A Variational Problem in Conformal Spin Geometry

Habilitationsschrift vorgelegt beim Fachbereich Mathematik der Universität Hamburg von Bernd Eberhard Ammann

Mai 2003

Dekan: Prof. Dr. Alexander Kreuzer Prodekan: Prof. Dr. Reiner Lauterbach

Referenten: Prof. Dr. Christian Bär, Hamburg Prof. Dr. Oussama Hijazi, Nancy Prof. Dr. Reiner Schätzle, Bonn Prof. Dr. Sebatiàn Montiel, Granada

Datum: 16.5.2003

Current address

Bernd Ammann Fachbereich Mathematik Geomatikum–SPAD Universität Hamburg Bundesstraße 55 D-20257 Hamburg Germany

Email ammann@berndammann.de www http://www.berndammann.de/uni

Contents

Abstract i

1 Introduction 1 1.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Classical results 7 2.1 Some basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 The transformation formula . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Conformal spinor bundles with weights . . . . . . . . . . . . . . . . . 9 2.4 A spin-conformal lower bound in a conformal class . . . . . . . . . . . 12 2.5 The inequalities by Hijazi and Bär . . . . . . . . . . . . . . . . . . . 13 2.6 Blow up of spheres . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Elliptic regularity for Dirac operators 15 3.1 Schauder estimates for Dirac operators . . . . . . . . . . . . . . . . . 15 3.1.1 Definition of Hölder norms . . . . . . . . . . . . . . . . . . . . 15 3.1.2 The Dirac-Poisson equation – the flat case . . . . . . . . . . . 17 3.1.3 Trivializations of vector bundles . . . . . . . . . . . . . . . . . 21 3.1.4 Interpolation inequalities . . . . . . . . . . . . . . . . . . . . . 22 3.1.5 Interior Schauder estimates . . . . . . . . . . . . . . . . . . . 24 3.1.6 Global Schauder estimates . . . . . . . . . . . . . . . . . . . . 29

Contents

3.2 L^p-theory for Dirac operators . . . . . . . . . . . . . . . . . . . . . . 29 3.2.1 Sobolev norms of integer order . . . . . . . . . . . . . . . . . . 29 3.2.2 Interior L^p-estimates . . . . . . . . . . . . . . . . . . . . . . . 29 3.2.3 Global L^p-estimates on compact manifolds . . . . . . . . . . . 31 3.2.4 H^2_{−1/2}-spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.2.5 Sobolev norms of fractional order on compact M. . . . . . . . 33 3.3 Sobolev embeddings . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.3.1 The Green’s function of |D| . . . . . . . . . . . . . . . . . . . 34 3.3.2 Sobolev embedding theorems . . . . . . . . . . . . . . . . . . 36

4 The first Dirac eigenvalue 39 4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2 Singular metrics and main results . . . . . . . . . . . . . . . . . . . . 40 4.3 The functional . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.4 Solution of the equation . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.5 The size of the singular set . . . . . . . . . . . . . . . . . . . . . . . . 49 4.6 The smallest positive Dirac eigenvalue on singular spaces . . . . . . . 50

5 Spinorial Weierstrass representations 51 5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 5.2 Killing spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 5.2.1 Preliminaries on Killing spinors . . . . . . . . . . . . . . . . . 52 5.2.2 Killing spinors on 3-manifolds . . . . . . . . . . . . . . . . . . 53 5.3 The spinorial Weierstrass representation . . . . . . . . . . . . . . . . 56 5.3.1 Historical background . . . . . . . . . . . . . . . . . . . . . . 56 5.3.2 Isometric immersions . . . . . . . . . . . . . . . . . . . . . . . 57 5.3.3 Conformal immersions with possible branching points . . . . . 61 5.3.4 From a spinor to an immersion . . . . . . . . . . . . . . . . . 62 5.4 Cmc-immersions into space-forms . . . . . . . . . . . . . . . . . . . . 63

Contents i

5.5 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.6 Examples and Visualizations . . . . . . . . . . . . . . . . . . . . . . . 65 5.6.1 Unduloids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 5.6.2 Triply periodic examples . . . . . . . . . . . . . . . . . . . . . 67 5.6.3 New examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.6.4 Software for visualizing cmc-surfaces . . . . . . . . . . . . . . 71

Indices 73 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 Keyword Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 Symbol Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 ii Contents

Abstract

Let us fix a conformal class [g_0] and a spin structure σ on a compact manifold M. For any g ∈ [g_0], let λ^+_1 (g) be the smallest positive eigenvalue of the Dirac operator D on (M, g, σ). In a previous paper we have shown that

λ^+_{min}(M, [g_0], σ) := inf_{g∈[g0]} λ^+_1 (g)vol(M, g)^{1/n} > 0.

In this habilitation, we enlarge the conformal class by certain singular metrics. We will show that if λ^+_{min}(M, [g_0], σ) < λ^+_{min}(S^n), then the infimum is attained on the enlarged conformal class. By proving this, we will obtain solutions to an elliptic system of semi-linear partial differential equations involving a nonlinearity with critical exponent: Dφ = λ^+_{min}|φ|^{2/(n−1)}φ.

The solution of this problem has many analogies to the solution of the Yamabe problem. However, our reasoning is more involved than in the Yamabe problem as the spectrum of the Dirac operator is unbounded from below and unbounded from above. The solution may have a nonempty zero set because a maximum principle is not available.

Using the spinorial Weierstrass representation, the solution of this equation in dimension 2 provides a tool for the construction of periodic constant mean curvature surfaces in R^3 and S^3 with compact fundamental domain.

iii iv Contents

Chapter 1

Introduction

1.1 Summary

Let (M^n, g, σ), n ≥ 2, be a Riemannian spin manifold with a fixed spin structure σ. Let D be the classical Dirac operator on (M, g, σ). In this habilitation we will study the functional

F^M_q (ψ) = � ⟨D^{−1}ψ, ψ⟩ ‖ψ‖^2_Lq

, (1.1.1)

defined on the nonzero elements in the H^2_1 -closure of the image of D.

If q ≥ 2n/(n + 1), then the functional is bounded from above. We will investigate whether the supremum is attained. The case q = 2 is very simple: sup F^M_2 is the inverse of the first positive eigenvalue of D, and the supremum is attained exactly by the eigenspinors to this eigenvalue.

If q > 2n/(n + 1), q ≠ 2, then we obtain a nonlinear eigenvalue problem instead of a linear one. The supremum is still attained and the supremum satisfies the Euler-Lagrange equation

D^{−1}ψ = μ ψ |ψ|^{2−q}

. (1.1.2)

One sees that ψ is C^{0,α} and even C^∞ away from the zero set.

However, the case q = 2n/(n+1) is much more involved. We have to solve a nonlinear partial differential equation with a nonlinearity which is often called “critical”, as the coefficients in the Sobolev embeddings involved are critical. One has to expect that this problem is more involved. In order to get an idea why this is more complicated, Let us have a look at the spheres S^n with constant sectional curvature. Let G be the conformal group of S^n. There is an action of G on the spinor bundle ΣS^n, such that g ∈ G maps Σ_pS^n to Σ_{gp}S^n and such that F^M_{2n/(n+1)} is invariant under this action. Hence, we have a non-compact symmetry group of the problem, and the suplevel sets of F^M_{2n/(n+1)} are non-compact. As a consequence, an arbitrary maximizing sequence may not converge. In order to achieve convergence we choose a sequence of maximizers ψ_k for F^M_{qk} , with q_k → 2n/(n + 1), q_k > 2n/(n + 1). One shows that this is indeed a maximizing sequence for F^M_{2n/(n+1)}. If the following spectral condition

sup F^M_{2n/(n+1)} > sup F^{Sn}_{2n/(n+1)} (1.1.3)

holds, then the sequence ψ_k converges to a spinor ψ_∞, and F^M_{2n/(n+1)} attains its supremum in this spinor.

The solution of our problem has many analogies to Trudinger’s and Aubin’s solution of the Yamabe problem (see [LP87] for more details). Trudinger [Tru68] and Aubin [Aub76] showed that the infimum of the Yamabe functional is attained if a spectral condition comparable to (1.1.3) is satisfied. Later [Aub76, Sch84, SY79a, SY79b, SY81, SY88, Wit81, PT82], Aubin, Schoen, Yau and Witten proved that the spectral condition is satisfied if M is not conformal to a sphere of constant sectional curvature. It turns out that the difficult cases follow from the positive mass theorem of general relativity. As a consequence any compact Riemannian manifold of dimension ≥ 3 is conformal to one of constant scalar curvature.

However, one should emphasize that several arguments in the Yamabe problem cannot be taken over. One of the difficulties arises from the fact that the spectrum of the Dirac operator accumulates both in +∞ and −∞. Furthermore, we cannot apply the maximum principle as our equations do no longer have scalar values, but values in the spinor bundle.

Sufficient criteria for the spectral condition (1.1.3) are subject of on-going research. The spheres are the only known examples which do not satisfy the spectral condition, and in analogy to the Yamabe problem, one can conjecture, that the spectral condition holds if M is not conformal to a sphere of constant sectional curvature.

The relations of our problem to the Yamabe problem are much closer than on the level described until now. The Hijazi inequality implies that any manifold fulfilling our spectral condition (1.1.3) also fulfills the spectral condition of the Yamabe problem.

The Euler-Lagrange equation satisfied by the maximizers are conformally invariant, nonlinear partial differential equations. We know of two applications for these solutions.

The first application comes from spectral theory. Let us fix a conformal class [g_0] and a spin structure σ on a compact manifold M. For any g ∈ [g_0], let λ^+_1 (g) be the smallest positive eigenvalue of the Dirac operator D on (M, g, σ). In Chapter 2 we

1.1. Summary 3

define λ^+_{min}(M, [g_0], σ) := inf_{g∈[g0]} λ^+_1 (g)vol(M, g)^{1/n}.

One sees that λ^+_{min}(M, [g_0], σ) > 0. We will enlarge the conformal class by certain singular metrics. The spectral condition (1.1.3) translates into λ^+_{min}(M, [g_0], σ) < λ^+_{min}(S^n). As a consequence the infimum is attained on the enlarged conformal class if (1.1.3) holds.

Another application (for dim M = 2) lies in surface theory. Using the spinorial version of the Weierstraß representation, the solutions of the Euler-Lagrange equations in dimension 2 provide periodic immersed surfaces of constant mean curvature in R^3 and S^3.

The various dependencies of our statements and of related statements for the Yamabe problem are shown in Figure 1.1.

Let us sketch the structure of the habilitation.

In Chapter 2 (Classical results in conformal spin geometry) we summarize several facts that have been known prior to the habilitation.

In Chapter 3 (Elliptic regularity for Dirac operators) we develop Global and Interior Schauder- and L^p-regularity-theory for generalized Dirac operators. Most of the results in Sections 3.1 and 3.2 are analogous to results in [GT77]. In order to present a logically complete derivation of the regularity theory we had to reprove many statements. This is partially due to the fact that we need uniform control over our regularity statements. In order to keep the analogy to [GT77] transparent we took over most of the notation in [GT77]. In order to keep our presentation as short as possible, we cited statements of [GT77] and [Ada75] whenever possible. In Section 3.3 we prove various embedding theorems. For proving the different version that we will need, it is convenient to use different methods. E.g. for showing the boundedness of L^{2n/n+1} → H^2_{−1/2} we study the asymptotics of a Green’s function and use the Hardy-Littlewood-Sobolev inequality.

Chapter 4 (The first Dirac eigenvalue in a conformal class) is the central part of the habilitation. It can be read independently from Chapter 3 if one believes that the statements about elliptic regularity from Chapter 3 hold. We show that the supremum of F^M_q is attained as described above. The application to the first positive eigenvalue of D is also contained in this chapter. Nearly all material in this chapter is new. The content of this chapter will be published in [Amm03a].

The principal goal of Chapter 5 (Spinorial Weierstrass representations of surfaces) is to describe how to apply our results to surface theory. We start with a short overview. Then, in Section 5.2, we turn to the study of manifolds with Killing spinors as they play a central role in the spinorial Weierstrass representation. We

Logical structure of the habilitation

Calculus of Variations

Solutions of Dφ = λ|φ|^{p−2}φ, p < 2n/(n − 1). V Solutions of Dφ = λ|φ|^{p−2}φ, p = 2n/(n − 1).

λ^+_{min}(M) = inf_{g∈[g0]} λ^+_1 (g)vol(M, g)^{1/n}

is attained

n ≥ 2 n = 2 n ≥ 2

Periodic conformal immersions ~M → N with constant mean curvature

Aubin type test spinor

n≥7 and

W ≢0

Ammann- Humbert- Morel

λ^+_{min}(M) < λ^+_{min}(S^n) spinorial positive mass conjecture

Hijazi n≥3

λ_Y (M) < λ_Y (S^n)

Aubin’s test function

n≥6 and

W ≢0

Positive mass theorem from General Relativity

n = 3, 4, 5 or W ≡ 0

Solutions of L_gu = u^{p−1}, u > 0, p = 2n/(n − 2)

Solution of the Yamabe problem (n ≥ 3)

Figure 1.1: Logical dependencies. In this diagram, (M, g_0) is an n-dimensional Riemannian manifold, and N an n + 1-dimensional Riemannian manifold which carries a fixed real Killing spinor.

1.2. Acknowledgments 5

investigate Killing spinors on S^3 and R^3. In particular, we give a list of all 3- manifolds carrying a real Killing spinor. After this, in Subsection 5.3.1, we give a short overview over literature related to the spinorial Weierstrass representation. Then, we recall the restriction of Killing spinors to hypersurfaces. This knowledge can then be used to describe how we obtain new cmc-surfaces. We list some open problems that we consider as interesting for future research. The final section is devoted to visualizations of some examples of our construction.

1.2 Acknowledgments

My special thanks go to Prof. Christian Bär. I profited very much from his huge knowledge on Dirac operators, from his beautiful lectures and from many encouraging discussions with him. His generous support gave the necessary freedom to me to work at this habilitation thesis.

I am also very grateful to Prof. Victor Nistor from Penn State University. In our collaboration during the last years, I learned many things about pseudo-differential operators and the associated analytical techniques. Also thanks for being patient with me when I was busy.

Thanks to Prof. Edgar Feldman from CUNY, New York, Manhattan for good discussions in his house on Long Island, in particular for sharing his experience and expertise and for showing me the heat kernel proof of Theorem 3.3.1.

I want to thank R. Schätzle for helpful discussions during my visit in Bonn, and S. Moroianu for many discussions on pseudo-differential operators while he was in Hamburg.

Several discussions about minimal surfaces and cmc-surfaces dicussions with F. Burstall, M. Kilian and E. Carberry were helpful. Most of them during the beautiful EDGEconference in Edinburgh, 2002. Thanks to K. Grosse-Brauckmann for discussions while he visited Hamburg University and by email.

Thanks to Andreas Bock and the IT-group of the math department for providing a stable computer system. I experienced that a stable linux system is extremely helpful.

Finally, thanks to N. Ginoux for reading the manuscript shortly before I submitted the habilitation. His 6-month stay in Hamburg was enabled by the support of the RTN-network Geometric Analysis. I am also grateful to Sebastián Montiel who collected many typographical mistakes in the first version of this habilitation.

The first parts of this habilitation were written up while I enjoyed the hospitality of the University of Nancy.

6 Chapter 1. Introduction

Chapter 2

Classical results in conformal spin geometry

The aim of this chapter is to summarize several classical facts about Dirac operators in conformal geometry, which will play an important role in this paper. These classical results will be enriched by new interpretations and some extra material.

2.1 Some basic definitions

In this section we will recall some important definitions from spin geometry in order to fix notations. For more details we refer to the standard textbooks [LM89, BGV91, Fri00, Roe88] and some lecture notes [Hij01, Bär95, Amm].

Let (M, g) be an n-dimensional Riemannian manifold with a chosen orientation. Let P_{SO}(M, g) be the set of positively oriented orthonormal frames on (M, g). This is a SO(n)-principal bundle over M. A spin structure on (M, g) is a pair σ = (P_{Spin}(M, g), ϑ) where P_{Spin}(M, g) is a Spin(n)-principal bundle over M and ϑ : P_{Spin}(M, g) → P_{SO}(M, g) is a map such that

P_{Spin}(M, g) × Spin(n) → P_{Spin}(M, g) ↘ ↓ ϑ × Θ ↓ ϑ M ↗ P_{SO}(M, g) × SO(n) → P_{SO}(M, g)

commutes where Θ : Spin(n) → SO(n) is the nontrivial double covering of SO(n).

Definition. A Riemannian spin manifold is a Riemannian manifold together with a spin structure.

Note that many authors use the term “spin” in the sense that a spin structure merely exist, whereas we will assume that it is chosen. A spin structure exists if and only if the second Stiefel-Whitney class vanishes.

Now, let κ : Spin(n) → End(Σ_n) be the n-dimensional complex spinor representation. The space Σ_n is a complex vector space of dimension 2^{[n/2]}. This representation extends to a representation of the n-dimensional Clifford algebra Cl(n).

The spinor bundle is defined as the associated vector bundle

ΣM = Σ(M, g, σ) := P_{Spin}(M, g) ×_κ Σ_n.

Recall that the spinor bundle carries a natural Clifford multiplication, a natural hermitian metric and a metric connection. This bundle equipped with the Clifford multiplication, this metric and connection satisfies the axioms of a Dirac bundle. For the convenience of the reader, let us recall these axioms.

Definition. A Dirac bundle S over a Riemannian manifold (M, g) is a complex vector bundle S → M together with a hermitian metric ⟨·, ·⟩, a connection ∇^S and a Clifford multiplication T M ⊗ S → S, X ⊗ φ → X · φ such that

(i) For any p ∈ M, X, Y ∈ T_pM and φ ∈ S_pM

X · Y · φ + Y · X · φ + 2g(X, Y ) φ = 0

(ii) ⟨X · φ_1, φ_2⟩ = −⟨φ_1, X · φ_2⟩ ∀X ∈ T_pM ∀φ_1, φ_2 ∈ S_p,

(iii) ∇^S is metric, i.e. ∂_X ⟨φ_1, φ_2⟩ = ⟨∇^S_X φ_1, φ_2⟩ + ⟨φ_1, ∇^S_X φ_2⟩.

(iv) Clifford multiplication is parallel, i.e. for any X ∈ Γ(T M), any Y ∈ Γ(T M) and any φ ∈ Γ(S),

∇^S_X (Y · φ) = (∇_X Y ) · φ + X · ∇^S_X φ.

On a Dirac bundle S we define the generalized Dirac-Operator D^S as the composition

Γ(S)^{∇S}−→ Γ(T^∗M ⊗ S) → Γ(T M ⊗ S)^{Cliff}→ Γ(S).

In the special case that S is the spinor bundle, the generalized Dirac operator is called the Atiyah-Singer operator, the classical Dirac operator or if there is no danger of confusion just the Dirac operator.

The main results of this habilitation in Chapters 4 and 5 are only valid for classical Dirac operators. The results on elliptic regularity in Chapter 3 also hold for generalized Dirac operators. There, we will use them to obtain shorter proofs. We use generalized Dirac operators to reduce the higher order statements to lower order ones.

2.2. The transformation formula 9

2.2 The transformation formula

The classical Dirac operator behaves very nicely under conformal changes.

PROPOSITION 2.2.1 ([Hit74, Hij86b]). Let g_0 and g = e^{2u}g_0 be two conformal metrics on a Riemannian spin manifold. Then, there is an isomorphism of vector bundles A : Σ(M, g_0, σ) → Σ(M, g, σ) which is a fiber-wise isometry such that

D_g(A(φ)) = A � e^{− n+12 u}D_{g0} e^{n−12 u}φ � . To the knowledge of the author, the first mathematician who calculated this formula was Hitchin [Hit74] when he was studying the dimension of the kernel of the Dirac operator on compact spin manifolds. Hitchin’s transformation formula directly implies the following corollary.

COROLLARY 2.2.2. Let M be a compact spin manifold. Then the dimension of the kernel of the Dirac operator is invariant under conformal changes of the metric, i.e. it only depends on the conformal class of the metric and of the spin structure.

However, he also could show that in general the dimension of the kernel of the Dirac operator is not a topological invariant, it depends on the differentiable structure, on the conformal class and on the spin structure [Hit74, Bär97].

2.3 Conformal spinor bundles with weights

In this section we will recall a definition of the spinor bundle in a way which is conformally invariant. This construction depends on a real number α ∈ R which is called the conformal weight of the spinors. The Dirac operator is then a welldefined operator from spinors of weight −(n − 1)/2 to spinors of weight −(n + 1)/2. This section is not needed for a logically complete proof of our main statements, but the point of view presented here is very helpful to understand the idea behind many constructions in this habilitation. We refer to [Feg76], [Hit80] and [Gau91] for further details. We want to remark here that in the literature there is no consensus about the sign of the conformal weights.

Let M be an n-dimensional oriented manifold with a fixed conformal class. The conformal class will always be written as [g_0], where g_0 is a Riemannian metric in this conformal class.

Let U be a subset of M. A conformal frame on U is an oriented frame (e_1, . . . , e_n) on U such that there is a smooth function f : U → R^+ with

g_0(e_i, e_j) = fδ_{ij} .

The conformal frame bundle P_{CSO}(M, [g_0]) is defined as the bundle over M whose fiber over p consists of all frames on {p}. The conformal group CSO(n) is SO(n)×R^+. We define the right action of CSO(n) on P_{CSO}(M, [g_0]) such that (a_{ij}) ∈ SO(n) maps (e_i)_i to ( � e_ia_{ij})_j and λ maps (e_i)_i to (λe_i)_i. The double cover Θ : Spin(n) → SO(n) extends to a double cover

Θ_C : CSpin(n) := Spin(n) × R^{+ Θ×id}−→ CSO(n).

A conformal spin structure is given by a CSpin(n)-principal bundle P_{CSpin}(M, [g_0]) together with a map ϑ : P_{CSpin}(M, [g_0]) → P_{CSO}(M, [g_0]) such that the diagram

P_{CSpin}(M, [g_0]) × CSpin(n) → P_{CSpin}(M, [g_0]) ↘ ↓ ϑ × Θ_C ↓ ϑ M ↗ P_{CSO}(M, [g_0]) × CSO(n) → P_{CSO}(M, [g_0])

commutes.

Note that a conformal spin structure exists iff a spin structure in the sense of Riemannian geometry exists, and choosing a conformal spin structure is equivalent to choosing a spin structure in the sense of Riemannian geometry. We will identify spin structures and conformal spin structures from now on.

Let G be Spin(n) or SO(n), and let ρ : G → GL(V ) be a representation of G. Then the associated representation ρ ∗ α of conformal weight α, α ∈ R is given by

ρ∗α : G×R^+ → GL(V ), (ρ∗α)(A) = ρ(A) ∀A ∈ G, (ρ∗α)(λ) = λ^αId_V ∀λ ∈ R^+.

The associated vector bundle

V_{ρ∗α} := P_{CSpin}(M, [g_0]) ×_{ρ∗α} V or V_{ρ∗α} := P_{CSO}(M, [g_0]) ×_{ρ∗α} V

is also said to be of conformal weight α.

Examples.

(1) Let ρ : SO(n) → GL(n, R) be the standard inclusion. The map P_{CSO}(M) × R^n → T M, ((e_i)_i, (a_j )_j) → � i e_ia_i is CSO(n)-equivariant and hence induces an isomorphism from P_{CSO}(M) ×_{ρ∗1} R^n to T M. As a consequence T M has conformal weight 1.

(2) P_{CSO}(M) ×_{ρ∗0} R^n is a vector bundle which is isomorphic to the tangent bundle.

However, there is no “natural” isomorphism which is independent from the choice of metric g ∈ [g_0].

(3) Λ^pT^∗M has conformal weight −p.

2.3. Conformal spinor bundles with weights 11

(4) Λ^pT M has conformal weight p.

(5) A Riemannian metric is a symmetric element in T^∗M ⊗ T^∗M. Hence, it has conformal weight −2.

(6) We define the conformal spinor bundle of weight α as

Σ^αM := P_{CSpin}(M, [g_0]) ×_{κ∗α} Σ_n

where κ is the spinor representation. This bundle has conformal weight α. A section of Σ^αM is called a spinor of weight α.

As M is oriented, Λ^nT^∗M is a topologically trivial bundle of weight −n. A trivializing section is given by the volume form dvol_g where g ∈ [g_0] is a Riemannian metric. Then tensoring with (dvol_g)^{(α−β)/n} yields a vector bundle isomorphism V_{ρ∗α} → V_{ρ∗β} . A choice of metric also identifies conformal spinor bundles with the spinor bundle that we defined in the previous section.

The following proposition shows that in conformal spin geometry the Dirac operator is only well-defined from spinors of weight −(n−1)/2 to spinors of weight −(n+1)/2. PROPOSITION 2.3.1. Assume that (M, [g]) is an oriented conformal manifold which carries a fixed spin structure.

(a) If α = −(n − 1)/2 and β = −(n + 1)/2, then there is a differential operator

D : Σ^αM → Σ^βM

with the following property: If we choose any metric g ∈ [g_0] and identify as above then D coincides with the classical Dirac operator on (M, g) with respect to the fixed spin structure.

(b) If α ≠ −(n − 1)/2 or if β ≠ −(n + 1)/2, then there is no such D.

The proof is an immediate consequence of the transformation formula in Proposition 2.2.1.

Similarly as in Riemannian geometry, there is also a scalar product on spinors in conformal geometry. If φ is a spinor of weight α and ψ is a spinor of weight β, then ⟨φ, ψ⟩ is a complex-valued function of weight α + β.

In conformal geometry one can integrate a function if and only it has weight −n.

We conclude this section with some examples:

Examples.

(1) If φ is a compactly supported smooth spinor of weight −(n − 1)/2, then � M ⟨Dφ, φ⟩

is well-defined in conformal geometry.

(2) If φ is a compactly supported continuous spinor of weight α ∈ (−n, 0), then � |φ|^p

is well-defined if and only if pα = −n. Obviously, the same holds for the L^pnorm.

These examples will be very important for us. The fact that these integrals are well-defined in the conformal setting means in Riemannian geometry, that if one uses the “good” conformal identification for spinors, these integrals are invariant under conformal changes.

2.4 A spin-conformal lower bound in a conformal class

Let M be a compact manifold, on which we fix a conformal class [g_0] and a spin structure σ. For each metric g ∈ [g_0] let λ^+_1 (g) be the smallest positive eigenvalue of the (classical) Dirac operator D on (M, g, σ). Note that the dimension of the kernel of the Dirac operator is a conformal invariant. We define λ^+_{min}(M, [g_0], σ) := inf_{g∈[g0]} λ^+_1 (g) vol(M, g)^{1/n}. (2.4.1)

In the following, we call λ^+_{min}(M, [g_0], σ) the Bär-Hijazi-Lott invariant.

THEOREM 2.4.2 (J. Lott, [Lot86]). If D is invertible, then

λ^+_{min}(M, [g_0], σ) > 0.

Several experts in Dirac operators assumed, that a similar result cannot hold if D is no longer invertible. Amazingly, the author realized that the methods used in [Lot86] could be extended to a more general situation. We obtained

THEOREM 2.4.3 (B. Ammann, [Amm03b]). For any compact Riemannian spin manifold (M, g, σ) we have λ^+_{min}(M, [g_0], σ) > 0.

Proofs of these statements are implicitly contained in Chapter 4.

2.5. The inequalities by Hijazi and Bär 13

2.5 The inequalities by Hijazi and Bär

THEOREM 2.5.1 (Hijazi-inequality [Hij86b]). Let (M, g) be a compact Riemannian spin manifold of dimension n ≥ 3. Let λ_1(L_g) denote the first eigenvalue of the conformal Laplacian^1 L_g := 4 n − 1 n − 2

Δ_g + scal_g.

Then any eigenvalue λ of the Dirac operator satisfies

λ^2 ≥ n 4(n − 1) λ_1(L_g).

Clearly, this theorem is non-trivial iff λ_1(L_g) > 0. In particular, it is non-trivial if the Yamabe invariant λ_Y (M, [g]) := inf_{g̃∈[g]} λ_1(L_{g̃}) vol(M, g̃)^{2/n} (2.5.2)

is positive.

For a proof of the Hijazi inequality see [Hij91]. Following an idea of Bär, Herzlich and A. Moroianu, it was shown in [CGH00, Sec. 6.2] that the Hijazi inequality can also be deduced from the refined Kato inequality.

In dimension 2 there is an analogue of the Hijazi-inequality due to Bär. It is only non-trivial if χ(M) > 0, i.e. if M is diffeomorphic to S^2.

THEOREM 2.5.3 ([Bär92]). Let g be any metric on the two-dimensional sphere S^2. Then any eigenvalue λ of the Dirac operator satisfies

λ^2 ≥ 4π area(S^2, g) . Equality is attained if and only if g is a metric of constant sectional curvature.

In the terminology of the previous section this means that S^2 with its unique conformal spin structure satisfies λ^+_{min}(S^2) = 2 √ π. 2.6 Blow up of spheres

It is also very interesting to obtain upper bounds for λ^+_{min}(M, g, σ). We proved

1The conformal Laplacian is also called the Yamabe operator

THEOREM 2.6.1 ([Amm03b]). If dim M ≥ 3 or if D is invertible, then λ^+_{min}(M, [g], σ) ≤ λ^+_{min}(S^n), where S^n carries the standard metric and the unique spin structure.

In order to prove this, one conformally blows up an almost-sphere in a small neighborhood of a given point. On this almost-sphere we take a suitable linear combination of Killing spinors and obtain a test spinor which yields a value arbitrarily close to λ^+_{min}(S^n). If dim M ≥ 3 one can show that this test spinor is almost orthogonal to the kernel of D.

M Blow-up

For details we refer to [Amm03b].

Whether this statement also holds on compact spin surfaces with ker D ≠ {0} is still open.

Much stronger upper estimates on the Bär-Hijazi-Lott-invariant will be derived in [AHM03]. In particular, we will see that if (M, g, σ) a Riemannian spin manifolds of dimension ≥ 7 which is not locally conformally flat, then λ^+_{min}(M, [g], σ) < λ^+_{min}(S^n).

Together with the results of the Chapter 4 this implies that solutions of (4.2.4) exist.

Chapter 3

Elliptic regularity for Dirac operators

3.1 Schauder estimates for Dirac operators

The aim of this section is to adapt the Schauder estimates in [GT77] to Dirac operators. Statements that are identical will be cited. However, many statements have to be modified in order to fit for Dirac operators. Several proofs in elliptic theory are slightly easier for Dirac operator than for the Laplacian. In some estimates we only have to control a function up to the first derivatives instead of up to the second derivatives.

Let us give an overview over how to obtain Schauder estimates: In subsection 3.1.1 we define various norms. Then we begin to study the case of flat manifolds in subsection 3.1.2. In order to apply these results to (non-flat) vector bundles over (non-flat) manifolds, we have to derive some preliminaries on trivializations of vector bundles in subsection 3.1.3. Some needed interpolation inequalities are provided in subsection 3.1.4. Taking all this together, we are ready to prove Interior and Global Schauder estimates in subsection 3.1.5 and 3.1.6.

In all estimates we are not only interested in the embeddings themselves. We will also need certain uniformity statements for the constants.

3.1.1 Definition of Hölder norms

In this subsection we want to define norms that we will need for developing our theory. We have to work with several norms as in the following statements some of these norms are better adapted than others. The definition of these norms is analogous to [GT77, page 53 and 61]. By a domain we will always understand an

open connected subset of R^n.

Let Ω be domain in R^n and K ⊂ Ω compact, 0 < α ≤ 1. Let d_x := dist(x, ∂Ω),

d_{x,y} := min{d_x, d_y}. If Ω ≠ R^n (what we will assume for simplicity), then d_x < ∞.

We define

[φ]_{k,0;Ω} := [φ]_{k;Ω} := sup_{x∈Ω,|β|=k} ‖∇^βφ(x)‖

‖φ‖_{k,0;Ω} := ‖φ‖_{k;Ω} := k� j=0 [φ]_{j,Ω};

[φ]_{k,α;Ω} := sup_{x,y∈Ω,|β|=k} � � � � ∇^β φ(x) − ∇^βφ(y)

|x − y|^α � � � � ; ‖φ‖_{k,α;Ω} := ‖φ‖_{k,0;Ω} + [φ]_{k,α;Ω};

‖φ‖^′_{k,0;Ω} := ‖φ‖^′_{k;Ω} := k� j=0 diam(Ω)^j [φ]_{j,Ω};

‖φ‖^′_{k,α;Ω} := ‖φ‖^′_{k,0;Ω} + diam(Ω)^{k+α} [φ]_{k,α;Ω};

[φ]^∗_{k,0;Ω} := [φ]^∗_{k;Ω} := sup_{x∈Ω,|β|=k} d^k_x|∇^βφ(x)|

‖φ‖^∗_{k,0;Ω} := ‖φ‖^∗_{k;Ω} := k� j=0 [φ]^∗_{j,Ω};

[φ]^∗_{k,α;Ω} := sup_{x,y∈Ω,|β|=k} d^{k+α}_{x,y} � � �∇^β φ(x) − ∇^βφ(y)

|x − y|^α � � � ; ‖φ‖^∗_{k,α;Ω} := ‖φ‖^∗_{k,0;Ω} + [φ]^∗_{k,α;Ω};

‖φ‖^{(k)}_{0,α;Ω} := sup_{x∈Ω} d^k_x|φ(x)| + sup_{x,y∈Ω} d^{k+α}_{x,y} � � �φ(x) − φ(y)

|x − y|^α � � �

Obviously, we have

‖φ‖^{(k)}_{0,α;Ω} ≤ max(1, diam(Ω)^{k+α})‖φ‖_{0,α;Ω}

If one replaces Ω by K, one obtains completely analogous definitions.

Note that ‖φ‖^{(0)}_{0,α;Ω} = ‖φ‖^∗_{0,α;Ω}. If diam(Ω) < ∞, then

‖φ‖^∗_{k,α;Ω} ≤ max(1, diam(Ω)^{k+α}) ‖φ‖_{k,α;Ω},

and if d = d(Ω^′, ∂Ω) min(1, d^{k+α}) ‖φ‖_{k,α;K} ≤ ‖φ‖^∗_{k,α;Ω}.

In order to define similar norms for functions on Riemannian manifolds M and for sections of vector bundles over Riemannian manifolds, some modifications have to be done. We replace differences of vectors by differences of parallel transports of vectors along shortest geodesics, and — if the shortest geodesic is not unique — take the supremum over all shortest geodesics. Furthermore, in order to define the ‖.‖^′-norms we assume that the manifold is connected and bounded, which implies the finiteness of diam. Similarly, to define the ‖.‖^∗-norms and ‖.‖^{(k)}-norms, we assume that each connected component is non-complete. Under this condition d_x is defined as the infimum over all lengths of geodesic rays γ_x such that γ_x : [0, d) → M is globally distance minimizing and lim_{t→d} γ_x(t) does not exist in M. The non-completeness implies that d_x is finite.

The most important norms, the norms ‖ . ‖_{k,α;Ω} and ‖ . ‖_{k;Ω} will be also denoted by ‖ . ‖_Ck,α_{(Ω)} and ‖ . ‖_Ck_{(Ω)}. When we want to emphasize the bundle V → Ω the sections live in, we write ‖ . ‖_Ck,α_{(Ω;V )} and ‖ . ‖_Ck_{(Ω;V )}.

3.1.2 The Dirac-Poisson equation – the flat case

In this subsection we will deal with the case that Ω is a subset of R^n, carrying the euclidean metric, and that the Dirac bundle S over Ω is trivialized by parallel sections. We write S = C^m. This is an important preliminary for the general case. We want to study solutions to the Dirac-Poisson equation

Dφ = ψ

on Ω where φ ∈ C^1(Ω, C^m), ψ ∈ C^0(Ω, C^m). In local coordinates we write D = � k σ_k∂_k where σ_k are endomorphisms satisfying

σ^2_i = − id σ_iσ_j = −σ_j σ_i.

Clifford multiplication is then the map γ : R^n → End(C^m), γ( � x^ie_i) = � x^iσ_i.

LEMMA 3.1.1. The End(S)-valued distribution on R^n

Γ(x) = −vol(S^{n−1})^{−1} · γ � x |x|^n �

satisfies DΓ = δ Id_{S0} , where δ denotes the δ-distribution of R^n.

The function Γ will be called the Green’s function for the Dirac operator. We will give two proofs.

Proof # 1. Recall that the Green’s function for the Laplacian is Γ_Δ(x) = (n − 2)^{−1}vol(S^{n−1})^{−1}|x|^{2−n} for n ≥ 3 and Γ_Δ(x) = (2π)^{−1} log |x| for n = 2.

Using standard estimates(e.g. [GT77, Lemma 4.1]), one sees that

∂_i � Ω Γ_Δ(x − y)ψ(y) dy � � �

∈C^1 = � Ω (∂_iΓ_Δ)(x − y)ψ(y) dy.

Multiplying σ_i from the left and summing over i yields D � Ω Γ_Δ(x − y)ψ(y) dy = � Ω (DΓ_Δ)(x − y)ψ(y) dy.

Using D^2 = Δ and using [GT77, Lemma 4.2] and its corollaries, we obtain that the Green’s function for D is Γ(x) = DΓ_Δ(x). � Proof # 2. We fix a v in C^m. At first, note that outside 0, we have D(Γv) = 0. Let Φ be a compactly supported test spinor. We have to show that (Γv, DΦ) = ⟨v, Φ(0)⟩.

For this, we integrate by parts and obtain 0 = � R^n\B_ε(0)

⟨DΓv, Φ⟩ = � R^n\B_ε(0)

⟨Γv, DΦ⟩ + � S_ε(0) ⟨ � − x |x| � · Γv, Φ⟩,

where S_ε(0) denotes the boundary of B_ε(0). For ε → 0, the first summand converges to (Γv, DΦ). The boundary term yields � S_ε(0) ⟨ � − x |x| � · Γv, Φ⟩ = − � S_ε(0)

⟨vol(S^{n−1})^{−1}ε^{1−n}v, Φ⟩ → −⟨v, Φ(0)⟩,

and hence the statement follows. �

In analogy to the Newtonian potential for the Laplacian we define the following. Definition. Let ψ be a continuous spinor on R^n. Let Ω be a domain in R^n. Then the Dirac-Newton potential w of ψ with respect to Ω is defined as w(x) = � Ω Γ(x − y)ψ(y) dy.

LEMMA 3.1.2 (anal. to [GT77, Lemma 4.4]). Let B_1 = B_R(x_0), B_2 = B_{2R}(x_0) be concentric balls in R^n. Suppose ψ ∈ C^{0,α}(B_2), 0 < α < 1, and let w be the Dirac-Newton potential of ψ in B_2. Then w ∈ C^{1,α}(B_1) and ‖∇w‖^′_{0,α;B1} ≤ C‖ψ‖^′_{0,α;B2} , i.e.

‖∇w‖_{0;B1} + R^α[∇w]_{α;B1} ≤ C (‖ψ‖_{0;B2} + R^α[ψ]_{α;B2} ) where C = C(n, α).

Proof. This statement follows directly from [GT77, Lemma 4.4] by performing one Clifford contraction. �

LEMMA 3.1.3 (anal. to [GT77, Theorem 4.6]). Let φ in C^1(Ω) and ψ ∈ C^{0,α}(Ω) and Dφ = ψ on Ω.

Then φ ∈ C^{1,α}(Ω) and for concentric balls B_1 ⊂ B_2 ⊂ B_2 ⊂ Ω with B_k := B_{kR}(x_0) we have ‖φ‖^′_C1,α_{(B1 )} ≤ C · (‖φ‖_C0_{(B2)} + R‖ψ‖^′_C0,α_{(B2)}) where C = C(n, α). Proof. Let w(x) := � B_2

Γ(x − y)ψ(y) dy be the Dirac-Newton potential of ψ on B_2. Then Dw = ψ. Hence, h(x) := φ(x) − w(x) is D-harmonic, i.e. Dh = 0. Because of Δ = D^2, we see that h is Δ-harmonic as well. Thus, [GT77, Theorem 2.10] tells us that

sup_{B1} |∂_kh| ≤ n R sup_{B2} |h| sup_{B1} |∂_k∂_j h| ≤ � 2n R �_2 sup_{B2} |h|.

Hence,

R‖∇h‖^′_{0,α;B1} ≤ C(n) sup_{B2} |h| ≤ C(n) � sup_{B2} |φ| + � � � � B_4

Γ(x) � � � � � �

≤C(n)·R

sup_{B2} |ψ| �

≤ C(n) · (‖φ‖_{0;B2} + R‖ψ‖_{0;B2} ).

Lemma 3.1.2 now tells us that R‖∇w‖^′_{0,α;B1} ≤ C(n) R‖ψ‖^′_{0,α;B2} .

Adding up the last two inequalities and using ‖φ‖^′_{1,α;B1} ≤ (‖φ‖_{0;B2} + R‖∇h‖^′_{0,α;B1} + R‖∇w‖^′_{0,α;B1} ) we obtain the statement. �

THEOREM 3.1.4. We assume as before that Ω is a subset of R^n, and that the Dirac bundle S is trivialized by parallel sections. Let φ ∈ C^1(Ω), ψ ∈ C^α(Ω) satisfy Dφ = ψ. Then ‖φ‖^∗_{1,α;Ω} ≤ C � ‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω} � , (3.1.5) where C = C(n, α).

Proof. For x ∈ Ω, let R = (1/3) d_x, B_1 = B_R(x), B_2 = B_{2R}(x). We have for the first derivative ∇φ

d_x|∇φ(x)| ≤ (3R)‖∇φ‖_{0;B1} ≤ C · (‖φ‖_C0_{(B2)} + R‖ψ‖^′_C0,α_{(B2)}) ≤ C · (‖φ‖_C0_{(Ω)} + ‖ψ‖^{(1)}_{C0,α(Ω)})

This yields ‖φ‖^∗_{1;Ω} ≤ C · (‖φ‖_C0_{(Ω)} + ‖ψ‖^{(1)}_{C0,α(Ω)}).

In order to estimate [φ]^∗_{1,α;Ω} we let x, y ∈ Ω with d_x ≤ d_y. We define as above R, B_1 and B_2.

If y ∈ B_1 = B_R(x), then

d^{1+α}_{x,y}

|∇φ(x) − ∇φ(y)| |x − y|^α

≤ (3R)^{1+α}[∇φ]_{α;B1} ≤ C · � ‖φ‖_{0;B2} + R‖ψ‖^′_{0,α;B2} � ≤ C · � ‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω} � .

Otherwise, i.e. if y ∉ B_1 = B_R(x), then 3|x − y| ≥ d_x = d_{x,y} and this implies

d^{1+α}_{x,y}

|∇φ(x) − ∇φ(y)|

|x − y|^α

≤ 3^α(3R)(|∇φ(x)| + |∇φ(y)|)

≤ 6[φ]^∗_{1;Ω}. Hence,

[φ]^∗_{1,α;Ω} ≤ C · � ‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω} � . �

3.1.3 Trivializations of vector bundles

In order to adapt the theory of flat domains to curved domains and manifolds with curved vector bundles we have to use some results on trivializations. LEMMA 3.1.6 (Trivialization for vector bundles). Let (M^n, g) be a Riemannian manifold with a (complex) vector bundle S. We assume that the curvature of M is bounded |R| ≤ K and the curvature of S is bounded |R^S| ≤ K. We choose p ∈ M. On a ball of radius ε > 0 around p we choose normal coordinates (x^1, . . . , x^n). Let Γ^k_{ij} be the associated Christoffel symbols. We trivialize the bundle S via parallel transport along radial geodesics. We identify S with C^m, m = rank S. Let injrad_p be the injectivity radius in p. If ε > 0 is smaller than ε_0 = ε_0(K, n, injrad_p) > 0, then one has for any q ∈ B_ε(p) |Γ^k_{ij}| ≤ C(n) K d(q, p), (3.1.7) � � (∇_kφ) (q) − (∂_kφ) (q) � � ≤ C(n, m) K d(q, p) |φ(q)|, (3.1.8)

where ∂_k =^∂_{∂xk} and ∇_k = ∇_{∂k} .

The above trivialization of S is called the synchronous trivialization.

Proof. The proof of (3.1.7) is very similar to the proof of (3.1.8). Hence, we only prove the second inequality (3.1.8). In order to prove it, we can assume that ε < injrad_p, and that φ is parallel along radial geodesics, i.e.

�_∂

∂x^k φ � (q) = 0. Let P_t : S_x → S_x be the parallel transport along the triangle △_t spanned by x, x + te_k and 0, where e_k is the k-th canonical vector, q = exp_p x ∈ B_ε(p), t ≥ 0. Then

(∇_kφ) (q) = d dt |_{t=0}Ptφ.

One easily sees that we can choose ε such that ‖(P_t − Id)φ‖ ≤ area(△_t) K |φ| ≤ C t |x| K |φ|.

From this the second inequality is evident. �

In the following subsections, (M^n, g) will be a Riemannian manifold with a Dirac bundle S. This means, that in addition to above we have a compatible Clifford multiplication. We define the sections of σ^1_k ∈ End(S) = End(C^m) as Clifford multiplication with gradx^k. As a consequence they satisfy

σ^1_j σ^1_k + σ^1_kσ^1_j + 2g^{jk} · id = 0,

where g^{jk} is the inverse matrix of g_{jk}. Then the Dirac operator in this localization is Dφ = � k σ^1_k∂_kφ + σ^0φ

for a section σ^0 of End(S).

LEMMA 3.1.9 (Trivialization for Dirac bundles). If ε > 0 is smaller than ε_0 = ε_0(K, n, injrad_p) > 0, then one has for any q ∈ B_ε(p)

|σ^0(q) − σ^0(p)| ≤ C(n) K d(q, p). � �σ^1_j (q) − σ^1_j (p) � � ≤ C(n) K d(q, p)^2.

Proof. The first inequality follows from (3.1.7). In order to show the second inequality, we deduce from the parallelism of Clifford multiplication and (3.1.7) that � ∇_{∂/∂r}σ^1_j � (q) ≤ C(n) K d(p, q)

and integrate radially. �

Remark. Similarly derivatives of σ^0 and σ^1_j can be controlled if one has control over sufficiently many derivatives of the curvature tensor R.

3.1.4 Interpolation inequalities

We will need an interpolation inequality. It is an extension of [GT77, Lemma 6.32] from scalar valued functions to sections in a vector bundle over a manifold.

LEMMA 3.1.10. Let Ω be a non-complete connected open Riemannian manifold (For example a domain in R^n, Ω ≠ R^n.) Furthermore, let V be a vector bundle over Ω. We assume that the curvature R^V of V satisfies ‖R^V ‖^{(2)}_{0;Ω} ≤ K. Suppose that j+β < k+α, where j, k ∈ {0, 1} and 0 ≤ α, β ≤ 1. Assume that φ ∈ C^{k,α}(Ω, V ). Then for any ε > 0 and some constant C = C(ε, k, j, α, β, K) we have

[φ]^∗_{j,β;Ω;V} ≤ C‖φ‖_{0;Ω;V} + ε[φ]^∗_{k,α;Ω;V} ,

‖φ‖^∗_{j,β;Ω;V} ≤ C‖φ‖_{0;Ω;V} + ε‖φ‖^∗_{k,α;Ω;V} .

Similar estimates also hold for larger values of j and k. We will restrict to these cases, as only these cases are needed, and the proof is case by case.

Proof. Obviously the second estimate follows from the first one. We will prove the first ones. In each of the cases under consideration one can adapt the proofs in [GT77, Lemma 6.32] to our setting. We distinguish different cases.

(i) The case j = 0, β = 0 is trivial.

(ii) We will now study the case j = k = 1, β = 0, α > 0. We choose any p ∈ Ω.

Let μ be a real number 0 < μ ≤ 1/2, that we will fix later on. As before we note d_p = d(p, ∂Ω), d_{p,q} = min{d_p, d_q}, B = B_d(p). Let d(p, q) be the distance between the points p and q. We take normal coordinates (x^1, . . . , x^n) in a neighborhood of p, choose a basis of V_p, and we trivialize V via parallel transport along radial geodesics. The components of φ ∘ exp_p will be denoted as φ_1, . . . , φ_r, r = rank V . Let (e_1, . . . , e_n) denote the standard orthonormal basis of R^n = T_pM. There is a constant μ_0(K) > 0, such that if μ ≤ μ_0(K) then for |x| < d = μd_p

|∂_iφ_j(x)| ≤ |∇_iφ(x)| + c_n|R^V | |x| |φ_j(x)|.

For any (fixed) j = 1, . . . , r and l = 1, . . . , n, there is x̄ on the line between −de_l and de_l such that

|∂_iφ_j (x̄)| ≤ � � � φ_j(−de_l) − φ_j (de_l) 2d � � � ≤ 1 d ‖φ_j‖_{0;B}.

We set q = exp_p x̄. By using |x̄| < d, we obtain

|∂_iφ_j(0)| ≤ |∂_iφ_j(x̄)| + |∇_iφ(p) − ∇_iφ(q)| + c_n|R^V | |x̄| |φ_j(q)| ≤ 1 d ‖φ_j ‖_{0;B} + d^α sup_{q∈B} d^{−1−α}_{p,q} sup_{q∈B} d^{1+α}_{p,q}

|∇_iφ(p) − ∇_iφ(q)| d(p, q)^α +c_n sup_{q∈B} |R^V | sup_{q∈B} d(p, q) |φ(q)|

Using d_q > d_p/2, d_{p,q} > d_p/2 and d(p, q) < d ≤ d_p/2 we obtain

|∂_iφ_j (0)| ≤ 1 d � 1 + 4c_n sup_{q∈B} � d^2_q |R^V |(q) � � ‖φ_j‖_{0;B} + 1 d sup_{q∈B} � d d_{p,q}

�_{1+α} [φ]^∗_{1,α;Ω;V} ≤ 1 d_p

C(n)K μ ‖φ‖_{0;Ω;V} + 1 d_p

2^{1+α}μ^α[φ]^∗_{1,α;Ω;V} .

As a consequence, we can choose μ sufficiently small such that

d_p|∇φ(p)| ≤ C(ε, α, n, K) ‖φ‖_{0;Ω;V} + ε[φ]^∗_{1,α;Ω;V} and hence [φ]^∗_{1,0;Ω;V} ≤ C(ε, α, n, K) ‖φ‖_{0;Ω;V} + ε[φ]^∗_{1,α;Ω;V}

(iii) The case j = 0, k = 1, β > 0, α = 0. To obtain a proof in this case one can adapt [GT77, Lemma 6.32 (iii)] to the manifold and vector bundle setting in the same way as we just did in (ii).

(iv) The case j = 0, k = 0, α > β > 0: With the same notation as in (ii), we have for q ∈ B d^β_p

|φ(p) − P_{pq}φ(q)| d(p, q)^β

≤ μ^{α−β} d^α_p

|φ(p) − P_{pq}φ(q)| d(p, q)^α , where P_{pq} is the parallel transport from q to p along the shortest geodesic. On the other hand if q ∉ B, then

d^β_p

|φ(p) − P_{pq}φ(q)| d(p, q)^β

≤ 2μ^{−β}‖φ‖_{0;Ω;V} .

Choosing μ sufficiently small the claimed inequality follows in this case.

(v) The remaining case j = k = 1 and α > β is obtained similarly as in (iv), using results in (ii). �

3.1.5 Interior Schauder estimates

In the rest of this section, we study Dirac operators over arbitrary manifolds M with arbitrary Dirac bundles. At first, we derive Interior Schauder estimates. The interior estimates will only be needed locally, i.e. for small balls. Hence, for simplicity we want to assume that Ω = M is a simply connected Riemannian manifold, on which one has sufficient control over the curvature of M and on the curvature of the Dirac bundle.

From now on, we work in this trivialization provided in Subsection 3.1.3. We will adapt the Interior Schauder estimates from [GT77, Theorem 6.2] to what we need.

THEOREM 3.1.11. Let S = C^m be a trivial bundle over Ω ⊂ R^n which is an open subset of R^n and equipped with a Riemannian metric (g_{ij}). Let

Dφ = � k σ^1_k∂_kφ + σ^0φ where σ^1_k, σ^0 ∈ Γ(End(S)), φ, ψ ∈ Γ(S) with

σ^1_j σ^1_k + σ^1_kσ^1_j + 2g^{jk} · id = 0,

g^{ij}v_iv_j ≥ ζ|v|^2, and � k ‖σ^1_k‖_C0,α_{(Ω)} < Z, ‖σ^0‖^{(1)}_{C0,α(Ω)} < Z. Furthermore, let the curvature R^S of S satisfy ‖R^S ‖^{(2)}_{0;Ω} < Z.

Then there is a constant C = C(n, ζ, Z, α) such that any pair of spinors ψ ∈ C^{0,α}(Ω, C^m), φ ∈ C^{1,α}(Ω, C^m) with Dφ = ψ satisfies

‖φ‖^∗_C1,α_{(Ω)} ≤ C · � ‖φ‖_C0_{(Ω)} + ‖ψ‖^{(1)}_{C0,α(Ω)} � . (3.1.12)

Note that all distances used in this theorem are not with respect to the euclidean metric on R^n but with respect to the distance on (Ω, g) in the sense of Riemannian geometry.

Proof of the theorem. At first, we show that we can assume that Ω is relatively compact in R^n. In order to show that this is sufficient, let Ω be an arbitrary domain in R^n, which is compactly exhausted by a sequence of compact subsets Ω_i. If we know that inequality (3.1.12) holds on every compact set Ω_i, then the uniform upper bound on C implies that (3.1.12) also holds on Ω. Hence, it is sufficient to prove the statement for relatively compact Ω.

Let x_0 and y_0 be distinct points in Ω and suppose d_{x0} = d_{x0,y0} = min(d_{x0} , d_{y0} ). Let μ ≤ 1/2 be a positive constant to be specified later, and set d = μ d_{x0} , B = B_d(x_0). In the following C is a constant depending on n, m, α, ζ and Z, and C(μ) is a constant depending on n, m, α, ζ, Z and μ, whereas C_n only depends on n. We set

F (x) := � k � σ^1_k(x_0) − σ^1_k(x) � ∂_kφ − σ^0φ + ψ = � k σ^1_k(x_0)∂_kφ.

After changing to Riemann normal coordinates based in x_0, we can assume that g_{ij} (x_0) = δ_{ij}.

Now, we can apply Theorem 3.1.4 to the flat approximation D^{flat} := � k σ^1_k(x_0)∂_k of the Dirac operator. The theorem implies for y_0 ∈ B_{d/2}(x_0), that any first derivative satisfies for any k � d 2 �_{1+α}

|∂_kφ(x_0) − ∂_kφ(y_0)|

d(x_0, y_0)^α

≤ C(‖φ‖_{0;B} + ‖F ‖^{(1)}_{0,α;B}).

In x_0 we have ∇φ(x_0) = � k dx^k ⊗ ∂_kφ(x_0). Via the trivialization results of Subsection 3.1.3 one obtains � d 2 �_{1+α} |∇φ(y_0) − dx^k ⊗ ∂_kφ(y_0)| d(x_0, y_0)^α

≤ C_n � d^2 sup_{y∈B} |R^S(y)| � � � ≤Z

� |φ(y_0)| and thus d^{1+α}_{x0}

|∇φ(x_0) − ∇φ(y_0)| d(x_0, y_0)^α ≤ C μ^{1+α}

(‖φ‖_{0;B} + ‖F ‖^{(1)}_{0,α;B}).

On the other hand for |x_0 − y_0| ≥ d/2,

d^{1+α}_{x0}

|∇φ(x_0) − ∇φ(y_0)| d(x_0, y_0)^α ≤ � 2 μ �_α �

d_{x0} |∇φ(x_0)| + d_{y0} |∇φ(y_0)| � ≤ 4 μ^α

[φ]^∗_{1;Ω},

so that, combining these two inequalities, we obtain

d^{1+α}_{x0}

|∇φ(x_0) − ∇φ(y_0)| d(x_0, y_0)^α ≤ C μ^{1+α}

(‖φ‖_{0;B} + ‖F ‖^{(1)}_{0,α;B}) + 4 μ^α

[φ]^∗_{1;Ω}. (3.1.13)

Now, ‖F ‖^{(1)}_{0,α;B} will be estimated in terms of ‖φ‖_{0;Ω} and [φ]^∗_{1,α;Ω}. Note that any C^{0,α}-function h on M satisfies

‖h‖^{(1)}_{0,α;B} ≤ d‖h‖_{0;B} + d^{1+α}‖h‖_{0,α;B} ≤ μ 1 − μ

[h]^{(1)}_{0;Ω} + μ^{1+α} (1 − μ)^{1+α}

[h]^{(1)}_{0,α;Ω}

≤ 2μ [h]^{(1)}_{0;Ω} + 4μ^{1+α} [h]^{(1)}_{0,α;Ω}

For the principal term we obtain � k � �σ^1_k(x_0) − σ^1_k(x)� ∂_kφ � �^{(1)}_{0,α;B} ≤ � � k � �(σ^1_k(x_0) − σ^1_k(x) � �^{(0)}_{0,α;B} � ‖(∇φ)‖^{(1)}_{0,α;B} .

The first factor is estimated as � � k � �σ^1_k(x_0) − σ^1_k(x) � �^{(0)}_{0,α;B} � ≤ � k � sup_{x∈B} |σ^1_k(x_0) − σ^1_k(x)| + d^α[σ^1_k]_{0,α;B} �

≤ 2d^α � � k [σ^1_k]_{0,α;B} � ≤ 2^{1+α}μ^α[σ^1_k]^∗_{0,α;Ω}

≤ 4Zμ^α,

whereas the second one is bounded from above

‖(∇φ)‖^{(1)}_{0,α;B} ≤ � 2μ‖φ‖^∗_{1;Ω} + 4μ^{1+α}‖φ‖^∗_{1,α;Ω} � . Hence, � k � �σ^1_k(x_0) − σ^1_k(x)� ∂_kφ � �^{(1)}_{0,α;B} ≤ 16Zμ^{1+α} �[φ]^∗_{1;Ω} + μ^α[φ]^∗_{1,α;Ω}�

≤ 16Zμ^{1+α} � C(μ)‖φ‖_{0;Ω} + 2μ^α[φ]^∗_{1,α;Ω} � , where we have used interpolation inequalities (Lemma 3.1.10 in the last inequality with given ε = μ^α).

Furthermore, we get

‖σ^0φ‖^{(1)}_{0,α;B} ≤ 4μ‖σ^0‖^{(1)}_{0,α;B}‖φ‖^{(0)}_{0,α;B} ≤ 4Zμ � C(μ) ‖φ‖_{0,Ω} + μ^{2α}‖φ‖^∗_{1,α;B} � where we have used interpolation inequalities (Lemma 3.1.10) in the last inequality with given ε = μ^{2α}.

The last term of F is ‖ψ‖^{(1)}_{0,α;B} ≤ 4μ‖ψ‖^{(1)}_{0,α;Ω}.

By adding up, we obtain

‖F ‖^{(1)}_{0,α;B} ≤ Cμ^{1+2α}[φ]^∗_{1,α;Ω} + C(μ) � ‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω} � . Together with (3.1.13) and using once again interpolation inequalities with ε = μ^{2α}, we obtain [φ]^∗_{1,α;Ω} ≤ Cμ^α[φ]^∗_{1,α;Ω} + C(μ) � ‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω} � . Finally, by choosing μ with Cμ^α < 1/2, we obtain

[φ]^∗_{1,α;Ω} ≤ C(‖φ‖_{0;Ω} + ‖ψ‖^{(1)}_{0,α;Ω}). � COROLLARY 3.1.14 (Interior Schauder estimates). Let Ω be a bounded open subset of R^n, equipped with a Riemannian metric. Let K ⊂ Ω be compact. Let S be a Dirac bundle over Ω. We assume that the components of the inverse metric g^{ij} satisfy g^{ij}v_iv_j ≥ ζ|v|^2 for all v ∈ T Ω and ‖g^{ij}‖_C1,α_{(Ω)} ≤ Z. We further assume that S is trivialized by orthonormal sections β_1, . . . , β_r such that ‖β_j ‖_C1,α_{(Ω)} ≤ Z. Let A ∈ End(S), ‖A‖_C0,α_{(Ω)} ≤ Z. Let ψ be a C^{0,α}-spinor on Ω. Then for any C^1-solution φ of (D + A)φ = ψ we have φ ∈ C^{1,α}(K) and

‖φ‖_C1,α_{(K;S)} ≤ C · (‖ψ‖_C0,α_{(Ω;S)} + ‖φ‖_C0_{(Ω;S)})

where C only depends on n, α, diam(Ω), dist(K, ∂Ω), ζ and Z.

Remark. Locally the condition ‖g^{ij}‖_C1,α_{(Ω)} ≤ Z(K, ζ) follows in normal coordinates from ‖R_g‖_C0_{(Ω)} ≤ K. Similarly, if Ω is simply connected, then the condition on the β_j follows from a bound on ‖R^S‖_C0_{(Ω)}.

Proof. The corollary follows directly from the previous theorem and the previous lemma. �

In order to control higher derivatives, we recall the following identity LEMMA 3.1.15 (Twist with the tangential bundle). Let S → M be a Dirac bundle and D^S the associated Dirac operator. Then the twisted bundle T^∗M ⊗ S is again a Dirac bundle, with associated Dirac operator D^{T ∗M⊗S} . Then, one has

D^{S⊗T ∗M} ∘ ∇φ − ∇ ∘ D^Sφ = n� i,j=1

e^b_j ⊗ e_i · R^S (e_i, e_j )φ

for a local orthonormal frame e_1, . . . , e_n. In particular, this expression is a differential operator of order 0.

The proof is a straightforward calculation and can be found e.g. in [Bär95] or [Amm]. THEOREM 3.1.16 (Interior Schauder estimates of higher order). Let Ω be a bounded open subset of R^n, equipped with a Riemannian metric g. Let K ⊂ Ω be compact. Let S be a Dirac bundle over Ω. We assume that the components of the inverse metric g^{ij} satisfy g^{ij}v_iv_j ≥ ζ|v|^2 for all v ∈ T Ω and ‖g^{ij}‖_Ck+1,α_{(Ω)} ≤ Z. We further assume that S is trivialized by orthonormal sections β_1, . . . , β_r such that ‖β_j‖_Ck+1,α_{(Ω)} ≤ Z. Let A ∈ End(S), ‖A‖_Ck,α_{(Ω)} ≤ Z. Let ψ be a C^{k,α}-spinor on Ω. Then if φ is a C^1-solution of (D + A)φ = ψ, then φ is a C^{k+1,α} spinor on K and ‖φ‖_Ck+1,α_{(K;S)} ≤ C · (‖ψ‖_Ck,α_{(Ω;S)} + ‖φ‖_C0_{(Ω;S)}) where C only depends on n, α, diam(Ω), k, dist(K, ∂Ω), ζ and Z. Remark. For k ≥ 1, locally the condition ‖g^{ij}‖_Ck+1,α_{(Ω)} ≤ Z(K, ζ) follows in normal coordinates from ‖R_g‖_Ck−1,α_{(Ω)} ≤ K. Similarly, if Ω is simply connected, then the condition on the β_j follows from a bound on ‖R^S ‖_Ck−1,α_{(Ω)}.

Proof. The theorem is proven over induction in k. We will show how to derive k = 1 from k = 0. The general induction step from k to k + 1 runs similarly. We define Rφ =

�_n i,j e^b_i · R^S (e_i, e_j )φ ⊗ e^b_j . Then (D + id ⊗A)∇φ = ∇ψ + Rφ − (∇A) φ.

We chose a compact K^′ contained in Ω and whose interior contains K. Then ‖∇φ‖_{1,α;K} ≤ C (‖∇ψ‖_{0,α;Ω} + ‖φ‖_{0;Ω} + ‖Rφ − (∇A)φ‖_{0,α;K}′ ) ≤ C (‖∇ψ‖_{0,α;Ω} + ‖φ‖_{0;Ω} + 2 Z‖φ‖_{0,α;K}′ ) ≤ C (‖∇ψ‖_{0,α;Ω} + ‖φ‖_{0;Ω} + C Z‖ψ‖_{0,α;Ω}) .

Hence, ‖φ‖_{2,α;K} ≤ C (‖∇ψ‖_{1,α;Ω} + ‖φ‖_{0;Ω}) . �

3.1.6 Global Schauder estimates

THEOREM 3.1.17 (Global Schauder estimates). Let (M, g, σ) be a compact Riemannian spin manifold and ψ ∈ C^{k,α}(ΣM). Then any solution of

Dφ = ψ

satisfies φ ∈ C^{k+1,α}(ΣM), and there is a constant C = C(M, g, σ) such that

‖φ‖_Ck+1,α_{(M)} ≤ C � ‖ψ‖_Ck,α_{(M)} + ‖φ‖_C0_{(M)} � . Proof. For the proof of the Global Schauder estimates, we cover the manifold by finitely many small balls Ω_i, we choose compact K_i ⊂ Ω_i such that � i K_i = M.

Then we apply the interior Schauder estimates to (Ω_i, K_i) and sum it over i. This yields the claimed inequality. �

3.2 L^p-theory for Dirac operators

3.2.1 Sobolev norms of integer order

Let us introduce the function spaces we need. Let Ω be any Riemannian manifold. We assume that a metric is chosen on Ω. Let S be a vector bundle over Ω. For any smooth section ψ on Ω, and p ∈ [1, ∞], k ∈ N, we define the H^p_k -norm of ψ as

‖ψ‖_H^p_k = k� l=0 ‖ ∇ . . . ∇ � � � l−times ψ‖_Lp .

Obviously, on compact manifolds, the H^k_p -norms for different connections are equivalent.

3.2.2 Interior L^p-estimates

In this subsection, let Ω be a simply connected open domain in R^n equipped with a metric that extends smoothly to Ω. We assume that S is a Dirac bundle over Ω.

THEOREM 3.2.1. Suppose Ω is a simply connected open set in R^n with an arbitrary C^{k+1,α}-metric (g_{ij}). Suppose that S is a Dirac bundle over Ω with ‖R^S ‖_Ck < Z. Let D be the associated Dirac operator. We assume that the components of the inverse metric g^{ij} satisfy g^{ij}v_iv_j ≥ ζ|v|^2 for all v ∈ T Ω and ‖g^{ij}‖_Ck+1,α_{(Ω)} ≤ Z. Furthermore, A ∈ H^∞_k , ‖A‖_H∞_k ≤ Z. Let K be a compact subset of Ω. Let φ ∈ L^1_{loc}(Ω; S) be a solution of (D + A)φ = ψ. If ψ ∈ H^p_k (Ω; S), then φ ∈ H^p_{k+1}(Ω; S) and

‖φ‖_H^p_{k+1(K;S)} ≤ C � ‖ψ‖_H^p_{k (Ω;S)} + ‖φ‖_Lp_{(Ω;S)} �

where C only depends on k, n, p, ζ, Z, diam(Ω), d = dist(K, ∂Ω).

Remark. A similar inequality still holds if g is only a C^{k+1}-metric, and ‖g^{ij}‖_Ck+1 < Z. The constant then also depends on the modulus of continuity of ∂^{k+1}g^{ij}. As before, we could replace the condition on the g^{ij} by a condition on the g_{ij}.

In the proof we will need the following Calderon-Zygmund inequality for the Dirac operator.

LEMMA 3.2.2. Let S be a Dirac bundle over a bounded open subset Ω of R^n, equipped with the euclidean metric. Let φ ∈ L^p(Ω; S), 1 < p < ∞, and let w be the Dirac-Newton potential of φ. Then w ∈ H^p_1 (Ω), Dw = φ almost everywhere and

‖∇w‖_Lp_{(Ω)} ≤ C‖φ‖_Lp_{(Ω)}

where C depends only on n and p.

This lemma directly follows from the Calderon-Zygmund inequality [GT77, Theorem 9.9]. �

Proof of Theorem 3.2.1. We write D = � j σ_j (x)∇_j .

We fix x_0 ∈ K. Let D^{flat} be the linear differential operator obtained by freezing the coefficients in x_0, i.e. D^{flat} = � j σ_j (x_0)∇_j.

It follows from the previous lemma that any spinor φ̃ ∈ H^p_{1,comp}(Ω) satisfies

‖∇φ̃‖_{p;Ω} ≤ C ζ ‖D^{flat}φ̃‖_{p;Ω},

with C = C(n, p).

There is a δ = δ(k, α, Z, ζ) such that � j ‖σ_j (x) − σ_j (x_0)‖ ≤ ζ/(2C)

if d(x, x_0) < δ. In particular, δ can be chosen independent from x_0. Let R =^1_2 min{δ, dist(K, ∂Ω)}. Hence, if φ̃ has support in the open ball B_R(x_0), then

‖∇φ̃‖_Lp_{;BR(x0)} ≤ C 2λ ‖Dφ̃‖_Lp_{;BR(x0)}, C = C(n, p)

We apply this for φ̃ := χφ, where φ is the given spinor and where χ is a cut-off function such that

(1) χ ≡ 1 on B_{R/2}(x_0),

(2) supp χ ⊂ B_R(x_0), and

(3) |gradχ| ≤ 3/R.

Then

‖∇φ‖_Lp_{;BR/2(x0)} ≤ ‖∇(χφ)‖_Lp_{;BR} ≤ 2C ζ ‖ D(χφ)

� � �

=χDφ+gradχ·φ

‖_Lp_{;BR(x0)}

≤ 2C ζ ‖ψ‖_Lp_{;BR(x0)} +

2C · 3 ζR ‖φ‖_Lp_{;BR(x0)}

Now, we cover K by finitely many balls of radius R/2. By summing up the last inequality, we obtain the desired result. �

3.2.3 Global L^p-estimates on compact manifolds

Now let Ω = M be a compact manifold. We cover M by finitely many small open balls Ω_i, and compact K_i ⊂ Ω_i. One applies the interior estimates to each (Ω_i, K_i) and by summing over i and an induction over k, one obtains the global estimate that we will only need with the trivial potential A ≡ 0.

THEOREM 3.2.3 (Global L^p estimates). Let k ∈ N. Let (M, g) be a compact Riemannian manifold with a Dirac bundle S, and ψ ∈ H^p_k (S). Then any solution of

Dφ = ψ satisfies φ ∈ H^p_{k+1}(S), and there is a constant C = C(M, g, S) such that

‖φ‖_H^p_{k+1} ≤ C � ‖ψ‖_H^p_k + ‖φ‖_Lp � . From this we deduce:

COROLLARY 3.2.4. Let M be compact. For any k ∈ N the norm φ → k� ℓ=0 ‖D^ℓφ‖_Lp

and the H^p_k -norm are equivalent norms on Γ(M; S).

We define the Sobolev space H^p_k (M; S) = H^p_k as the completion of the smooth spinors with respect to this norm.

3.2.4 H^2_{−1/2}-spinors

In this section let M be a compact manifold with a Dirac bundle S. The H^2_{−1/2}-norm on spinors is defined as

‖ψ‖_H2_{−1/2} = � � � |D|^{−1/2}ψ � � �_{L2} + ‖πψ‖1,

where π is the L^2-orthogonal projection to the kernel of D and where ‖ · ‖_1 is an arbitrary norm on the kernel. The fractional power |D|^{−1/2} here is defined in the spectral sense. We will give more details in the next section.

Again, we define the Sobolev space H^2_{−1/2}(ΣM) = H^2_{−1/2} as the completion of the smooth spinors with respect to this norm.

LEMMA 3.2.5. Let M be a compact manifold with Dirac bundle S. If φ ∈ H^2_1 , then

‖Dφ‖_H2_{−1/2} ≤ C‖φ‖_L2 ‖φ‖_H2_1

where C only depends on (M, g) and S.

Here, by saying that C only depends on S we mean that C depends on S and its fixed connection and Clifford multiplication.

The proof follows immediately if one writes φ as a sum of eigenspinors, and if one uses the Cauchy-Schwarz inequality.

3.2.5 Sobolev norms of fractional order on compact M.

In the preceding subsection we gave two different definitions of Sobolev norms. The first one only applies for integer derivation order. The second applies for k = −1/2, but only on compact manifolds and for p = 2. It is a priori unclear how these two norms fit into a common framework, the so-called fractional Sobolev spaces. What we would need to unify these two definitions into a unified approach is a theory of H^k_p -spaces with arbitrary p ∈ (1, ∞), k ∈ R on arbitrary manifolds (complete or not-complete). This is a very complicated subject, which has many partial results, but also many open problems.

The aim of the present subsection is to describe how these different norms fit into a common theory if the underlying manifold is compact.

However, we want to emphasize, that this section will not be needed in order to derive a logically complete proof of the results in Chapter 4.

We restrict to the case that M is a compact Riemannian manifold with a Dirac bundle S. Our aim in this section is to extend the definition of Sobolev norms to orders k ∈ R \ N on M. Such orders k are called negative orders if k < 0 and fractional order if k ∈ R \ Z. To define them, we use fractional powers for D^2. These powers have been studied in [See67] and many other papers. These operators are pseudo-differential operators, and many regularity results still hold if we replace differential operators by pseudo-differential operators of positive order. However, many proofs in L^p-theory are much more involved.

The spectrum of the Dirac operator D is discrete, and there are L^2-orthonormal smooth spinors (β_j | j ∈ Z) and real numbers (λ_j | j ∈ Z) such that the span of (β_j | j ∈ Z) is L^2-dense in the smooth sections Γ(M; S) and such that Dβ_j = λ_jβ_j .

For finite sums � a_j β_j ∈ Γ(M; S) and m ∈ R we define

|D|^m( � a_j β_j ) = � a_j |λ_j|^mβ_j (3.2.6)

where the sum on the right hand side runs over all j with λ_j ≠ 0.

THEOREM 3.2.7. The operator |D|^m extends to a continuous operator

|D|^m : C^∞(M; S) → C^∞(M; S).

Furthermore for m ∈ Z, k ∈ N, k > m, 1 < p < ∞ the operator |D|^m extends to a continuous operator |D|^m : H^p_k (M; S) → H^p_{k−m}(M; S).

Obviously, these statement hold if m ∈ 2N, as then |D|^m = (D^2)^{m/2}. The global Schauder theory and the Global L^p-estimates also show that they hold if m ∈ −2N.

However, the other cases of this theorem are quite involved. We omit the proofs and refer to Chapter XI of [Tay81], in particular Theorem 2.5. An alternative reference is §6 of [NS79].

Definition. We define for any k ∈ R, 1 < p < ∞

‖ψ‖_{~H}p_k = � � |D|^kψ � �_{Lp} + ‖πψ‖1, (3.2.8)

where π is the L^2-orthogonal projection to the kernel of D and where ‖ · ‖_1 is an arbitrary norm on the kernel. The space that is obtained as the closure of the smooth functions with respect to this norm is denoted by ~H^k_p (M; S).

We obtain from the previous Theorem:

COROLLARY 3.2.9. Let M be compact with a Dirac bundle S. For any k ∈ N the ~H k_p -norms and H k_p -norms are equivalent norms on Γ(M; S).

As we are only interested in norms up to equivalence we will write H^k_p for both norms from now on.

Again, we define the Sobolev space H^p_k (M; S) = H^p_k as the completion of the smooth spinors with respect to this norm.

3.3 Sobolev embeddings

In Chapter 4 we will need several Sobolev embeddings. We begin with some preliminaries on the Green’s function for |D| which will be helpful to prove the Sobolev embeddings.

3.3.1 The Green’s function of |D|

THEOREM 3.3.1. Let (M, g) be a compact Riemannian manifold with a Dirac bundle S. Then there is a unique function G, the Green’s function for the absolute value of the Dirac operator, with the following properties.

(1) G : (M × M) \ δ_M → � x,y End(S_x, S_y) is a smooth function and G(x, y) ∈ End(S_x, S_y). Here δ_M denotes the diagonal δ(M) := {(m, m) | m ∈ M} in M × M.

(2) For any smooth spinor φ the integral

A(φ)(x) = � M G(x, y)φ(y) dy

exists, A(φ) is smooth.

(3) |D| A(φ) = φ if φ is L^2 orthogonal to the kernel of D. (4) A(φ) = 0 if φ is in the kernel of D.

Moreover G satisfies the asymptotic bound |G(x, y)| ≤ C(M, g, σ) d(x, y)^{1−n}.

An elegant way to prove this theorem is with heat kernel methods and the Mellin transform. We will sketch the ideas here. For more details in [AF]. Sketch of Proof.

Let (φ_i)_{i∈J} be an L^2-basis of L^2(M; S), where φ_i is an eigenvalue of D to the eigenvalue λ_i. Let J_1 be the index set of all i with λ_i ≠ 0. For x, y ∈ M, x ≠ y one defines the series G(x, y) := � i |λ_i|^{−1}φ_i(x) ⊗ φ_i(y)

and shows that it converges locally in the C^∞-topology. One then uses the relation (for λ > 0) λ^{−1} = 1 √ π �_∞ 0 e^{−tλ2} t^{−1/2} dt, and one obtains G(x, y) = 1 √ π �_∞ 0 k_t(x, y)t^{−1/2} dt,

where k_t(x, y) is the integral kernel to the heat operator e^{−tD2} . The kernel k_t is well-studied in the literature. In particular, (see e.g. [Dav87, DP89]) one knows the asymptotic estimate

|k_t(x, y)| ≤ C(M, g, W ) t^{−n/2}e^{−d2(x,y)/5t} for t ≤ diam(M)^2. This gives an estimate � � � � �_{diam(M,g)}2 0 k_t(x, y)t^{−1/2} dt � � � � ≤ C(M, g, W ) d(x, y)^{1−n}.

On the other hand one can use Weyl’s asymptotic formula and the Sobolev embedding theorem in order to obtain an upper bound for � � � �_∞

diam(M,g)^2

k_t(x, y)t^{−1/2} dt � � � and |G(x, y)| ≤ C(M, g, σ) d(x, y)^{1−n} follows. �

3.3.2 Sobolev embedding theorems

Let S be a Dirac bundle over a Riemannian manifold M.

THEOREM 3.3.2 (Sobolev embedding theorem I). Let k, s ∈ R, k ≥ s and q, r ∈ (1, ∞) with 1 r − s n ≥ 1 q − k n , (3.3.3)

then H^q_k (M; S) is continuously embedded into H^r_s (M; S).

THEOREM 3.3.4 (Rellich-Kondrakov theorem). Under the same conditions as in Theorem 3.3.2, but with strict inequality (3.3.3) and k > s the inclusion H^q_k (M; S) → H^r_s (M; S) is a compact operator.

THEOREM 3.3.5 (Sobolev embedding theorem II). Suppose 0 < α < 1, m ∈ {0, 1} and 1 q ≤ k − m − α n . (3.3.6)

Then H^q_k (M; S) is continuously embedded into C^{m,α}(M; S).

The proofs of Theorems 3.3.2, 3.3.4 and 3.3.5 in the general case are not easy to prove. As we will only need some special cases, which will be easier to prove, we will only give a sketch of the proof here. In order to get the results in full generality, one covers the manifolds by finitely many normal coordinate neighborhoods B_ε(p_i) ∼= B_ε(0) ⊂ R^n and trivializes the bundle with parallel transport along radial geodesics. One chooses a suitable partition of unity χ_i. One then has to show that:

φ ∈ H^q_k (M; S) in the sense of (3.2.8) ⇐⇒ ∀i : χ_iφ|_{Bε(pi)} ∈ L^{k,q}(R^n; S) where L^{k,q}(R^n; S) are fractional Sobolev spaces as defined in Chapter VII of [Ada75]. Then [Ada75, Theorem 7.63 (d) and (e)] proves the local Sobolev inequalities ‖χ_iφ‖_Ls,r ≤ C · ‖χ_iφ‖_Lk,q ,

‖χ_iφ‖_Cm,α ≤ C · ‖χ_iφ‖_Lk,q .

The global embedding theorems then follows by summing over i, and taking care of the extra terms caused by the derivatives of the cutoff functions. One obtains Theorems 3.3.2 and 3.3.5. With similar arguments one obtains the compactness statement in Theorem 3.3.4.

Now, we will present detailed proofs for the cases that we actually need. In the proofs we will apply the following inequality. See [LL96, Theorem 4.3] or [Lie83] for a proof.

THEOREM 3.3.7 (Hardy-Littlewood-Sobolev inequality). Let p, r > 1 and 0 < α < n with 1/p + α/n + 1/r = 2. Let f ∈ L^p(R^n) and h ∈ L^r(R^n). Then there exists a constant C(n, α, p) such that � � � � R^n � R^n

f(x)|x − y|^{−α}h(y) dx dy � � � ≤ C(n, α, p) ‖f‖^{Lp} ‖h‖^{Lr} .

This theorem can be applied to compact manifolds.

COROLLARY 3.3.8. Let p, r > 1 and 0 < α < n with 1/p + α/n + 1/r = 2, Let W be a vector bundle over the compact manifold (M, g). Let f ∈ Γ_Lp (M; W ), h ∈ Γ_Lr (M; W ). Let G be a continuous End(W )-valued function on (M × M) \ δ_M such that |G(x, y)| ≤ d(x, y)^{−α}. Then there exists a constant C = C(α, p, M, g, W ) such that � � � � � M � M f(x)G(x, y)h(y) dx dy � � � ≤ C ‖f‖^{Lp(M)}‖h‖^{Lr(M)}.

Proof of Theorem 3.3.2 for k = 0, q ≥ 2n/(n + 1), s = −1/2, r = 2. We use the Sobolev norm as defined in subsection 3.2.4. Let φ be an L^q-spinor. We write φ = φ_0 + φ_⊥, where φ_0 ∈ ker D and φ_⊥ ⊥ ker D. As ker D is finite-dimensional

‖φ_0‖_H2_{−1/2} ≤ C‖φ‖_Lq .

On the other, the orthogonal complement satisfies

‖φ_⊥‖^2_H2_{−1/2} = � � |D|^{−1/2}(φ_⊥) � �^2_{L2}

= ( |D|^{−1}φ_⊥, φ_⊥ ) = � � � � � G^{|D|}(x, y)φ(x)φ(y) dx dy � � � ≤ C � � d(x, y)^{1−n}|φ(x)| |φ(y)| dx dy

≤ C‖φ‖^2_Lq with q = 2n/(n + 1). �

Proof of Theorem 3.3.2 for k = 1, q ≥ 2n/(n + 1), s = 0. We use the Sobolev norm as defined in subsection 3.2.3. At first, we cover M by finitely many open balls B_δ(p_i) of radius δ = injrad(M)/2. We choose compact K_i ⊂ B_δ(p_i) such that � K_i = M and a smooth partition of unity η_i such that supp η_i ⊂ B_δ(p_i) and η_i|_{Ki} ≡ 1. Let φ be an H^q_1 -spinor. Now, [GT77, Theorem 7.1] yields that any H^q_1 -function supported in K_i satisfies

‖u‖_Lr ≤ C‖du‖_Lp . (3.3.9)

On each B_δ(p_i) we trivialize the spinor bundle via parallel transport along radial geodesics. It is then an easy calculation to prove that the above inequality on functions implies ‖η_iφ‖_Lr ≤ C‖∇(η_iφ)‖_Lp .

Using sup_i sup_{x∈M} (gradη_i)(x) < ∞ this implies the desired inequality

‖φ‖_Lr ≤ ‖φ‖_H^q_1 . � The compactness statements in Theorem 3.3.4 are then obtained with standard methods.

Proof of Theorem 3.3.5 for k = 1, q > n, m = 0. This proof runs in a manner analogous to the previous proof, but one has to replace inequality (3.3.9) by the embedding H^q_{1,comp} → C^{0,α}

proved in [GT77, Section 7.8]. Here H^q_{1,comp} denotes the compactly supported H^q_1 (B_δ(p_i))-functions. �

Chapter 4

The first Dirac eigenvalue in a conformal class

4.1 Preliminaries

Let M be a compact manifold, on which we fix a conformal class [g_0] and a spin structure σ. For each metric g ∈ [g_0] let λ^+_1 (g) be the smallest positive eigenvalue of the (classical) Dirac operator D on (M, g, σ). As in Chapter 2 we set

λ^+_{min}(M, [g_0], σ) := inf_{g∈[g0]} λ^+_1 (g) vol(M, g)^{1/n}. (4.1.1)

If the dimension is ≥ 3 or if D is invertible, then as explained in Theorem 2.6.1

λ^+_{min}(M, [g_0], σ) ≤ λ^+_{min}(S^n), (4.1.2)

where S^n carries the standard metric. The main result (Theorem 4.2.2) of this habilitation states that if strict inequality holds in (4.1.2), then the nonlinear partial differential equation Dφ = λ^+_{min}|φ|^{2/(n−1)}φ (4.1.3)

has a solution. The nonlinearity is critical in the sense that the exponents of the Sobolev embeddings involved are critical. The solution of this equation has two major applications. The first application tells us that the infimum in (2.4.1) is actually attained if we slightly enlarge the conformal class. In the following chapter we present a second application. If dim M = 2, then we obtain an existence result for surfaces with constant mean curvature.

Remark. Similar critical nonlinearities have been the subject of intensive research. We will give two examples:

The first one is the Yamabe problem [LP87]. Yamabe, Trudinger and Aubin have shown that if the Yamabe invariant λ_Y = λ_Y (M, [g]) is smaller than the Yamabe invariant of a sphere with constant sectional curvature, then the Yamabe equation � 4 n − 1 n − 2

Δ + scal � u = λ_Y u^{p−1}

admits a positive smooth solution u. By deep results, explained e.g. in [LP87], it has been shown that any manifold M which is not conformal to the standard sphere actually satisfies λ_Y (M, [g]) < λ_Y (S^n). (4.1.4)

As a consequence, there is a metric with constant scalar curvature on M, conformal to g. If M is a spin manifold, Witten [Wit81, PT82] realized that one could simplify the arguments by using spinors, in particular the Schrödinger-Lichnerowicz formula and a Bochner-type argument. Witten’s proof used analysis on asymptotically flat manifolds. In [AH05] we found a modification of Witten’s arguments which yields a very short proof for inequality 4.1.4 which only needs analysis on compact manifolds.

The other problem that we want to mention is the Yamabe problem on CR-manifolds, studied by Jerison and Lee [JL89]. For any compact, orientable, strictly pseudoconvex (2n + 1)-dimensional CR-manifold M, they construct an invariant λ^{CR}(M) satisfying λ^{CR}(M) ≤ λ^{CR}(S^{2n+1}). (4.1.5)

Jerison and Lee prove that if strict inequality holds in (4.1.5), then M admits a pseudo-hermitian structure with constant (Webster or Fefferman) scalar curvature.

4.2 Singular metrics and main results

Let D^{−1}(ψ) denote the preimage of ψ under D which is orthogonal to the kernel of D. In order to formulate our main result, we have to introduce certain types of singularities.

Definition. Let M(g_0) be the set of metrics in [g_0] with unit volume. We define the set of generalized conformal metrics M(g_0) by

M(g_0) := {g = f^{2/(n−1)}·g_0 | f ≥ 0, f ∈ C^{1,α}(M) ∩ C^∞(M ∖ f^{−1}({0})) ∀α ∈ (0, 1), supp f = M, vol(M, g) := � f^{n/(n−1)} = 1}.

We say that g is regular, if f^{−1}({0}) = ∅. Otherwise g is singular and S_g := f^{−1}({0}) is called the singular set.

4.2. Singular metrics and main results 41

Note that singular metrics are not complete.

For example, let M → S^2 be a branched conformal covering of a Riemann surface M to S^2. Then the pullback of the standard metric on S^2 is a generalized conformal metric in the above sense.

For any generalized conformal metric g, we define the smallest positive Dirac eigenvalue on (M, g, σ) as

λ^+_1 (g) := inf � (ψ, ψ)_g (ψ, D^{−1}_g ψ)_g � � � ψ ∈ imC∞ Dg, ‖ψ‖L∞ < ∞, (ψ, D^{−1}_g ψ)g > 0 � . (4.2.1) Here im_C∞ D_g is the image of the Dirac operator on (M ∖ S_g, g) acting on smooth spinors. The scalar product (., .)_g is the L^2-scalar product on spinors on M ∖ S_g. Obviously, this definition coincides with the smallest positive Dirac eigenvalue in the ordinary sense if g is regular. In Lemma 4.6.1 we show that inf g∈M(g_0)

λ^+_1 (g) = inf_{g∈M(g0)} λ^+_1 (g).

THEOREM 4.2.2. Let M be a compact manifold of dimension ≥ 2 with a fixed conformal class [g_0] and a spin structure σ. Assume that λ^+_{min} = λ^+_{min}(M, [g_0], σ) := inf{λ^+_1 (g)vol(M, g)^{1/n} | g ∈ M(g_0)} satisfies

λ^+_{min}(M, [g_0], σ) < λ^+_{min}(S^n) = n 2 ω^{1/n}_n . (4.2.3)

Then

(A) there is a spinor field φ ∈ C^{1,α}(ΣM) ∩ C^∞(Σ(M ∖ φ^{−1}(0))) on (M, g_0) such that D_{g0} φ = λ^+_{min} |φ|^{2/(n−1)}φ, ‖φ‖_{2n/(n−1)} = 1, (4.2.4)

(B) there is a generalized conformal metric g ∈ M(g_0) such that

λ^+_1 (g) = λ^+_{min}.

It is not difficult to see that statement (B) follows directly from statement (A). If we have a solution as in (A), then we set g_1 := f^{2/(n−1)}g_0 with f = ⟨φ, φ⟩. Note that vol(M, g_1) = � |φ|^{2n/(n−1)} = 1, hence g_1 ∈ M(g_0).

The transformation formula for the Dirac operator under conformal changes (Proposition 2.2.1) implies that there is a spinor φ_1 on (M, g_1, σ) such that

D_{g1} φ_1 = λ^+_{min}φ_1, |φ_1|_{g1} ≡ 1

on M ∖ S_{g1} . Then obviously, λ^+_1 (g_1) = λ^+_{min}.

Proof of (A). For any q ≥ q_D := 2n/(n + 1) we define

μ_q := sup

(ψ, D^{−1}ψ) ‖ψ‖^2_Lq

where the supremum ranges over all smooth non-zero spinors on (M, g_0, σ) in the image of D. For q > q_D, the problem is “sub-critical” and we will see in Proposition 4.4.4 that there is a weak solution ψ_q of

D^{−1}ψ_q − μ_q|ψ_q|^{q−2}ψ_q ∈ ker D, ψ_q ∈ L^q(D), ‖ψ_q‖_Lq = 1. (4.2.5)

Our Regularity Theorem (Theorem 4.4.3) will imply that the solution is C^{0,α}.

By a straightforward calculation we see that the following duality principle holds.

LEMMA 4.2.6 (Duality principle).

Let p, q > 1, λ, μ ∈ R^+ with p^{−1} + q^{−1} = 1 and λμ = 1.

(i) If ψ satisfies (4.2.5), then φ := |ψ|^{q−2}ψ satisfies

Dφ = λ |φ|^{p−2}φ, φ ∈ L^p(D), ‖φ‖_Lp = 1 (4.2.7)

(ii) If φ satisfies (4.2.7), then ψ := μ Dφ satisfies (4.2.5).

We will study the behavior of the solutions φ_q := D^{−1}ψ_q for q → q_D. Theorem 4.4.5 shows that the solutions φ_q are uniformly bounded in L^∞. Applying the Regularity Theorem (Theorem 4.4.3) once again, we see that ψ_q is even uniformly bounded in C^{0,α}, hence φ_q is uniformly bounded in C^{1,α}. After taking a subsequence q_i → q_D, the spinor fields φ_{qi} converge to a C^{1,α}-solution of (4.2.4). �

The structure of the chapter is as follows. In Section 4.3 we introduce a functional F^M_q whose critical points are solutions to (4.2.5). It remains to find conditions under which the supremum F^M_q is attained. Section 4.4 proves the regularity theorem. We obtain C^{1,α}-solutions to the sub-critical problem and we see that (4.2.3) implies the existence of a solution to the critical problem. Section 4.5 deals with the singularities that may appear.

Remark. The largest negative Dirac eigenvalue. Denote the largest negative eigenvalue of the Dirac operator by −λ^−_1 (g), i.e. −λ^−_1 (g) is the negative eigenvalue closest to 0. All statements of the present article hold analogously if we replace the smallest positive eigenvalue λ^+_1 (g) by λ^−_1 (g). We omit the proofs as they are the same up to some sign changes.

4.3. The functional 43

4.3 The functional

In the present section we will work with a conformally invariant functional. We will not explicitly use results of section 2.3, but it useful to think about spinors in this conformally invariant way. We will keep to the convention that any spinor of conformal weight −(n + 1)/2 is denoted by ψ. All other spinors will be denoted by φ. For any q ∈ [q_D, ∞) we define the functional

F^M_q : (im_C∞ D_{g0} ) ∖ {0} → R, ψ →

(ψ, D^{−1}ψ) ‖ψ‖^2_Lq . Here we choose the preimage D^{−1}ψ of ψ orthogonal to the kernel of ker D. Then μ_q = μ_q(M, g_0, σ) = sup

ψ∈(im_C∞ D_{g0} )∖{0}

F^M_q (ψ).

Because D_{g0} has positive eigenvalues, we see that μ_q ∈ (0, ∞]. LEMMA 4.3.1. Let q ∈ [q_D, ∞). Then

(1) μ_q < ∞, (2) F^M_q extends to a differentiable functional on L^q(im_C∞ D_{g0} )∖{0} and the derivation is given by dF^M_q (ψ)(φ) = 2 ‖ψ‖^2_Lq � ⟨D^{−1}ψ − ρ_{q,ψ}|ψ|^{q−2}ψ, φ⟩, (4.3.2)

where ρ_{q,ψ} = F^M_q (ψ)‖ψ‖^{2−q}_Lq .

Proof. The Embedding Theorem 3.3.2 implies that for any q there is a constant C_q such that ‖ψ‖_H2_{−1/2} ≤ C_q ‖ ψ ‖_Lq ∀ψ ∈ im_C∞ D_{g0} .

Hence (ψ, |D|^{−1}ψ) ‖ψ‖^2_Lq

≤ C^′ and hence (1). Similarly one proves that F^M_q extends to L^q(im_C∞ D_{g0} ) ∖ {0}. Now take p with p^{−1} +q^{−1} = 1. If ψ is in L^q, q ≥^{2n}_{n+1} , then D^{−1}ψ is in H^q_1 and hence in L^p. Also |ψ|^{q−2}ψ ∈ L^p. Hence the right hand side of (4.3.2) defines a continuous functional on L^q which we denote by φ → RHS_ψ(φ). Similarly one sees that F^M_q (ψ + φ) − F^M_q (ψ) − RHS_ψ(φ) ≤ o(‖φ‖_Lq ), hence F^M_q is Fréchet differentiable with derivative RHS_ψ. �

PROPOSITION 4.3.3 (Properties of μ_q). The function [q_D, ∞) → (0, ∞), q → μ_q is (1) non-increasing in q, (2) is continuous from the right, (3) μ_2 = (λ^+_1 (g_0))^{−1}.

(4) μ_{qD} is conformally invariant, i. e. for g_1 ∈ [g_0] μ_{qD} (M, g_0, σ) = μ_{qD} (M, g_1, σ).

(5) μ_{qD} (M, g, σ) ≥ μ_{qD} (S^n, g_{can}) if D is invertible or if n ≥ 3. Here g_{can} is the metric on S^n of constant sectional curvature and volume 1. Proof.

(1) This is evident as q → ‖ψ‖_Lq is nondecreasing, (2) For a given q ≥ q_D, we take a smooth spinor field ψ such that F^M_q (ψ) ≥ μ_q − ε. Observe that for q^′ ≥ q F^M_q′ (ψ) =

‖ψ‖_Lq ‖ψ‖_Lq′

F^M_q (ψ).

The function q^′ → ‖ψ‖_Lq′ is continuous, hence if q^′ is sufficiently close to q, then μ_q′ ≥ F^M_q′ (ψ) ≥ F^M_q (ψ) − ε ≥ μ_q − 2ε.

Because q → μ_q is non-increasing, the statement follows. (3) follows directly, by decomposing L^2(im_C∞ D_{g0} ) into eigenspaces for D. (4) This follows from Proposition 2.2.1.

(5) This has been already explained in Section 2.6. �

In Proposition 4.4.4 we will see that the supremum defining μ_q is attained for q > q_D by a C^{0,α}-function which in turn implies that the function [q_D, ∞) → (0, ∞], q → μ_q is also continuous from the left.

COROLLARY 4.3.4. The smallest positive eigenvalue of the Dirac operator is bounded from below by μ^{−1}_{qD} : λ^+_1 ≥ μ^{−1}_{qD} .

q μ_q

q_D 2

(λ^+_1 )^{−1} μ_{qD}

Figure 4.1: μ_q as a function of q

4.4 Solution of the equation

If the supremum of F^M_q is actually attained by a function ψ_q with ‖ψ_q‖_Lq = 1, then because of (4.3.2) ψ_q is a solution of D^{−1}ψ − ‖ψ‖^{2−q}_Lq μ_q |ψ|^{q−2}ψ ∈ ker D. (4.4.1) Obviously, F^M_q (rψ) = F^M_q (ψ) for all r ∈ R^+. As a consequence, any solution can be rescaled to one with ‖ψ‖_Lq = 1. Hence, we study

D^{−1}ψ − μ_q|ψ|^{q−2}ψ ∈ ker D, ‖ψ‖_Lq = 1, ψ ∈ L^q(D). (4.4.2) THEOREM 4.4.3 (Regularity theorem). Suppose that ψ ∈ L^q, q ≥ q_D is a solution of equations (4.2.5). Suppose that there is an r > q_D such that ‖ψ‖_Lr < ∞. We choose k, K > 0 such that ‖ψ‖_Lr < k and μ_q ≥ K. Then for any α ∈ (0, 1) there is a constant C depending only on (M, g, σ), q, r, K, k and α with ‖ψ‖_C0,α ≤ C and ‖D^{−1}ψ‖_C1,α ≤ C Proof. Without loss of generality we can assume r < n. We apply the Global L^p-estimates 3.2.3 to ψ ∈ L^r, and then the Sobolev embedding 3.3.2 and obtain D^{−1}(ψ) ∈ H^r_1 → L^s with 1 − (n/r) = −n/s, or equivalently s = rn/(n − r). Hence, by equation 4.2.5, we know ψ ∈ L^{s(q−1)} → L^{s(qD −1)}. We set

r^′ := s(q_D − 1) = n − 1 n + 1 rn (n − r) . The inequality r > q_D implies r^′ > r. By iterating this bootstrap argument we obtain higher and higher regularity for ψ. The function r → n − 1 n + 1 rn (n − r)

tends to ∞ if r converges to n from below. This shows that ψ ∈ L^r for all r ∈ (0, ∞). Thus ψ ∈ H^r_1 for all r ∈ (0, ∞) and by the Sobolev embedding theorem 3.3.5 one obtains ψ ∈ C^{0,α} for any α > 0. And finally by the Schauder estimates 3.1.17 D^{−1}ψ ∈ C^{1,α}. The uniform upper bound C of the norms is now clear from the construction. �

Remark. Outside the zero locus ψ^{−1}(0) we can continue the bootstrap argument and apply inductively the interior Schauder estimates Theorem 3.1.16. We conclude that ψ is smooth on M ∖ ψ^{−1}(0). Similarly, if p := (q − 1)^{−1} + 1 is an even integer, then φ → |φ|^{p−2}φ is also smooth in 0, and hence ψ is smooth on M.

PROPOSITION 4.4.4. For any q > q_D the supremum μ_q is attained by a spinor field ψ_q ∈ C^{0,α} which is a solution of (4.2.5).

Proof. Let ψ_i be a maximizing sequence for F^M_q , i. e. F^M_q (ψ_i) → μ_q. We may assume ‖ψ_i‖_Lq = 1. After taking a subsequence there is a ψ_∞ ∈ L^q such that ψ_i converges weakly to ψ_∞ in L^q. Because the embedding L^q → H^2_{−1/2} is compact (Rellich-Kondrakov Theorem 3.3.4), we can again choose a subsequence, and we obtain, in addition to the weak convergence in L^q, strong convergence to ψ_∞ in H^2_{−1/2}. Hence,

μ_q ≤ lim sup F^M_q (ψ_i) ≤ lim sup

‖ψ_i‖^2_{H2−1/2}

‖ψ_i‖^2_Lq

≤ F^M_q (ψ_∞) ≤ μ_q.

As a consequence, we have equality in all inequalities, in particular ‖ψ_∞‖_Lq = 1. By the variational formula ψ_∞ is a solution of

D^{−1}ψ_∞ − μ_q|ψ_∞|^{q−2}ψ_∞ ∈ ker D.

Now the regularity theorem tells us that ψ_∞ is actually C^{0,α}. �

THEOREM 4.4.5. Let ψ be a solution of (4.2.5) with q ∈ (q_D, 2] and μ_q ≥ μ^{Sn}_{qD} + ε, ε > 0. Then there is a constant C = C(M, g, σ, ε) such that ‖ψ‖_C0 < C.

Proof. Assume that such a constant does not exist. Then we find a sequence of solutions ψ_k to (4.2.5) with q = q_k, μ_q = μ_k ≥ μ^{Sn}_{qD} + ε and ‖ψ_k‖_C0 → ∞. (4.4.6)

Let us assume for a moment that q_∞ := lim sup q_k > q_D. In this case, we can choose a subsequence with q_k → q_∞. Then the regularity theorem (Theorem 4.4.3) applied to a real number r ∈ (q_D, q_∞), says that ‖ψ_k‖_C0 is bounded, in contradiction to (4.4.6). Hence, lim q_k = q_D. We now study φ_k := 1 μ_k

D^{−1}ψ_k, which are solutions of the dual equation (4.2.7). There is a sequence of points s_k ∈ M with m_k := |φ_k(s_k)| = max{φ_k(x) | x ∈ M} → ∞.

Since M is compact, we can assume, after passing to a further subsequence, that s_k converges to p ∈ M.

Now, we define rescaled geodesic normal coordinates (σ_k)^{−1} via the formula

σ_k(x) = exp_p � δ_kx + exp^{−1}_p (z_k) � , where δ_k = m^{2−pk}_k → 0.

Then a straightforward calculation shows that ~φ_k(x) := m^{−1}_k φ_k ∘ σ_k(x) is a solution of D_k ~φ_k = 1 μ_k

| ~φ_k|^{pk−2} ~φ_k, where D_k is the Dirac operator associated to the metric g_k := δ^{−2}_k σ^∗_k(g). Writing the metric g on M in geodesic normal coordinates centered in p one immediately sees that on any closed ball the sequence g_k converges to the Euclidean metric in the C^∞-topology.

Note that with respect to g_k ‖ ~φ_k‖_C0 ≤ | ~φ_k(0)| = 1.

Hence, we may apply the interior L^p- and Schauder-estimates 3.2.1 and 3.1.16 to conclude that ‖ ~φ_k‖_C1,α ≤ C(R), ∀k > k(R), with constants C(R) and k(R).

Compare D with the Dirac operator D^{flat} on Euclidean R^n (see e.g. [Pfä02] or [AHM03] for explicit computations). We have ‖(D^{flat} − D_k) ~φ_k‖_C0,α_{(BR(0))} ≤ τ_k‖ ~φ_k‖_C1,α_{(BR(0))}, with τ_k → 0.

We choose a sequence of radii R_m → ∞. After passing to a diagonal sequence, we see that there is a spinor ~φ_∞ on R^n, such that ~φ_k|_{BR(0)} converges to ~φ_∞|_{BR(0)} ∈ C^{1,α}(B_R(0)).

For any ε > 0 and R > 0 there is a k_0(R, ε) such that ‖ ~φ_k‖_Lpk_{(BR(0))} ≤ 1 + ε for all k ≥ k_0. Because of the C^1-convergence φ̃_k → φ̃_∞, Fatou’s lemma yields ‖ ~φ_∞‖_LqD_{(BR(0))} ≤ 1 for any R, and finally for R = ∞. Then ~φ_∞ is a solution of D^{flat} ~φ_∞ = μ_{qD} | ~φ_∞|^{pD−2} ~φ_∞, and then ~ψ_∞ := μ_{qD} D^{flat} ~φ_∞ is a solution of (D^{flat})^{−1} ~ψ_∞ − μ_{qD} | ~ψ_∞|^{qD−2} ~ψ_∞ ∈ ker D.

We identify ~ψ_∞ via stereographic projection with an L^{qD} -spinor ^ψ_∞ on S^n with the identification as a spinor of weight −(n + 1)/2. See section 2.3. Note that ‖ ^ψ_∞‖_LqD_{(S}n_) = ‖ ~ψ_∞‖_LqD_{(R}n_) ≤ 1 (D^{−1} ^ψ_∞, ^ψ_∞)_Sn = (D^{−1} ~ψ_∞, ~ψ_∞)_Rn = μ_{qD} ‖ ~ψ_∞‖^{qD}_Lq_{D (Rn)}, μ^{Sn}_{qD} ≥ F^{Sn}_{qD} ( ^ψ_∞) = μ_{qD} ‖ ~ψ_∞‖^{qD−2}_Lq_{D (Rn)} ≥ μ_{qD} which is obviously a contradiction to our assumption μ_{qD} ≥ μ^{Sn}_{qD} + ε. �

4.5. The size of the singular set 49

PROPOSITION 4.4.7. If there is a q_0 > q_D and an r > q_D such that for all t ∈ (q_D, q_0) there is a solution ψ_t of equation (4.2.5) with q = t such that ‖ψ_q‖_Lr is bounded by a constant C independent from t, then there is a sequence t_i → q_D such that ψ_{ti} converges in the C^1-topology to a solution of equation (4.2.5) with q = q_D.

Proof. For q sufficiently close to q_D, we know because of Proposition 4.3.3 that μ_q is bounded from below by a positive constant. Thus, we can apply the regularity theorem (Theorem 4.4.3) which tells us that (ψ_t) is uniformly bounded in C^{0,α}. By elliptic regularity, D^{−1}(ψ_t) is uniformly bounded in C^{1,α}. Hence, for a sequence (t_i) with t_i > q_D, converging to q_D, the spinor fields D^{−1}(ψ_{ti} ) converge in the C^1- topology to a C^1-spinor field φ_{qD} . Then Dφ_{qD} is a solution of equation (4.2.5) with q = q_D. �

4.5 The size of the singular set

In this section we recall the weak Unique Continuation Property. We obtain directly that the set on which a solution of (4.4.1) vanishes does not contain any non-empty open set.

THEOREM 4.5.1 (Weak Unique Continuation Property [BBMW, Theorem 2.1]). Let P be a locally bounded function on a connected Riemannian manifold M and let φ be a solution of Dφ = P · φ

that vanishes on a nonempty open set. Then φ is identically 0.

COROLLARY 4.5.2. The singular set of C^1-solutions to equation (4.2.7) does not contain any nonempty open set.

In case that the function P is smooth, there is a stronger result by Christian Bär.

THEOREM 4.5.3 (Nodal sets of Dirac Operators [Bär97]). Let M^n be compact and connected and let φ be a solution of

Dφ = P φ

where P is a smooth endomorphism. Then the zero set of φ has at most Hausdorff dimension n − 2. If n = 2, then the zero set is discrete.

In the case n = 2 this theorem implies that the zero set of a solution to (4.2.4) is discrete.

4.6 The smallest positive Dirac eigenvalue on singular spaces

As before we fix a spin structure σ and a conformal structure [g_0] on a compact manifold M. Let g = f^{4/(n−1)} · g_0 be a generalized conformal metric. We define the smallest positive Dirac eigenvalue on (M, g, σ) by (4.2.1). It is evident, that if g is regular (i. e. f > 0), then λ^+_1 (g) is the smallest positive eigenvalue of the Dirac operator.

LEMMA 4.6.1. The following identities hold inf g∈M(g_0)

λ^+_1 (g) = inf_{g∈M(g0)} λ^+_1 (g) = μ^{−1}_{qD} .

Proof. Obviously, inf g∈M(g_0)

λ^+_1 (g) ≥ inf_{g∈M(g0)} λ^+_1 (g).

From the previous section we already know that λ^+_1 (g) ≥ μ^{−1}_{qD} for all M(g_0). Let us show that the argument even holds on M(g_0). For this we write g = h^2g_0 on M ∖ S_g, u ∈ C^∞(M ∖ S_g). Using the conformal change formula we see that

λ^+_1 (g) = inf � (h^{−1}ψ, ψ)_{g0} (ψ, D^{−1}_{g0} ψ)_{g0} � � � ψ ∈ imC∞ Dg_0 , ‖h^{−(n+1)/2}ψ‖L∞ < ∞, (ψ, D^{−1}_{g0} ψ)g_0 > 0 � . In particular all test spinors have finite ‖ψ‖_L∞ . Applying Hölder’s inequality and using � h^n = 1, we see that (h^{−1}ψ, ψ)_{g0} ≥ ‖ψ‖^2_Lq_D . Hence,

λ^+_1 (g) ≥ μ^{−1}_{qD} ∀g ∈ M(g_0).

On the other hand, let ψ be a spinor field such that F^M_{qD} (ψ) ≥ μ_{qD} −ε with arbitrary small ε > 0. We can assume that ψ is a smooth spinor field without zeros. Then for g := |ψ|^{4/(n+1)}g_0 we obtain λ^+_1 (g) ≤ F^M_{qD} (ψ)^{−1}. Hence inf g∈M(g_0)

λ^+_1 (g) ≤ μ^{−1}_{qD} . � Remark. Much recent research deals with Laplacians acting on functions on singular spaces. The function Laplacian can be defined on a much larger category of spaces, i. e. on metric spaces carrying a measure with certain compatibility conditions. (See e.g. [Gro99],[KMS01], [KS01] and the references therein.)

Chapter 5

Spinorial Weierstrass representations of surfaces

5.1 Overview

The solution of equation (4.2.7) provides a strong tool for showing the existence of a new class of periodic constant mean curvature (=cmc) surfaces. Special cases of such surfaces have been studied before with the help of completely different techniques, e.g. [GB98]. The class of surfaces we obtain is much larger than those particular cases.

A complete description of all periodic cmc surfaces is also important for solving the periodic isoperimetric problem, a problem which is still unsolved until today [Ros01, Ros].

We will explain in this chapter that there is a natural one-to-one relationship between periodic cmc-surfaces into R^3 and S^3 and critical points of F_q, q = 4/3, dim M = 2. Thus, we are interested in studying the critical points of F_q. This is a quite involved problem. In this habilitation, we will only do the first step and study the suprema of F_q. Applying the results of the previous chapter, we will see that any surface on which the spinorial positive mass conjecture holds, i.e. (λ^+_{min}) = (sup F_q)^{−1} < 2 √ π admits a conformal periodic branched immersion of constant mean curvature of its universal covering into R^3 and S^3.

We will prove:

Theorem 5.4.1. If M is a compact spin manifold such that λ^+_{min}(M, [g_0], σ) < 2 √ π, then there exists a branched conformal immersion F : ~M → R^3 and a group homomorphism h : Γ → R^3 such that

(1) F (γ · p) = F (p) + h(γ)

(2) If M_1 is a fundamental domain of ~M → M, then area(F (M_1)) = 1, or more exactly area(M_1, F^∗g_{eucl}) = 1.

(3) The mean curvature of F (M) is constant and equals to λ^+_{min}(M, [g_0], σ).

Similarly, we obtain immersions into S^3. We will identify S^3 with SU(2).

Theorem 5.4.2. If λ^+_{min}(M, [g_0], σ) < 2 √ π, then there exists a conformal branched immersion F : ~M → SU(2) and a group homomorphism h : Γ → SU(2) such that

(1) F (γ · p) = h(γ) · F (p).

(2) If M_1 is a fundamental domain of ~M → M, then area(F (M_1)) = 1, or more exactly area(M_1, F^∗(κ^{−1}g_{can})) = 1.

(3) The mean curvature of F (M) is constant and equals to H with

H^2 + 1 = λ^+_{min}(M, [g_0], σ)^2.

Definition. Branched conformal immersions F : ~M → R^3 or S^3 satisfying (1) will be called periodic conformal branched immersions.

5.2 Killing spinors

C. Bär proved in [Bär98] that if N is a Riemannian manifold carrying a Killing spinor φ_K , and if N is an oriented hypersurface in M, then the restriction of φ_K to N satisfies an equation close to (4.2.7). This construction is central to the spinorial Weierstrass representation. Hence, before we turn to this representation itself, we want to study manifolds carrying Killing spinors.

5.2.1 Preliminaries on Killing spinors

Definition. A Killing spinor to the Killing constant α is a (classical) spinor φ such that ∇_X φ = αX · φ.

PROPOSITION 5.2.1 ([CGLS86, Prop. 5]). If the n-dimensional manifold (N, g) carries a non-trivial Killing spinor to the Killing constant α, then (N, g) is an Einstein manifold with Ricci curvature

Ric = 4(n − 1)α^2g.

In particular, α is real or purely imaginary. We will restrict to the case that α is real. Such Killing spinors are called real Killing spinors. As a consequence Ric ≥ 0. Then any real Killing spinor ψ satisfies

∂_X |ψ|^2 = 2Re⟨∇_X ψ, ψ⟩ = 2αRe⟨X · ψ, ψ⟩ = 0.

Thus, its length is constant.

A description of complete manifolds of dimension n ≥ 4 which carry a real Killing spinor is given in [Bär93]. One of the amazing facts in there is that in even dimension n, n ≠ 6, only rescaled spheres carry Killing spinors with α ∈ R \ {0}. For more details on Killing spinors on quotients of spheres we refer to [Bär96]. However, note that [Bär96, Theorem 4] needs the additional assumption n ≠ 3.

5.2.2 Killing spinors on 3-manifolds

The most important case for our application, n = 3, is special. We will now completely describe all complete 3-manifolds carrying a real Killing spinor. To the knowledge of the author, this habilitation gives the first complete classification in dimension 3.

As the Weyl tensor of any 3-manifold vanishes, we know that any 3-manifold carrying a Killing spinor φ to the Killing constant α has constant sectional curvature 4α^2. If α = 0, i.e. if φ is parallel, then one directly sees that N = R^3/Γ, where Γ is a discrete subgroup of translations. If α ∈ R \ {0}, then by rescaling we can achieve that α = ±1/2. Then, obviously, N is a quotient of S^3.

We study the Lie group SU(2) which is diffeomorphic to S^3.

LEMMA 5.2.2. Let G be a Lie group with a bi-invariant Riemannian metric. Then the Levi-Civita-connection satisfies for any left invariant vector fields X and Y

∇_X Y = 1 2 [X, Y ]. (5.2.3)

Proof. There is a unique connection ∇ such that equation 5.2.3 holds. One easily shows that this connection is metric and torsion free. �

Now, let G = SU(2), equipped with the bi-invariant metric and orientation such that e_1 = � i 0 0 −i � , e_2 = � 0 1 −1 0 � , e_3 = � 0 i i 0 �

is a positively oriented, orthonormal basis of the Lie algebra. We have

[e_1, e_2] = 2e_3, [e_2, e_3] = 2e_1, [e_3, e_1] = 2e_2.

There is a unique spin structure. We choose the spinor representation such that Clifford multiplication with e_1 · e_2 · e_3 is the identity on spinors. Let φ be a left invariant spinor, and we extend e_i to left invariant vector fields. Then, the local formula for the connection on the spinor bundle implies

∇_{ei} φ = 1 4 � j,k Γ^k_{ij}e_j · e_k · φ.

Because of the previous lemma

Γ^k_{ij} = ⟨∇_{ei} e_j , e_k⟩ = ε_{ijk} := � � � +1 if (ijk) is an even permutation −1 if (ijk) is an odd permutation 0 if i, j and k are not pairwise different .

Hence ∇_{ei} φ = − 1 2 e_i · φ,

i.e. any left invariant spinor on SU(2) is a spinor to the Killing constant −1/2. In particular, SU(2) with the above metric is isometric to S^3 with the standard metric. On the other hand, a Killing spinor to the constant α = −1/2 on a connected manifold is uniquely characterized by its values at one single point. Hence, the space of Killing spinors to the constant α = −1/2 has complex dimension 2. Thus, the Killing spinors on SU(2) to the Killing constant −1/2 are exactly the left invariant spinors.

In a completely analogous way one proves that right invariant spinors coincide with Killing spinors to the Killing constant 1/2. Hence, we have proven the following theorem.

THEOREM 5.2.4. We identify S^3 = SU(2) as above. Then, left invariant spinors are exactly the Killing spinors to the constant −1/2. Right invariant spinors are exactly the Killing spinors to the constant +1/2.

We obtain the following classification of 3-manifolds carrying a Killing spinor to the constant α ∈ R \ {0}. As before, it suffices to deal with α = ±1/2.

Recall that (A_1, A_2) ∈ SU(2) × SU(2) acts on SU(2) = S^3 via B → A_1BA^{−1}_2 . Note that if Γ is a freely and properly discontinuously acting subgroup of Isom^+(S^3), then spin structures on S^3/Γ correspond to homomorphisms Γ → Spin(4) = P_{Spin}(S^3) such that P_{Spin}(S^3) = Spin(4) = SU(2) × SU(2) ↗ ↓ Γ → P_{SO}(S^3) = SO(4) .

COROLLARY 5.2.5 (Classification of 3-mfds with Killings spinors, α ∈ R \ {0}). (1a) If a complete Riemannian spin 3-manifold N carries a Killing spinor φ to the constant α = −1/2, then there is a discrete subgroup Γ such that there is an orientation preserving isometry N → Γ\SU(2). The spin structure is given by the homomorphism Γ → SU(2) × SU(2), γ → (γ, 1).

(1b) Let Γ be a discrete subgroup of SU(2). We equip N := Γ\SU(2) with the spin structure given by the homomorphism Γ → SU(2) × SU(2), γ → (γ, 1). Then on N there is a complex 2-dimensional space of Killing spinors to the Killing constant −1/2.

(2a) If a complete Riemannian spin 3-manifold N carries a Killing spinor φ to the constant α = 1/2, then there is a discrete subgroup Γ such that there is an orientation preserving isometry N → SU(2)/Γ. The spin structure is given by the homomorphism Γ → SU(2) × SU(2), γ → (1, γ).

(2b) Let Γ be a discrete subgroup of SU(2). We equip N := SU(2)/Γ with the spin structure given by the homomorphism Γ → SU(2) × SU(2), γ → (1, γ). Then on N there is a complex 2-dimensional space of Killing spinors to the Killing constant 1/2.

Note that this corollary only holds for the choice of orientation and spinor representation described above. For other choices, some signs have to be adjusted.

Remark. The discrete subgroups of SU(2) are classified in [Wol67, Page 87–88, Theorem 2.6.7]^1. They are conjugated to one of the groups in the following list.

(1) The cyclic group Z_m of order m, i.e. the subgroup generated by � exp(2πi/m) 0 0 exp(−2πi/m) � .

(2) The binary isometry group D^∗_m of an m-gon: Let D^+_m be the group of orientation preserving isometries of a regular m-gon in R^3, then one defines D^∗_m as D^∗_m := Θ^{−1}(D^+_m), where Θ : SU(2) → SO(3) is the universal covering map.

(3) The binary tetrahedral group T^∗ defined as T^∗ := Θ^{−1}(T^+) where T^+ is the orientation preserving isometry group of a tetrahedron.

(4) The binary octahedral group O^∗ defined as O^∗ := Θ^{−1}(O^+) where O^+ is the orientation preserving isometry group of an octahedron.

(5) The binary icosahedral group I^∗ defined as I^∗ := Θ^{−1}(I^+) where I^+ is the orientation preserving isometry group of an icosahedron.

1Thanks to T. Friedrich [Fri80]

COROLLARY 5.2.6 ([Hij86a]). If a complete Riemannian spin 3-manifold N carries both a Killing spinor to the Killing constant 1/2 and to the Killing constant −1/2, then N is isometric to S^3.

Note that according to Friedrich’s estimate, we know the following. Let N be a compact Riemannian spin 3-manifold with scal ≥ 6. Then, all eigenvalues of D^2 are greater than or equal to 9/4.

COROLLARY 5.2.7 ([Hij86a]). Let N be a compact Riemannian spin 3-manifold with scal ≥ 6. If the smallest eigenvalue of D^2 is 9/4 and has multiplicity at least 3, then N is isometric to S^3. If the smallest eigenvalue is 9/4 with multiplicity at least 1, then N is necessarily of the form described in Theorem 5.2.4 (1a/b) or (2a/b).

5.3 The spinorial Weierstrass representation

5.3.1 Historical background

In this section we want to explain, how a branched conformal immersion M → N induces a spinor on M. Most of the results in this section are well-known, however it is unclear to the author, where those results appeared for the first time.

The fact that a cmc-surface in R^3 yields a spinor satisfying equation (4.2.7) is a modification of results by Weierstrass and has already been known for a long time. Some ideas seem to go back to the work of Eisenhart (1909). Abresch presented it in a talk in Luminy, which was cited by many people, but — unfortunately — was never published. Other references are [Tai97a, Tai97b, Ric97] and works by Pinkall, Kamberov, Bobenko and their collaborators.

The possible target manifold N was extended to arbitrary manifolds carrying a Killing spinor by Christian Bär in [Bär98]. In particular, this is very helpful for studying cmc-immersions into S^3. The main emphasis in Bär’s article was the improvement of extrinsic eigenvalue estimates. We will recall this construction in a slightly modified version in Subsection 5.3.2. If the hypersurface has constant mean curvature, then one can transform the induced spinor into a spinor that satisfies even the simpler equation (5.3.4) (see Theorem 5.3.3, Part (b) and Theorem 5.3.6, Part (b).)

For our application, it is important that any solution of equation 4.2.7 is obtained from a cmc-immersion of the universal covering into R^3. For this result, we refer to [Fri98], but a similar statement is contained in [KS96]. Similarly, L. Voss [Vos99] and independently B. Morel [Mor02] have worked out theorems that tell us that analogous statement holds for immersions into S^3 and H^3.

Our presentations follows closely to [Bär98] and [Fri98].

The spinorial Weierstrass representation also plays a central role in M.U. Schmitt’s preprint [Sch02] where progress towards the Willmore conjecture was achieved. His work is a very rich source of results on Dirac operators on compact surfaces, in particular on 2-dimensional tori.

We also want to add that Hitchin [Hit90] has developped an SU(2)-gauge-theoretical approach for harmonic maps from a compact Riemann surface M into S^3 = SU(2). In particular, he proves the existence of new minimal surfaces T^2 → S^3 with the help of the technique of spectral curves which he develops in there. Another relation of our result to Hitchin’s paper is that the Gauss map of any period cmc-immersion M → R^3 is a harmonic map into S^2. An extension of Hitchin’s methods could be used by E. Carberry for the construction of minimal immersions of T^2 into S^3 of arbitrary spectral genus [Car02]. Similar results for cmc-immersions into R^3 were obtained in [EKT].

5.3.2 Isometric immersions

And this and the following subsection we want to describe how any conformally immersed hypersurface in a manifold carrying a non-trivial Killing spinor induces a solution to the equation

Dφ = H|φ|^{pD−1} φ p_D = 2m/(m − 1).

The converse of this for m = 2 will then be the subject of Subsection 5.3.4.

Let N be an m + 1-dimensional spin manifold which carries a Killing spinor with Killing constant α ∈ R. Let M be an oriented m-dimensional manifold, and let F : M → N be an isometric immersion.

For simplicity we restrict to the case m even, but the statement is similar for m odd.

The normal vector of M as a submanifold of N will be denoted by n, and the second fundamental form (with values in the normal bundle) by II. Then H · n :=^1_m tr II is the mean curvature vector field and H is the mean curvature function.

We will now explain, that the immersion F induces a spin structure on M. The chosen spin structure on N is given by a pair (P_{Spin}N, φ) where P_{Spin}N is a Spin(m+1)- principal bundle and φ : P_{Spin}N → P_{SO}N is a Spin(m + 1) → SO(m + 1) equivariant map.

The map F induces a mapping

F_∗ : P_{SO}M → P_{SO}N (e_1, . . . , e_m) → (n, F_∗e_1, . . . , F_∗e_m).

We define a Spin(m + 1)-principal bundle over M by

P_{Spin}M := {(q, A) ∈ P_{Spin}N × P_{SO}M | φ(q) = F_∗(A)}

and with the natural maps the following diagram commutes

P_{Spin}M P_{Spin}N

P_{SO}M P_{SO}N π_1π_2φF_∗

where π_1 and π_2 are the projections to the first and second component. Hence, (P_{Spin}M, π_2) defines a spin structure on M, the pulled-back spin structure on M.

Remark. Two immersions F_1, F_2 : M → N are called regularly homotopic if there is a homotopy H : M ×[0, 1] → N from F_1 = H( . , 0) to F_2 = H( . , 1) such that H( . , t) is an immersion or all t. If F_1 and F_2 are regularly homotopic, then the pulled-back spin structures coincide. Vice versa, in many cases, including the case m = 2, N = R^3 and the case m = 2, N = S^3 the induced spin structures are equivalent if and only if F_1 and F_2 are regularly homotopic. (See [JT66]. Alternatively it can be derived from Gromov’s h-principle, see e.g. [EM02].)

We will now describe how to pull-back spinors. Let σ_{m+1} : Spin(m+1) → End(Σ_{m+1}) be the spinor representation. For simplicity, we will now restrict to the case that m is even. Then σ_{m+1} restrict to the spinor representation σ_m : Spin(m) → End(Σ_m), Σ_m = Σ_{m+1}. For odd m several small modifications have to be done.

As usual we have

ΣM := P_{Spin}M ×_{σm} Σ_m, ΣN := P_{Spin}N ×_{σm+1} Σ_{m+1}.

The map P_{Spin}M → P_{Spin}N induces an isomorphism

A : ΣM → ΣN|_M .

We will usually identify via A.

Because of ΣN = P_{Spin}N ×_{Spin(m+1)} Σ_{m+1} we can write a spinor on N locally in the form [q_N , σ], where q_N is a local section of P_{Spin}N and σ is a local Σ_{m+1}-valued function. We can even choose q_N and σ such that q_N |_{imageF} lies in F_∗(P_{Spin}M) i.e.

there is a local section q_M of P_{Spin}M with F_∗ ∘ q_M = q_N ∘ F . We now define the pullback of Ψ to be F^∗Ψ := [q_M , σ ∘ F ] .

This definition is independent from the choice of the neighborhood and from the choice of q_N . Hence, it is globally well-defined.

PROPOSITION 5.3.1. For any i = 1, . . . , m we have

F^∗ � ∇^{ΣN}_{ei} Ψ � = ∇^{ΣM}_{ei} F^∗Ψ + 1 2 m� j=1 e_j · (II(e_i, e_j)) · F^∗Ψ.

Proof. We choose a local section q_N of P_{Spin}N, and a local section q_M with F_∗ ∘ q_M = q_N ∘ F . Again, we write (e_0, e_1, . . . , e_m) = φ ∘ q_N . Then, we obtain F^∗φ ∘ q_M = (e_1, . . . , e_m).

Let Γ^k_{ij} resp. Γ̃^k_{ij} be the Christoffel symbols of φ ∘ q_N resp. F^∗φ ∘ q_M . For any i, j, k ∈ {1, . . . , m} we have

Γ^k_{ij} = Γ̃^k_{ij} Γ^0_{ij} e_0 = −Γ^j_{i0} e_0 = II(e_i, e_j ) Γ^0_{i0} = 0.

Writing the Dirac operator in local coordinates we obtain for i = 1, 2

F^∗ � ∇^{ΣN}_{ei} [q_N , σ] � = � q_M , ∂_{ei} σ ∘ F + 1 4 m� j,k=0

Γ^k_{ij} E_j · E_k · σ ∘ F �

= ∇^{ΣM}_{ei} F^∗[q_N , σ] + 1 2 m� j=1 e_j · (II(e_i, e_j )) · [q_N , σ].

Here E_0, . . . , E_m denotes the canonical basis of R^{m+1}. �

PROPOSITION 5.3.2.

F^∗ � D^{ΣN} Ψ − n · ∇^{ΣN}_n Ψ � = D^{ΣM} F^∗Ψ − m 2 F^∗ (Hn · Ψ)

Proof. This proposition follows from the previous one, by Clifford multiplication with e_i and summation over i = 1, . . . , m. �

We obtain a theorem. Part (a) is a modification of a statement in [Bär98]. If α ≠ 0 and if the mean curvature is constant we will use a rotation to obtain a nicer form (Part (b)).

THEOREM 5.3.3. We assume that the m + 1-dimensional spin manifold (N, g) carries a non-trivial Killing spinor Ψ, |Ψ| ≡ 1 to the Killing constant α ∈ R. Let M → N be the immersion of an m-dimensional oriented manifold M into N and let D be the Dirac operator on M with respect to the spin structure pulled-back via F . (a) If α = 0 then the spinor ψ = 1 √ 2 � F^∗Ψ + n · F^∗Ψ �

is a solution of D^{ΣM} ψ = m 2 Hψ |ψ| ≡ 1.

(b) If α is any real number and if H is constant, then there is z = a + ib ∈ C, |z| = 1, such that φ = aF^∗Ψ + b n · F^∗Ψ is a solution of D^{ΣM} φ = m 2 √ H^2 + 4α^2 φ, |φ| ≡ 1. (5.3.4)

Proof of Theorem 5.3.3. As Ψ is a Killing spinor we have

∇^{ΣN}_V Ψ = αV · Ψ for all vector fields V .

As a consequence D^{ΣN} Ψ − n · ∇^{ΣN}_n Ψ = −mαΨ.

Applying the previous proposition we obtain

D^{ΣM} F^∗Ψ = F^∗ �m 2 Hn · Ψ − mαΨ �

= m 2 Hn · F^∗Ψ − mαF^∗Ψ

An easy calculation gives D^{ΣM} n· = −n · D^{ΣM} , and we obtain for

ψ := 1 √ 2 � F^∗Ψ + n · F^∗Ψ �

the equation D^{ΣM} ψ = m 2 � H + 2αn · � ψ, (5.3.5)

which provides (a), i.e. the claimed equation if α = 0.

If α ∈ R is arbitrary and H is constant, then we set

φ = aF^∗Ψ + b n · F^∗Ψ

for a, b ∈ R that will be chosen later

D^{ΣM} φ = aD^{ΣM} ψ + bD^{ΣM} n · ψ = m 2 (−2αa + bH)F^∗Ψ + m 2 (aH + 2αb)n · F^∗Ψ.

Our goal is to choose a and b such that D^{ΣM} φ = √ H^2 + 4α^2 φ. In order to achieve this, we use that the subalgebra R ⊕ Rn of the Clifford algebra is isomorphic to C. We set z = a + bi ∈ C. An easy calculation in C shows that D^{ΣM} φ = √ H^2 + 4α^2φ iff z = −2α + Hi √ H^2 + 4α^2 z. This is satisfied if 2 arg z = arg(−2α + Hi) and |z| = 1. We obtain (b). �

Definition. The spinor ψ resp. φ provided by the above theorem will be called the spinor induced by the immersion F .

5.3.3 Conformal immersions with possible branching points

As before, let N be an m+1-dimensional spin manifold which carries a Killing spinor with Killing constant α ∈ R. However, we release the condition that F : (M, g_0) → (N, g_N ) is an isometric immersion. We only claim that it is conformal. If m = 2 we also admit a set of branching points of odd order.

Outside S we write g = F^∗(g_N ) = f^2g_0, f^2 = |dF |^2_{g0} ∈ C^∞(M), f ∈ C^∞(M \ S). Then we can apply Proposition 2.2.1 and transform the results of the previous section. We set A_2 := A_1 ∘ A, where A denotes as before the isomorphism ΣN → ΣM|_N . We directly obtain

THEOREM 5.3.6. We assume that the spin manifold (N^{m+1}, g) carries a non-trivial Killing spinor Ψ, |Ψ| ≡ 1 to the Killing constant α ∈ R. Let (M^m, g_0) → (N, g) be a conformal immersion into N and let D be the Dirac operator on M with respect to g_0 and the spin structure pulled-back via F . Let m be even.

(a) If α = 0 then the spinor 1 √ 2 A^{−1}_2 � F^∗Ψ + n · F^∗Ψ �

is a solution of Dψ = H|ψ|^{2m−1} ψ |ψ| ≡ |dF |^{n−12}g_0 .

(b) If α is any real number and if H is constant, then there is z = a + ib ∈ C, |z| = 1, such that φ = A^{−1}_2 (aF^∗Ψ + b n · F^∗Ψ) is a solution to

Dφ = √ H^2 + 4α^2 |φ|^{2n−1} φ, |φ| ≡ |dF |^{n−12}g_0 .

If m = 2, we also admitted branching points of odd order. A priori, φ and ψ are only defined outside S. However, if the order of the branching points is odd, then the induced spin structure (which a priori is only defined on M \ S) extends to M. Furthermore, we can extend φ and ψ by 0 in the branching points of F . Hence, the spinors φ and ψ vanish exactly in the branching points of F . As m = dim M = 2, the regularity results in Section 4.4 imply that φ and ψ are smooth in the branching points.

5.3.4 From a spinor to an immersion

It is a natural question to ask whether any solution of

Dφ = λ|φ|^{pD−2} φ p_D = 2m/(m − 1) (5.3.7)

on M^m is induced from a conformal immersion into an m + 1-dimensional manifold carrying a Killing spinor. We will show now that if m = 2 and if M^m is simply connected, then any solution arises in this way. Thus, let M^m, m = 2, be a simply connected surface, and assume that the 3-manifold N carries a fixed Killing spinor to the Killing constant α ∈ R. Any immersion of M into N can be lifted to the universal covering of N. Hence, without loss of generality, we can assume that N is simply connected, i.e. it is the simply connected manifold M(κ) of constant sectional curvature 4α^2.

PROPOSITION 5.3.8. Let (M, g_0) be a simply connected surface, and let φ be a solution to the non-linear spinor equation

Dφ = λ|φ|^2φ λ ∈ R

Then if λ^2 ≥ κ ≥ 0, then there is a branched conformal immersion F : M → M(κ) with constant mean curvature ± √ λ^2 − κ, such that |dF | = |φ|^2 and φ is the spinor induced by F .

Proof. At first we assume that F is isometric and |φ| ≡ 1. In the case α = κ = 0 the statement of the proposition has been proven in [KS96] and [Fri98]. For positive κ one has to do some modifications. As a first step we set

ϑ = aφ + b vol_M · φ

5.4. Cmc-immersions into space-forms 63

for a and b chosen similarly as in the proof of Theorem 5.3.3, Part (b). This spinor satisfies Dϑ = ± √ λ^2 − 4α^2 ϑ − 2αvol · ϑ.

It has been shown independently by Voss and Morel [Vos99, Satz 4.1] and [Mor02, Theorem 4.1] that there is an immersion F into M(κ) such that ϑ = F^∗Ψ for a Killing spinor Ψ on M(κ).

In order to derive the non-isometric case from this, one removes the set of branching points S. After conformally rescaling by g_1 := |φ|^{−4}g_0, the isometric case provides an isometric immersion F̃ of the universal covering F̃ : ( ~M \ S, g_1) into M(κ) which pushes down to a map F : M → M(κ) such that ~ M \ S^{~F}→ M(κ) ↓^↗_F M commutes.

5.4 Cmc-immersions into space-forms

Taking together the results of Chapter 4 and the results of the preceding sections we obtain immersions into M(κ) for κ ≥ 0. After a possible change of orientation or of the spinor representation, we can restrict to the case α ≤ 0.

Let (M, [g_0]) be a compact Riemann surface, i.e. the orientation and the conformal class is fixed. We further assume that M carries a spin structure σ. (Choosing a spin structure σ on the surface M is in fact equivalent to choosing a square root of the complex line bundle T M → M.)

Let λ^+_1 (M, g, σ) be the first positive eigenvalue of the Dirac operator on (M, g, σ). REcall that we defined in (2.4.1)

λ^+_{min}(M, [g_0], σ) := inf_{g∈[g0]} λ^+_1 (M, g, σ) vol(M, g)^{1/n}.

Let ~M be the universal covering of M, and let Γ = π_1(M) be the fundamental group, acting as Deck transformations on M.

THEOREM 5.4.1. If λ^+_{min}(M, [g_0], σ) < 2 √ π, then there exists a conformal branched immersion F : ~M → R^3 and a group homomorphism h : Γ → R^3 such that

(1) F (γ · p) = F (p) + h(γ)

(2) If M_1 is a fundamental domain of ~M → M, then area(F (M_1)) = 1, or more exactly area(M_1, F^∗g_{eucl}) = 1.

(3) The mean curvature of F (M) is constant and equals to λ^+_{min}(M, [g_0], σ). Remark. The Willmore integral of such an immersion F is � F (M)

H^2 = λ^+_{min}^2 < 4π.

On the other hand, it is easy to prove that if M is a compact surface, then any immersion F : M → R^3 satisfies � F (M)

H^2 ≥ 4π.

As a consequence we see that h(Γ) contains nontrivial elements. Analogously, we obtain immersions into M(κ), κ > 0. We view M(κ) as SU(2) = S^3 equipped with the metric κ^{−2}g_{can}. THEOREM 5.4.2. If λ^+_{min}(M, [g_0], σ) < 2 √ π, then there exists a conformal branched immersion F : ~M → M(κ) and a group homomorphism h : Γ → SU(2) such that (1) F (γ · p) = h(γ) · F (p).

(2) If M_1 is a fundamental domain of ~M → M, then area(F (M_1)) = 1, or more exactly area(M_1, F^∗(κ^{−1}g_{can})) = 1.

(3) The mean curvature of F (M) is constant and equals to H with H^2 + κ = λ^+_{min}(M, [g_0], σ)^2.

In the same manner as above, we conclude that h(Γ) contains non-trivial elements. Remark. Using Lawson’s transform [Law70], we also obtain immersions into M(κ), κ < 0, for a periodicity map h : Γ → Isom(M(κ)).

5.5 Open problems

In this section we want to formulate some open problems which are interesting for further investigations.

Problem No. 1

CONJECTURE 5.5.1 (Spinorial positive mass conjecture for surfaces). Let (M, g) be a compact Riemann surface of genus ≥ 1 with spin structure σ. Then

λ^+_{min}(M, [g], σ) < 2 √ π. Problem No. 2 A theory for stationary points of F_q which are not suprema is required. Examples of such stationary points are obtained by closed cmc-immersions in R^3, e.g. Wente tori.

Problem No. 3 If κ ≥ 0, then we have seen that the period map h takes values in R^3 or SU(2), which are both 3-dimensional subgroups of Isom(M(κ)). For κ < 0 we obtained periodic immersions into M(κ) via Lawson’s transform. It is unclear whether there is a 3-dimensional subgroup of Isom(M(κ)) such that h(Γ) is contained in this subgroup.

5.6 Examples and Visualizations

In this section we want to present some examples of surfaces obtained by our construction. The first two examples are already well studied and visualizations exist. The third one yields new periodic conformal immersions, but no visualization exist until now. As we consider it interesting to visualize them in the future, we added a subsection on software that could be used to visualize them in future.

5.6.1 Unduloids

visualized by N. Schmitt.

A (2-dimensional) torus with any Riemannian metric carries four different spin structures. For exactly one of them, the so-called trivial spin structure, the dimension of the kernel of the Dirac operator is 2, for all other spin structures, the non-trivial spin structures, the kernel is {0}. The terminology comes from the fact that if the metric is flat, then the trivial spin structure is the only one which is trivialized by parallel spinors.

Remark. We want to warn the reader that this terminology is a bit misleading if one considers spin-cobordism. The 2-dimensional spin cobordism group is Z_2, and T^2 equipped with the trivial spin structure represents the non-trivial element

Figure 5.1: The curve generating F : R^2/⟨e_1⟩ → R^3

in Z_2, whereas T^2 with any non-trivial spin structure represents the trivial element in Z_2.

Note that any torus is conformal to a flat one, and hence it can be written as R^2/Γ, where Γ is a lattice acting on R^2 via translations.

PROPOSITION 5.6.1. Let T^2 = R^2/Γ be the torus with the canonical metric and with a spin structure. Assume that Γ is generated by two orthogonal vectors e_1 and e_2, and that the spin structure is such that there exists a parallel section of the spinor bundle along e_1, but not along e_2. Then the spinorial positive mass theorem (Conjecture 5.5.1) holds for this surface, i.e. λ^+_{min} < 2 √ π. Proof. Let F : R^2/⟨e_1⟩ → R^3, F ∈ C^1 be the periodic conformal immersion that parametrizes the surface of revolution obtained by rotating the curve drawn in Figure 5.1.

The convex parts are isometric to spheres of radius 1 with two caps removed, say {(x, y, z) | x^2 + y^2 + z^2 = 1, − cos ρ ≤ x ≤ cos ρ} for ρ ∈ (0, π/2) On the other hand, the concave part is a part of a catenoid, hence a minimal surface. One sees that such a catenoid can be glued in a C^1-manner for any ρ ∈ (0, π/2). Furthermore it is a periodic conformal immersion of a flat torus as described above, and |e_2|/|e_1| runs from 0 to ∞ when ρ runs from 0 to π/2.

We calculate the Willmore integral

W(F ) = � H^2 = 4π sin ρ < 4π

Figure 5.2: An unduloid in R^3, visualized by Nick Schmitt.

where the integral is taken over a fundamental domain.

The standard Rayleigh quotient argument shows that for the metric induced from R^3 the Dirac operator has an eigenvalue λ with λ^2area < 4π. The Dirac spectrum of surfaces is symmetric, hence λ^+_{min} < 2 √ π. �

As a consequence, we see that F_{4/3} attains its supremum, say in ψ = Dφ. The Euler-Lagrange equations are Dφ = λ |φ|^2φ. If ρ is sufficiently close to π/2, then one easily sees that the inf λ^+_1 area(T^2)^{1/2} is not attained by a flat metric, and hence the length of φ is not constant. Hence, the spinorial Weierstrass representation induces a periodic conformal immersion into R^3 which is not isometric. It is not known which cmc-immersion we obtain. However, we conjecture that one obtains the unduloid, visualized in Figure 5.2.

Similarly, we conjecture that in S^3 we obtain unduloids in S^3. Some unduloids are “closed”, i.e. the immersion R^2/(rZ × {0}), r ∈ R^+ factors to a finite covering of the torus. Others are not closed, and the image is dense in a 3-dimensional set. An example of a closed one is visualized in Figure 5.3.

5.6.2 Triply periodic examples

studied and visualized by K. Grosse-Brauckmann.

We want to present some triply periodic examples in this subsection.

We start with a periodic minimal surface in R^3 displayed in Figure 5.4. We view this surface as a minimal surface M in the 3-torus T^3 =^{R3}_{Z3} .

Let O be the octahedral group, i.e. the symmetry group of the regular cube or of

Figure 5.3: An unduloid in S^3, visualized by Nick Schmitt.

Figure 5.4: A periodic minimal surface, visualized by K. Grosse-Brauckmann with GRAPE the regular octahedron. The group O also acts as isometries on M. The orientation preserving elements in O are denoted as O^+. Let O^∗ be the binary octahedral group, i.e. the preimage of O^+ under Spin(3) = SU(2) → SO(3). Let M carry the induced spin structure. Then, O^∗ acts on the spin structure, and hence the spinor bundle is an O^∗ → O^+-equivariant bundle.

Figure 5.5: A periodic surface of constant mean curvature, visualized by K. Grosse- Brauckmann with GRAPE

The parallel spinors on T^3 induce a 2-dimensional O^∗-invariant space of harmonic spinors on M. We now deform the conformal structure inside the class of O^+- equivariant conformal structures. Let us assume that we perturb the original metric g on M to a metric g^′. As M has genus ≥ 3, one knows [Mai97] that there are such deformations with dim ker D_g′ < dim ker D_g. Because eigenvalues of the Dirac operator are continuous in the C^1-topology, we know that if we choose g^′ sufficiently C^1-close to g, then we have

λ^+_{min}(M, [g^′], σ) < 2 √ π.

One can strengthen this result by looking only at the O^∗-invariant spinors and the same arguments as above imply that the O^∗-invariant version of λ^+_{min} (i.e. the infimum of λ^+_1 area^{1/2} running over the O^∗-invariant metrics) is smaller than 2 √ π. All constructions in Chapter 4 are Γ^∗ equivariant. Hence, one can adapt the methods in Chapter 4 to the equivariant setting and we obtain a Γ^∗-invariant solution to equation (4.2.7).

Hence, the results of Chapter 4 imply that there is a solution to equation (4.2.7). As all our constructions are Γ^∗-equivariant, we can even assume that the obtained solution is Γ^∗-equivariant.

This solution yields a cmc-surface, which is again Γ^+-equivariant, see e.g. Figure 5.5.

Similarly, but with slightly more technical efforts, one deals with non-orientation preserving symmetries.

5.6.3 New examples

Now, we will give some examples of new conformal cmc-surfaces.

We start with the periodic minimal surface from the last subsection, given as a conformal embedding (M, [g]) → R^3/Z^3. As before let [g^′] be close to [g], but we release the symmetry condition. Once again if [g^′] is sufficiently close to [g] and if dim ker D_g′ < dim ker D_g, then

λ^+_{min}(M, [g^′], σ) < 2 √ π. Chapter 4 implies that (4.2.7) has a solution, and we obtain a conformally immersed surface of constant mean curvature. The rank of the period group of the immersed surface might even be larger than 3, in which case the image would be everywhere dense.

A completely other construction yields that any surface of arbitrary genus γ carries a spin-conformal class with

λ^+_{min}(M, [g], σ) < 2 √ π. (5.6.2)

The construction generalizes the construction in Proposition 5.6.1. The idea behind this construction is to take not only a line of unit spheres, but a periodic configuration of unit spheres, where the period group is a group of rank γ, say generated by e_1, . . . , e_γ . We choose the lengths of the generators e_i appropriately (in particular, not too far away from 2), we cut off small neighborhoods of ±e_i/|e_i| and their translates via the period map, and glue in minimal surfaces joining each sphere S_k to e_i + S_k. The induced spinor Φ is a spinor such that F_q(Φ) > (2 √ π)^{−1}. Hence, we have a test spinor that shows (5.6.2)

5.6.4 Software for visualizing cmc-surfaces

At end, we want to note that there is a growing number of interesting and free software which is extremely helpful to visualize minimal and cmc-surfaces in the space-forms H^3, R^3 and S^3. See at

http://www.berndammann.de/softwarelinks

for links to these programs.

A classical program is Ken Brakke’s surface evolver. The program works with triangulated surfaces, and numerical routines try to minimize the area of a surface under various constraints. This admits drawing minimal and cmc-surfaces. These programs can handle periodic surfaces very efficiently.

Much more adapted to the spinorial Weierstrass representation are various programs of the software packages of GANG, the Center for Geometry, Analysis, Numerics and Graphics (GANG) at the University of Massachusetts, Amherst, Massachusetts, USA. Nick Schmitt and his collaborators have programmed many programs (minlab, cmclab and others) for visualizing minimal and cmc-surfaces with the help of the spinorial Weierstrass representation.

Two other important packages for visualizations are MESH and GRAPE.

72 Chapter 5. Spinorial Weierstrass representations

Bibliography

[Ada75] R. Adams, Sobolev Spaces, Academic Press, 1975. [AF] B. Ammann and E. Feldman, preprint in preparation. [AH05] B. Ammann and E. Humbert, Positive mass theorem for the Yamabe problem on spin manifolds, GAFA 15 (2005), 567–576.

[AHM03] B. Ammann, E. Humbert, and B. Morel, A spinorial analogue of Aubin’s inequality, ArXiv math.DG/0308107, 2003.

[Amm] B. Ammann, Analysis auf Mannigfaltigkeiten und Index-Theorie (German), Lecture notes from a lecture at Hamburg University, 2002–2003, http://www.berndammann.de/publications.

[Amm03a] , The smallest Dirac eigenvalue in a spin-conformal class and cmc-immersions, Preprint, 2003.

[Amm03b] , A spin-conformal lower bound of the first positive Dirac eigenvalue, Diff. Geom. Appl. 18 (2003), 21–32.

[Aub76] T. Aubin, Équations différentielles non linéaires et problème de Yamabe concernant la courbure scalaire., J. Math. Pur. Appl., IX. Ser. 55 (1976), 269–296.

[Bär92] C. Bär, Lower eigenvalue estimates for Dirac operators, Math. Ann. 293 (1992), 39–46.

[Bär93] , Real Killing spinors and holonomy, Commun. Math. Phys. 188 (1993), 509–521.

[Bär95] , Indextheorie, Lecture notes (unpublished), 1995. [Bär96] , The Dirac operator on space forms of positive curvature, J.

Math. Soc. Japan 48 (1996), 69–83.

[Bär97] , On nodal sets for Dirac and Laplace operators, Comm. Math.

Phys. 188 (1997), 709–721.

[Bär98] , Extrinsic bounds for eigenvalues of the Dirac operator, Ann.

Global Anal. Geom. 16 (1998), 573–596.

[BBMW] B. Booss-Bavnbek, M. Marcolli, and B. L. Wang, Weak UCP and perturbed monopole equations, preprint arxiv:math.dg/0203171.

[BGV91] N. Berline, E. Getzler, and M. Vergne, Heat kernels and Dirac operators, Springer-Verlag, 1991.

[Car02] E. Carberry, On the existence of minimal tori in S^3 of arbitrary spectral genus, Ph.D. thesis, Princeton University, 2002.

[CGH00] D. M. Calderbank, P. Gauduchon, and M. Herzlich, On the Kato inequality in Riemannian geometry., Bourguignon, Jean Pierre (ed.) et al., Global analysis and harmonic analysis. Papers from the conference, Marseille-Luminy, France, May 1999. Paris: Société Mathématique de France. Sémin. Congr. 4, 95-113 , 2000.

[CGLS86] M. Cahen, S. Gutt, L. Lemaire, and S. Spindel, Killing spinors, Bull.

Soc. Math. Belg. 38 (1986), 75–102.

[Dav87] E. B. Davies, Explicit constants for Gaussian upper bounds on heat kernels, Amer. J. Math. 109 (1987), 319–333.

[DP89] E. B. Davies and M. M. H. Pang, Sharp heat kernel bounds for some Laplace operators, Quart. J. Math. Oxford, II. series 40 (1989), no. 159, 281–290.

[EKT] N. M. Ercolani, H. Knörrer, and E. Trubowitz, Hyperelliptic curves that generate constant mean curvature tori in R^3, In Integrable Systems, Luminy 1991.

[EM02] Y. Eliashberg and N. Mishachëv, Introduction to the h-principle., Mathematical Surveys and Monographs. 48. Providence, RI: American Mathematical Society (AMS), 2002.

[Feg76] H. D. Fegan, Conformally invariant first order differential operators., Quart. J. Math. Oxford, II. series 27 (1976), 371–378.

[Fri80] T. Friedrich, Der erste Eigenwert des Dirac-Operators einer kompakten Riemannschen Mannigfaltigkeit nicht-negativer Krümmung, Math. Nach. 97 (1980), 117–146.

[Fri98] , On the spinor representation of surfaces in Euclidean 3-space., J. Geom. Phys. 28 (1998), 143–157.

[Fri00] , Dirac Operators in Riemannian Geometry, Graduate Studies in Mathematics 25, AMS, Providence, Rhode Island, 2000.

[Gau91] P. Gauduchon, Structures de Weyl et théorèmes d’annulation sur une variété conforme autoduale, Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 18 (1991), 563–629.

[GB98] K. Grosse-Brauckmann, Complete embedded constant mean curvature surfaces, Habilitationsschrift, Universität Bonn, 1998.

[Gro99] M. Gromov, Metric structures for Riemannian and non-Riemannian spaces, Birkhäuser Boston Inc., Boston, MA, 1999.

[GT77] D. Gilbarg and N. Trudinger, Elliptic partial differential equations of second order, Grundlehren der mathematischen Wissenschaften, no. 224, Springer-Verlag, 1977.

[Hij86a] O. Hijazi, Caractérisation de la sphère par les premières valeurs propres de l’opérateur de Dirac en dimensions 3, 4, 7 et 8, C. R. Acad. Sci. Paris Sér. I Math. 303 (1986), no. 9, 417–419.

[Hij86b] , A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors, Comm. Math. Phys. 104 (1986), 151–162.

[Hij91] , Première valeur propre de l’opérateur de Dirac et nombre de Yamabe, C. R. Acad. Sci. Paris t. 313, Série I (1991), 865–868.

[Hij01] , Spectral properties of the Dirac operator and geometrical structures., Ocampo, Hernan (ed.) et al., Geometric methods for quantum field theory. Proceedings of the summer school, Villa de Leyva, Colombia, July 12-30, 1999. Singapore: World Scientific. 116–169 , 2001.

[Hit74] N. Hitchin, Harmonic spinors, Adv. Math. 14 (1974), 1–55.

[Hit80] , Linear field equations on self-dual spaces, Proc. Roy. Soc. London Ser. A 370 (1980), 173–191.

[Hit90] , Harmonic maps from a 2-torus to the 3-sphere, J. Diff. Geom.

31 (1990), 627–710.

[JL89] D. Jerison and J. M. Lee, Intrinsic CR normal coordinates and the CR Yamabe problem., J. Differ. Geom. 29 (1989), 303–343.

[JT66] I. James and E. Thomas, Note on the classification of cross-sections, Topology 4 (1966), 351–359.

[KMS01] K. Kuwae, Y. Machigashira, and T. Shioya, Sobolev spaces, Laplacian, and heat kernel on Alexandrov spaces., Math. Z. 238 (2001), 269–316.

[KS96] R. Kusner and N. Schmitt, The spinor representation of surfaces in space, preprint, http://www.arxiv.org/abs/dg-ga/9610005, 1996.

[KS01] K. Kuwae and T. Shioya, On generalized measure contraction property and energy functionals over Lipschitz maps., Potential Anal. 15 (2001), 105–121.

[Law70] H. B. Lawson, Complete minimal surfaces in S^3, Ann. Math., 2nd series 92 (1970), 335–374.

[Lie83] E. H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities., Ann. Math. 118 (1983), 349–374.

[LL96] E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics. 14.

Providence, RI: AMS, 1996.

[LM89] H.-B. Lawson and M.-L. Michelsohn, Spin geometry, Princeton University Press, Princeton, 1989.

[Lot86] J. Lott, Eigenvalue bounds for the Dirac operator, Pacific J. of Math.

125 (1986), 117–126.

[LP87] J. M. Lee and T. H. Parker, The Yamabe problem., Bull. Am. Math.

Soc., New Ser. 17 (1987), 37–91.

[Mai97] S. Maier, Generic metrics and connections on spin- and spin-^cmanifolds, Comm. Math. Phys. 188 (1997), 407–437.

[Mor02] B. Morel, Surfaces in S^3 and H^3 via spinors, preprint, 2002, math.DG/0204090.

[NS79] A. Nagel and E.M. Stein, Lectures on pseudo-differential operators: Regularity theorems and applications to non-elliptic problems, Mathematical Notes. 24. Princeton, New Jersey: Princeton University Press and University of Tokyo Press, 1979.

[Pfä02] F. Pfäffle, Eigenwertkonvergenz für Dirac-Operatoren, Ph.D. thesis, University of Hamburg, Germany, 2002, Shaker Verlag Aachen 2003, ISBN 3-8322-1294-9.

[PT82] T. Parker and Clifford Henry Taubes, On Witten’s proof of the positive energy theorem., Commun. Math. Phys. 84 (1982), 223–238.

[Ric97] J. Richter, Conformal maps of a Riemann surface into the space of quaternions, Ph.D. thesis, TU Berlin, 1997.

[Roe88] J. Roe, Elliptic operators, topology and asymptotic methods, Pitman Research Notes in Mathematics Series, no. 179, Longman, 1988.

[Ros] A. Ros, Isoperimetric inequalities in cristallography, available for download at http://www.ugr.es/∼aros/periodic.htm.

[Ros01] , The Isoperimetric Problem, Lecture Notes from the Clay Mathematics Institute Summer School on the Global Theory of Minimal Surfaces June 25, 2001 to July 27, 2001, 2001.

[Sch84] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J. Diff. Geom. 20 (1984), 479–495.

[Sch02] M. U. Schmidt, A proof of the Willmore conjecture, preprint: Arxiv math.dg/0203224, 2002.

[See67] R. T. Seeley, Complex powers of an elliptic operator, Singular Integrals (Proc. Sympos. Pure Math., Chicago, Ill., 1966), Amer. Math. Soc., Providence, R.I., 1967, pp. 288–307.

[SY79a] R. Schoen and S.-T. Yau, On the proof of the positive mass conjecture in general relativity., Comm. Math. Phys. 65 (1979), 45–76.

[SY79b] , Proof of the positive action conjecture in quantum relativity, Phys. Rev. Lett. 42 (1979), 547–548.

[SY81] , Proof of the positive mass theorem. II., Commun. Math. Phys.

79 (1981), 231–260.

[SY88] , Conformally flat manifolds, Kleinian groups and scalar curvature., Invent. Math. 92 (1988), 47–71.

[Tai97a] I. A. Taimanov, Modified Novikov-Veselov equation and differential geometry of surfaces, Solitons, geometry, and topology: on the crossroad (V. M. Buchstaber (ed.) et al., ed.), Transl., Ser. 2, vol. 179 (33), AMS, Providence, RI, 1997, pp. 133–151.

[Tai97b] , Surfaces of revolution in terms of solitons, Ann. Glob. Anal.

Geom. 15 (1997), 419–435.

[Tay81] M. E. Taylor, Pseudodifferential operators, Princeton University Press, Princeton, N.J., 1981.

[Tru68] N. S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on compact manifolds, Ann. Sc. Norm. Super. Pisa, Sci. Fis. Mat., III. Ser. 22 (1968), 265–274.

[Vos99] L. Voss, Eigenwerte des Dirac-Operators auf Hyperflächen, Diplomarbeit, Humboldt Universität zu Berlin, 1999.

[Wit81] E. Witten, A new proof of the positive energy theorem., Commun. Math.

Phys. 80 (1981), 381–402.

[Wol67] J. A. Wolf, Spaces of constant curvature, Mc Graw Hill, 1967.

KEYWORD INDEX 79

Keyword Index

Atiyah-Singer operator, 8

Bär-Hijazi-Lott invariant, 12

Classical Dirac operator, 8 Cmc-immersions into space forms, 63 Conformal functional F^M_q , 43 Conformal Laplacian, 13 Conformal weight, 9

Dirac bundle, 8 Dirac eigenvalue

largest negative, 42 smallest positive eigenvalue, 39 smallest positive on singular spaces, 41 Dirac-Newton potential, 19 Dirac-Poisson equation, 17 Duality principle, 42

Generalized conformal metrics, 40 Global L^p estimates, 31 Global Schauder estimates, 29 Green’s function, 34

Induced or pulled-back spin struture, 57 Induced spinor, 61 Interior L^p estimates, 29 Interior Schauder estimates, 27, 28 Interpolation inequalities, 22

Killing spinor, 52 Killing spinors, Classification of 3-mfds

with Killing spinors, 55

Nodal sets of Dirac operators, 49

Periodic isoperimetric problem, 51

Regular metrics, 40 Regularity Theorem, 45

Rellich-Kondrakov Theorem, 36 Riemannian spin manifold, 7

Singular metrics, 40

smallest positive Dirac eigenvalue for , 41 Sobolev Embedding theorems, 36 Sobolev norms of integer order, 29 Sobolev spaces of fractional order , 33 Spinor bundle, 8 Spinor of weight α, 11 Spinor representation, 8 Spinorial positive mass conjecture, 65 Spinorial Weierstrass representation, 56 Subcritical solutions, 46 Subgroups of SU(2), 55

Unduloids, 65

Weak Unique Continuation Property, 49 Yamabe invariant, 13 Yamabe operator, 13 Yamabe problem, 40 Yamabe-CR-problem, 40

Symbol Index

∇_k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 ∂_k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 [φ]^∗_{k,0;Ω},[φ]^∗_{k,α;Ω} . . . . . . . . . . . . . . . . . . . . . 16 [φ]_{k,0;Ω},[φ]_{k,α;Ω} . . . . . . . . . . . . . . . . . . . . . 16 ‖φ‖^′_{k,0;Ω}, ‖φ‖^′_{k,α;Ω} . . . . . . . . . . . . . . . . . . 16 ‖φ‖^∗_{k,0;Ω},‖φ‖^∗_{k,α;Ω} . . . . . . . . . . . . . . . . . . . 16 ‖φ‖^{(k)}_{0,α;Ω} . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 ‖φ‖_Ck,α_{(Ω)}, ‖φ‖_Ck_{(Ω)} . . . . . . . . . . . . . . . 17 ‖φ‖_Ck,α_{(Ω;V )}, ‖φ‖_Ck_{(Ω;V )} . . . . . . . . . . . . 17 ‖φ‖_{k,0;Ω}, ‖φ‖_{k,α;Ω} . . . . . . . . . . . . . . . . . . 16

O^∗, O^+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

D or D^S . . . . . . . . . . . . . . . . . . . . . . . . . . . .8 |D| . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 d_x, d_{x,y} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

F : ~M → R^3 . . . . . . . . . . . . . . . . . . . . . . . 51 F^M_q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

H^p_k . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32, 34

L_g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .13

M(g_0). . . . . . . . . . . . . . . . . . . . . . . . . . . . .40

P_{SO}(M, g) . . . . . . . . . . . . . . . . . . . . . . . . . . 7 P_{Spin}(M, g) . . . . . . . . . . . . . . . . . . . . . . . . . 7

S_g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

λ^+_{min}(M, [g_0], σ) . . . . . . . . . . . . . . . . . . . . 12 λ_1(L_g). . . . . . . . . . . . . . . . . . . . . . . . . . . . .13 λ^+_1 (g) . . . . . . . . . . . . . . . . . . . . . . . . . . 12, 41 λ_Y (M, [g]) . . . . . . . . . . . . . . . . . . . . . . . . . 13 μ_q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 ΣM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 σ^0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 σ^1_k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 Θ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

List of Publications

Articles

• Bernd Ammann, Minimal geodesics and nilpotent fundamental groups, Geom.

Dedic. 67, 129–148 (1997).

• Bernd Ammann und Christian Bär, The Dirac operator on nilmanifolds and collapsing circle bundles, Ann. Global Anal. Geom. 16, 221–253 (1998).

• Bernd Ammann, Spin-Strukturen und das Spektrum des Dirac-Operators, Dissertation, Shaker-Verlag Aachen 1998.

• Bernd Ammann, The Dirac operator on collapsing circle bundles, Sém. Th. Spec.

Géom. Inst. Fourier Grenoble 16, 33–42 (1997-98).

• Ilka Agricola, Bernd Ammann und Thomas Friedrich, A comparison of the eigenvalues of the Dirac and Laplace operator on the two-dimensional torus, Manuscripta Math. 100, 231-258 (1999) • Bernd Ammann und Christian Bär, Dirac eigenvalues and total scalar curvature, J. Geom. Phys. 33, 229-234 (2000) • Bernd Ammann, The Willmore Conjecture for immersed tori with small curvature integral, Manuscripta Math. 101, 1-22 (2000) • Bernd Ammann, Dirac eigenvalue estimates on 2-tori, to appear in J. Geom. Phys.

• Bernd Ammann, A spin-conformal lower bound of the first positive eigenvalue of the Dirac operator, Diff. Geom. Appl. 18, 21–32 (2003) • Bernd Ammann, Christian Bär, Dirac eigenvalue estimates on surfaces, Math. Z.

240, 423–449 (2002)

Preprints

• Bernd Ammann, Robert Lauter, Victor Nistor, On the geometry of Riemannian manifolds with a Lie structure at infinity, Preprint 2002 • Bernd Ammann, Robert Lauter, Victor Nistor, Andras Vasy, Complex powers and non-compact manifolds, Preprint 2002 • Bernd Ammann, Robert Lauter, Victor Nistor, Pseudodifferential operators on manifolds with a Lie structure at infinity, Preprint 2003 • Bernd Ammann, Chadwick Sprouse, Manifolds with small Dirac eigenvalues are nilmanifolds, Preprint 2003 • Bernd Ammann, The smallest positive Dirac eigenvalue in a spin-conformal class, Preprint 2003 • Bernd Ammann, Emmanuel Humbert, Positive mass theorem for the Yamabe problem on spin manifolds, Preprint 2003

Conference Proceedings

• Bernd Ammann, Christian Bär, The Einstein-Hilbert Action as a Spectral Action, in: Scheck, Werner, Upmeier (eds.), Proceedings of the Congress “Noncommutative Geometry and the Standard Modell of Elementary Particle Physics” at Hesselberg, Germany, 1999.

• Bernd Ammann, Ambient Dirac eigenvalue estimates and the Willmore functional, in: O. Hijazi (ed.), Proceedings of the Congress “The Dirac operators and its applications” at Beirut, Lebanon, 2001.

All publications are available under

http://www.berndammann.de/publications