FUNCTION SPACES

We want to recall some analytical facts which are helpful to define spinorial function spaces
on manifolds.
Let (M™, g) be an n-dimensional Riemannian spin manifold with the classical Dirac operator
D: H}(M,%y) = dom D C L*(M,Xy) — L*(M,X)). The set of compactly supported
spinors C2°(M, ¥py) is a core of D, i.e., D is the closure of D|ge(ar,5,,) W.r.t. the graph
norm H?.
A distributional spinor (or distribution with spinor values) is a linear map C°(M,%,,) — C
with the usual continuity properties of distributions. Any spinor with regularity L; . defines
a distributional spinor by using the standard L2?-scalar product on spinors.
Then Dy can be defined in the sense of distributions. Let Hj(M, X)) be the set of dis-
tributional spinors ¢, such that ¢ und D¢y are in L®, s € [1,00]. Equipped with the norm
llell s == ll¢lls + [[Deol|s this is a Banach space. This norm is the graph norm of D viewed
as an operator in L® to L. If we consider the operator D: H{ C L® — L*®, we will shortly
write D, in the following.
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Lemma A.1. Let 1 < s < oo. CX(M,Xy) is dense in Hi (M, Xyy).

Proof. Assume that ¢ € Hf(M,Xp), s < 0o, is given. For a given point p € M and for
any R > 0 one can find a compactly supported smooth function ng: M — [0, 1] such that
nr = 1 on Br(p) and such that [Vng| < R~!. Then one easily sees limg_,o [0 —nr¢|ls = 0.
Further we calculate

[D(e —nre)lls < Vg - @lls + (1 = nr)Dells -+ 0 as R — oo.

Thus the elements with compact support are dense in Hj (M, X ,). Now if o € Hf (M, X )
has compact support, it follows from standard results that it can be approximated by smooth
compactly supported spinors. O

Thus, for s < oo, Hi (M, X)) is equal to the completion of C°(M, X)) with respect to the
graph norm of D: L® — L®. In particular this implies that for s < oo the operator D; is a
closed extension of D|ce(ar,5,,) With core C2°(M,Xyr). Note that D is a closed extension
of D|cee(n,z,,) as well but C2°(M, X)) is in general no longer a core for this operator.
Moreover, in the standard literature for LP-theory of the Laplacian, e.g. [I8], the operator
for s = oo is directly defined to be the adjoint operator for s = 1.

Lemma A.2. Let 1 < s < co. On manifolds with bounded geometry, the H{-norm is
equivalent to the norm ||¢||s + [|Vells-

The proof of the lemma relies on local elliptic estimates which follow from the Calderon-
Zygmund inequality, e.g. [20, Theorem 9.9], see also [2, Lemma 3.2.2] for the geometric
adaptation.

APPENDIX B. GENERAL NOTES ON THE LP-SPECTRUM

In this section we collect general facts on the LP-spectrum of the Dirac operator. Unless
stated otherwise, we only assume that (M, g) is complete.

We examine the adjoint of the operator Ds: L® — L*® with respect to the duality pairing
(.,.y: L* x (L*)* — C whose restriction to compactly supported spinors coincides with the
hermitian L2-product. We use the convention that this pairing is antilinear in the second
component. The adjoint D? is an operator in (L*)*. For 1 < s < oo and s™1 + (s*)71 =1,
(L*)* = L*" whereas (L>)* is larger than L'. From the formal self-adjointness of D we see,
that Dg|co (ar,25,) = Dilce (a5, Moreover, we have

Lemma B.1. For all p € H{ and ¢ € Hf*, 1 < s < o0, we have
(D3907w) = (SD’DS*"/J)'

Proof. For 1 < s < o0, let ¢;,; € C°(M, ) with ¢; — ¢ in Hf and ¢; — 1 in Hf .
Then,

/(Dscp,w)dvolge/ (Dsgai,wj>dvolg:/ (goi,Ds*qu)dvolg%/ (, Dg+1p)dvoly
M M M M

as t,j — 0o.

Let now s = 1. For ¢ € C°(M, X)) the equality follows from the distributional definition
of Dy. The rest follows since C°(M, ¥/) is dense in Hi. The remaining case s = oo just
follows from the last one by interchanging s and s*. O

Lemma B.2. For all 1 < s < oo the operators Ds« and D} coincide.

Proof. For ) € Hf* Lemmayields (Dsp, ) = (p, Dg=1p) for all ¢ € Hf = dom D,. This

implies ¢ € dom D} and Dj¢ = Dy-1p. Hence, Hi" C dom D} and Dj|p.+ = D Hf C

L — L* . Tt remains to show that dom D* C H{ : Let 1 € dom D* C (L*)* = L* . Then

there is a p € L*  such that for all ¢ € dom D, it holds (Dsp,1) = (¢, p). In particular,

this is true for all ¢ € C°(M, X ). In other words Df¢ = p in the sense of distributions.

Thus, ¢ € H . O
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Since ¢ € H{ N H{ implies Dsp = D,y we often denote all those Dirac operators in the
following just by D.

Moreover, a closed operator P: dom P C V; — V5 between Banach spaces V;, and with dense
domain dom P, will be called invertible if there exists a bounded inverse P~1: V5 — V;. We
will use the phrase “P has a bounded inverse” synonymously.

Lemma B.3. Let1 < s < o0.
(i) If @i is in the L —spectrum of the Dirac operator where (s*)~' + s~ =1, then p
1s in its L°—spectrum.
(ii) Let Dy — p be invertible. Then, (Dg» — i)' = ((Ds — p)~1)* and ||[(Dg- — 1) 7Y =
1(Ds — )~ H-

Proof. We prove this for p = 0. For arbitrary p this is done analogously.

Assume that 0 is not in the L*-spectrum of D, i.e., it has a bounded inverse £ = D~!: L* —
L* with range ran E = Hj. Let ¢ € L° . Since E is bounded, f: L* — C,p — (Ep, p)
is a bounded functional and, thus, f is in the dual space of L®, i.e., there is ¢ € L* with
(p, ) = f(p) = (Ep,¢) for all p € L*. Hence, ¢ € dom E*, i.e., dom E* = L*".

Now we can estimate for all ¢ € H{ and all ¢y € L® that (D, E*)) = (EDyp,¢) = (p, %)
which implies E*¢) € dom D* and D*E*t) = ¢. Thus, ran D* = L% and D*E* =1d: L* —
Ls .
If p € L* and ¢ € dom D*, we get (p, E*D*p) = (Ep,D*¢) = (DEp,¢) = (p,¢). Hence,
E*D* = 1d: dom D* — dom D*. Together with the corresponding statement from above
this gives that (D~1)* = (D*)~!. Thus, 0 is not in the L* -spectrum of D. This proves (i)
and the first claim of (ii). The operator norm of an operator and its adjoint coincide, see
[31, Thm VI.2|. Thus, the equality of the operator norms follows. O

Corollary B.4. If D: H} — L% has a bounded inverse for some q € (1,00). Then as an
operator from H; — L* it has a bounded inverse for all s € [q1,q2] where ¢1 = min{q, ¢*},
g2 = max{q,q*}, and (¢*)~* 4+ q~ ' = 1. In particular, the L?-spectrum of D is a subset of
the L9-spectrum.

Proof. This Lemma follows directly from the Riesz-Thorin Interpolation Theorem (using
D =C>*(M,X))) and Lemma |

Lemma B.5. Let 1 < s < oco. Let R; = C\ Spec:(D) be the resolvent set of D: L® — L*.
Then, the resolvent

pwE Ry (D —p)~t e B(LY)
is analytic, i.e., the map is locally given by a convergent power series with coefficients in
B(L®). Here, B(L®) denotes the set of bounded operators from L* to itself.

See [42], VIIL.2 Theorem 1| for a proof.
For rounding up our presentation we will next add a lemma not needed in our context but
maybe helpful to other applications.

Lemma B.6.
(1) The operator D: H C L* — L*, s € [1,00], is an invertible map onto its image if
and only if there is a constant C > 0 with ||Dy||s > Cll¢||s for all ¢ € HS.
(2) Under the above conditions the image D(HY) is closed.
(3) Let s71 + (s*)~! =1, s < o0, and assume the conditions from above. Then D is
surjective if and only if there is a C > 0 with | Dyl > C|l¢|ls- for all p € Hf.

Proof. (1) The proof is straightforward.

(2) The operator D: Hi — D(H?{), where the latter space is equipped with the L*-norm,

is a bijective bounded linear map. Hence, D(H7) is a complete subspace of L® and thus

closed.

(3) Suppose that D(H7) is a proper subspace of L. Due to Hahn-Banach there is a non-zero

continuous functional ¢: L® — C vanishing on D(H;). We interpret ¢ as an element in
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L*" using the Riesz representation theorem, i.e. ) € L is orthogonal on D(H3). Then,
1 € dom (Ds)*, and we even have D¥y = 0. Hence, by Lemma v € Hy*. This
contradicts the estimate.

Now assume that D is surjective. Then there is a bounded operator D~': L® — L%, inverse
to D. Thus (D~1)*: L*" — L* is bounded as well, and (D~!)* is the inverse of D*: H} —
L*". The fact that the latter map has a bounded inverse is equivalent to the existence of a
constant C' > 0 with || Del/s« > C||e

s* -

O

Remark B.7. The L*-spectrum of the Dirac operator D on a closed manifold (M™,g) is
independent of s. We sketch the proof: Let ¢ be an L%-eigenspinor of D. Then regularity
theory implies that ¢ € C®°(M,X;) and, hence, ¢ € L* for all 1 < s < co. In particular,
Spectt (D) € Spec (D). Let now pu & Specih (D), i.e., (D—p)~': L2 — L? is bounded. Let
G(x,y) be the unique Green function of D — p, see Proposition|3.2. Then, [, |G(.,y)*dy
is bounded uniformly in y. Hoélder’s inequality implies that also [, |G(.,y)|dy is bounded
uniformly iny. Hence, (D—pu)~t: L* — L' is a bounded operator. Then interpolation gives
that (D — p)~t: L¥ — L* is bounded for all 1 < s < 2. Because of Specy»(D) C R the same
is true for (D — ji)~t: L® — L*, and by using Lemma we get that (D —p)~t: L® — L*
is bounded for all 2 < s < oco. It remains s = oco: Let v > m. Then by the Sobolev
Embedding Theorem H{ — L*° is bounded. Moreover, by the discussion above and using
the fact that HY carries the graph norm of D we know that (D —p)~%: L™ — HY is bounded
for i & Spech (D) the Hélder inequality gives that

(D—p)™': L>® - L" — H — L™
is bounded.

Lemma B.8. Let 1 < s < 0o, and let Spectt (D) # C. Then the complex number p? is in
the L*-spectrum of D? if and only if u or —p is in the L®-spectrum of D.

Proof. We start with the “only if” part. So assume that both g and —pu are not in the L*-
spectrum of D. Then we have bounded operators (D —pu)~t: L¥ — L® and (D+p)~': L® —
L. Tt is then easy to verify that (D — )"t o (D + u)~': L® — L® is a bounded inverse of
D? — %2 = (D + p) o (D — p). Thus p? is not in the L*-spectrum of D2.

In order to prove the “if” statement, we assume that p? is not in the spectrum of D2,
Then D? — p? has a bounded inverse P := (D? — p?)~1: L® — L®. Let v € P(L®). Then
Y € L* and D?) € L*. Next we will show that this implies D1 € L*. For that we choose
A & SpecM (D). Then Dy = (D — X)~1(D? — X\2)s) — M\ip, and hence Dy € L. Thus,
P(L®) C H}. Hence @1 := (D £ p) o P is a bounded operator with dom @y = L*, and
one easily checks that this a right inverse to (D F p). Similarly, one shows that Q2 :=
Po (D =+ p) is a left inverse of (D F p). A priori Q2 is only defined on Hy, but using
Q1 =Q10(DFpu)oQy = Q2 it is clear that Q2 and @y coincide on Hf. So the integral
kernels of @1 and Q5 have to coincide, so Q1 is a left and right inverse of (D F u) and thus
44 is not in the spectrum of D. ]

Remark B.9. In the case 1 < s < oo and M of bounded geometry, one can also prove that
Spectl (D) = C implies Specy’ (D?) = C: As in the proof of the “if” statement from above
one has to show that Dy € L°. This can be proven using reqularity theory on manifolds of
bounded geometry.

Lemma B.10 (Pointwise symmetries). Let 1 < s < oo. Let (M,g) be an m-dimensional
Riemannian spin manifold.
(i) m =0 mod 2: The number u is in the L°-spectrum of D if and only if —p is in
the L*-spectrum of D if and only if fi is in the L®-spectrum of D.
(i) m = 1 mod 4: The number u is in the L*-spectrum of D if and only if —[i is in
the L?-spectrum of D.
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(iii) m =3 mod 4: The number p is in the L*-spectrum of D if and only if i is in the
L#-spectrum of D.

Proof. By [19, Prop. p. 31] we have a map «a: X, — 3, that is

e a Spin(m)-equivariant real structure that anticommutes with Clifford multiplication
if m=0,1 mod 8.

e a Spin(m)-equivariant quaternionic structure that commutes with Clifford multipli-
cation if m = 2,3 mod 8.

e a Spin(m)-equivariant quaternionic structure that anticommutes with Clifford mul-
tiplication if m = 4,5 mod 8.

e a Spin(m)-equivariant real structure that commutes with Clifford multiplication if
m =6,7 mod 8.

Note that by definition real structure means that a? = Id and a(iv) = —ia(v). Moreover,
quaternionic structure means that o? = —1Id and a(iv) = —ia(v).

Due to the Spin(m)-equivariance « induces a fiber preserving map & on the spinor bundle
with the same properties as above. Thus,

_ ao(—=D—p)(¢) m=0,1 mod 4
(Du)oa(éﬁ){@o(D—/S((S m=2,3 mod 4.

Thus, if p is in the L*-spectrum of D then —f (resp. @) in the L®-spectrum of D for m = 0,1
(resp. 2,3) mod 4. This gives (ii) and (iii).

If m is even, then D(wps - ) = —wpsr - De. Thus, the spectrum is symmetric when reflected
on the imaginary axis. Together with the symmetries from above, (i) follows. O

Lemma B.11 (Orientation reversing isometry). Let 1 < s < oco. Assume there is an
orientation reversing isometry f: M™ — M™ that “lifts” to the spin structure as described
in the proof. Then p is in the L®-spectrum of D if and only if —u is in the L®-spectrum of
D.

Proof. The proof follows the lines of [4, Appendix A]. In this reference, f is required to
be a reflection at a hyperplane of M. But this doesn’t change the part we need: We
lift f to the bundle Pso(,)M of oriented orthonormal frames by mapping the frame & =
(61, ey em) to f*g = (—df(el), df(EQ), ey df(em)), SO f* : PSO(m)M — PSO(m)M- Since

f is an orientation reserving isometry,
f+(EA) = fu(E)JAJ for all A € SO(m)

where J = diag(—1,1,1,...,1). The map f is assumed to lift to the spin structure, i.e.,
there is a lift f,: Pspin(m)(M) = Pspin(m) (M) with 9 o fi = f« 0¥ where ¥ denotes the
double covering ¥: Pspin(m) (M) — Pso(m)(M). By [, Lemma A.1 and Lemma A 4], f then
lifts to a map f4: X — Xps on the spinor bundle which fulfils f;(Dy) = —D(fyp). O

Example B.12.
(i) Let M"*! be a Riemannian spin manifold with a spin structure ¥ as above. Assume
that up to isomorphism this is the unique spin structure on M. Let f: M — M be an
orientation reversing isometry. By pulling back the double covering PspinM — PsoM by
f« we obtain the double covering f*¥ : f*PspinM — PsoM. We then turn f*Pgpin M into
a Spin(n + 1)-principal bundle by conjugating the action of Spin(n + 1) on PspinM with
Clifford multiplication with eg. Then f*9 is a spin structure on M. Thus an isomorphism
from ¥ to f*¥ yields a map f; as above.
(ii) Consider the map f = f; x id: M = HF! x N™® — M”* where f; is an orientation
reversing isometry as in (i). Then, f is again an orientation reversing isometry. Using
Pso(He x N) = (Pso(HET!) x Pso(N)) xg SO(m) where £: SO(k + 1) x SO(n) — SO(m)
is the standard embedding and using the analogous describtion for Pgpi,(H. x N), see
Section one see that also f lifts to the spin structure.
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APPENDIX C. DIRAC EIGENVALUES OF GENERIC METRICS

Proposition C.1. Let (M, g) be a closed, connected Riemannian spin manifold, let u € R.
Let U C M be a nonempty open subset. In case that @ = 0, assume additionally that
the a-genus of M is zero. Then, there is a metric § on M with g = g on M \ U and
ker (D9 — p) = {0}.

Proof. For u = 0, the proposition follows from [4, Theorem 1.1]. For p # 0, the proof is a
direct consequence of the following lemma. O

Lemma C.2. Let (M, g) be a closed, connected Riemannian spin manifold, let p € R\ {0},
and let U C M be a nonempty open subset. Then there is a function f € C°(M,R™) with
flanw =1 such that ker (D79 — 1) = {0}.

Proof. Choose f € C*(M,R*") with f|pnp =1 such that d = dim(Ey,, = ker (D79 — p))
is minimal. Assume d > 0, and set g9 = fg. For a € C*°(M) with suppa C U
and ¢t close to 0 we define ¢g; := (1 + ta)fg. Then by [10] there are real analytic func-
tions ju1,...,pa: (—e,6) — R with p;(0) = p such that Spech2(D9) N (u — 6, + 6) =
{p1(t), ..., pa(t)} including multiplicities. It is shown in [I0] that there is an orthonormal
basis (1), ..., D) of E¢,, depending on the choice of « such that

d 1
ah:oﬂi(t) =3 /M<0490,Q¢<i>>d"01g0

where Qy(X,Y) = IRe (X - Vyy) + Y - Vxt, ). Thus,
(90, Quir) = Z<6T Ve, @ @y = |2,

T

As d is minimal, we see that <|,—o/;(t) = 0, and thus for all a as above

d
1/ (@))2
— [ ap) |PW|*dvol,, = 0.
2 M ; go

Note that ¢ := Z?:l |92 € C°°(M) does not depend on the choice of . This can be seen
by direct calculation with base change matrices or alternatively by observing that ¢ is the
pointwise trace of the integral kernel of the projection to Ey,,. With p # 0 this implies that
¢ and thus all ¢/ vanish on U. The unique continuation principle implies then ¥ = 0
which gives a contradiction. O
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