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ABSTRACT. We prove regularity estimates in weighted Sobolev spaces for the L2-eigen-
functions of Schrodinger type operators whose potentials have inverse square singularities
and uniform radial limits at infinity. In particular, the usual /N-body Hamiltonians with
Coulomb-type singular potentials are covered by our result: in that case, the weight is
0r(z) = min{d(xz,UF), 1}, where d(x, U F) is the usual Euclidean distance to the
union U F of the set of collision planes F. The proof is based on blow-ups of manifolds
with corners and Lie manifolds. More precisely, we start with the radial compactifica-
tion X of the underlying space X and we first blow up the spheres Sy C Sx at infinity
of the collision planes Y € F to obtain the Georgescu—Vasy compactification. Then, we
blow up the collision planes F. We carefully investigate how the Lie manifold structure
and the associated data (metric, Sobolev spaces, differential operators) change with each
blow-up. Our method applies also to higher order differential operators, to certain classes
of pseudodifferential operators, and to matrices of scalar operators.
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1. INTRODUCTION

We obtain regularity estimates for the eigenfunctions of a class of elliptic differential op-
erators with singular coefficients. Our results cover Schrodinger-type operators whose po-
tentials have inverse square type singularities and uniform radial limits at infinity. Weaker
singularities, such as Coulomb-type singularities, are included in our results; in particular,
the “usual” N-body Hamiltonians [7, are covered by our results. Our results are
obtained by combining and extending the results of our previous papers [1]] and [6], which
will be two basic references in what follows.

1.1. Basic notation and constructions. Here is first a minimum of notation needed to
state our results for the case of Coulomb-type singularities, Theorem [T.1] below. This no-
tation was explained in more detail in [6]. Let us fix from now on a finite-dimensional, Eu-
clidean (real) vector space X. We shall let Sx denote its sphere at infinity (more precisely:
we define Sy as the set of rays in X emanating form 0) and, then, we let X = X USy,
called the spherical compactification of X, as described, for instance, in [6, Section 5.1]
(see also 148]]). Note that here LI denotes disjoint union as sets, but X also
carries a differential structure that makes X diffeomorphic to a closed disk, see again [6}
Section 5.1]. In particular, we have a diffeomorphism

) X ~ {0} ~Sx x (0,00].

Moreover, the Euclidean metric on X defines a natural diffeomorphism from Sy to the
unit sphere in X.

Let us assume throughout the paper that  is a finite, non-empty set of linear subspaces
of X. We need to define various distance functions in terms of F. First, by dist(x,y) =
disteuci (2, y), we shall denote the Euclidean distance on X and, for any subset Z C X,
we let
) dz(z) = dist(z,Z) = in£|x — 7|

ze
denote the Euclidean distance from x to Z. Let then U F := Jy » Y denote the union of
the elements of F and

3) OF(x) = }I/neig_{dy(x),l} = min{dist(z, J F),1}.
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This function will be the weight used in the definition of the weighted Sobolev spaces that
appear (sometimes only implicitly) in the statements of our results.

We shall assume throughout the paper, as in, for instance, [9} [13], that F is stable under
intersections. More precisely, let 2% denote the set of all subsets of some set Q. We shall
say that S C 29 isa semilatticeﬂif A, B € §implies AN B € S. Thus, from now on, we
shall assume that F is a finite semilattice of linear subspaces of X such that X ¢ F but
{0} € F. (Mathematically the assumption that X ¢ F is not a very important assumption,
but it allows us to simplify the statement of Theorem [I.1] for instance.)

If Y is a linear subspace of X, its closure Y in X coincides with the spherical com-
pactification of Y, so there is no danger of confusion. As in [6], to the semilattice F we
will associate the semilattices of spherical compactifications and, respectively, spheres at
infinity of subspaces in F:

) F ={Y|YEF} and Sz = {Sy|Y € F}.

Finally, we can now introduce the main spaces considered in our main results as iterated
blow-ups:

(5) XGV = [YS]:] and X]: = [YS]:U?]

The notions of blow-up and iterated blow-up will be recalled in Section [3] We will see

in that Xr ~ [Xqv : F ], where F denotes the lift of 7 to X¢y, see Subsection
for details.

1.2. Statement of the main result and comments. The following result for eigenfunc-
tions is formulated, for simplicity, just for the usual Coulomb type singularities (see The-
orems [6.1] and [6.6] for more general versions). There is no loss of generality to assume
X = R", and we shall do that when convenient, for instance, in the next theorem. Let
9; == 52 and 0% = 071052 ...0%, as usual. The Laplacian will always have the
“analytic” sign convention, i.e. A = >, 92,

Theorem 1.1. Let F % X be a finite semilattice of linear subspaces of X .= R", {0} € F.
Let X5 = [X : SxUF|and let dy (v) := dist(x,Y) and § 7(x) := min{dist(x, U F), 1}
be the distance functions introduced in the previous subsection. For every Y € F U {X},
let ay € C*°(X ) and

(6) Viz) = Z ay (z)dy ()™ + ax ().

YeF
Let us assume that u € L*(X) satisfies (A +V)u = \u in distribution sense on X ~.U F,
for some \ € C. Then, for all multi-indices o € N, we have

sielooy e L2(X).

Define p(z) := distg(x, U F), where g is a (true) metric on Xqv (that is, a metric on
the compact manifold with corners Xy that is smooth up to the boundary). Then we can
use p instead of dr, see Appendix [A] That is, for u as in the theorem above and for all
multi-indices o € N”, we have

plelovy e L(X).

Theorem|[I.T|is, as we have already mentioned, a particular case of Theorem|[6.6](which,
in turn, follows from Theorem . In particular, that theorem covers also the case of
inverse square potentials, which have been studied recently in 14} 16, 19,33} 34} 42] and

n the literature, what we call a semilattice is often called a meet-semilattice.
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in many other papers. We also consider higher order uniformly strongly elliptic operators.
This result strengthens a similar regularity result in [[1]; compared to this previous result
we will obtain better decay rates at infinity. Our results generalize immediately to systems.
Regularity results for the eigenfunctions of Schrodinger operators have been obtained in
many papers. See, for instance, [ [11} {17} [18} 20, 21, 22} 23] 24} 25 28, 131 |35} 145} 146,
49, 150] and the references therein. Many methods in this article may be generalized to
non-linear equations, e.g. to semi-linear equations of the form

Au+ Vi|ul*u = Au

with V asin (6), A € Cand 0 < s < 2/(n — 2), see Remark [6.7] for details.

1.3. Contents of the paper. The paper is essentially self-contained and consists of two
parts. The first part contains mostly background material, but presented in a novel way. It
consists of Sections[2land[3] In Section[2] we review manifolds with corners, their subman-
ifolds, clean intersections of submanifolds, and some other basic concepts needed in the
paper. We also recall in this section some results from [6] and from some earlier papers,
including [} 38l 43]]. In Section 3| we recall and study the blow-ups and their iteration with
respect to one or more suitable subsets. In particular, we extend the definition of an admis-
sible order to a k-tuple of closed subsets of M and explain that the iterated blow-up with
respect to a clean semilattice with an admissible order is defined and independent of the
chosen admissible order [[1} [6]. We also explain that the action of a Lie group on (M, S)
extends to an action on the iterated blow-up [M : S]. The second part of the paper begins
with Section[d, where we study metric aspects of the iterated blow-ups. We start by intro-
ducing the concept of a “smoothed distance function” to a p-submanifold P C M, which
is a function that behaves like the distance to P close to P, but is smooth outside P. We
study then the smoothed distance function to a blow-up suitable k-tuple, in general, and to
a clean semilattice, in particular. Then we recall how the metrics, the Sobolev spaces, and
the differential operators change if one conformally changes the metric using a smoothed
distance function. We apply these results to blow-ups (including the iterated ones). We
distinguish here the case of a blow-up along a submanifold contained in the boundary and
the case of a manifold not contained in the boundary. The main technical result of this sec-
tion is the behavior of the smoothed distance functions when performing iterated blow-ups,
Proposition d.15] We also recall here the regularity result for the natural elliptic operators
on Lie manifolds [3]], which will then provide the regularity result of this paper. (The main
work of this paper is to position ourselves to be able to use the regularity theorem for Lie
manifolds.) In Section[5} we introduce the relevant semilattices and Lie manifolds needed
to deal with the N-body problem and we particularize the constructions and results of Sec-
tion [ to this setting. Section [6] explains how to obtain our regularity result, Theorem [I.1]
and some of its generalizations from the results of the other sections. Finally, the paper
contains five appendices. In Appendix [A] we prove the equivalence of the functions p
and § 7 used in Theorem [I.1] and right after. (In fact, they are both equivalent to pr, the
smoothed distance function to J, which is the function that is actually used in the proofs,
but is more difficult to define.) Appendices B, C and D contain technical details used in
the article. Appendix E summarizes some notation.

Acknowledgment: V.N. thanks Chris Kottke for some useful references. The authors
thank Daniel Grieser for useful discussions about iterated blow-ups and lifts of submani-
folds.
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2. PRELIMINARIES

We now recall a few concepts and results needed to understand the main results of this
paper. For the concepts and results not recalled here, we refer to [1]] or [6], on which this
paper is heavily based.

2.1. A few basic notations and definitions. We need to complete the notation introduced
in the Introduction as follows. We let

(7) R} = [0,00)* x R**and S}~! = S"" ' NRY,

where S”~1! is the unit sphere of R” for the Euclidean norm. The space Sz_l will be
called a (generalized) orthant of the sphere, for instance, ST/‘l is a half-sphere. It will be
used in order to help us understand the smooth structure on the spherical compactification

X. More precisely, let us assume that X = R" and let us consider the bijective map
O,: X =S}

O, = L _(1,z)eS" ifzeX,
N (@) = (o) €Sy ifa
O, (Ryv) = ”11)" (0,v) € S} ifRyveSx.

and its inverse ©,, 1 : St — X

y%(y17~--7y7L)ERn 1fy07é0

(9) 9;1 Yo, Y1y -+ Yn) — . .
( ) R"F(ylavyn)eSX lfy(]:O

We define the smooth structure on X by the requirement that the map ©,, be a diffe-
ormphism as in [38], 43| 47]]. For general X, we define the smooth structure on X using a
linear isomorphism X =~ R"™, for suitable n.

Remark 2.1. Let us assume that Y = R? C R" = X. Then we have the following
commutative diagram of smooth embeddings

— 6,
Y & YV —&%

(10) { { Up
X o X 25 gr
which is a basic functoriality property of the spherical compactification. In particular, this

shows that the closure of Y in X can be identified as a differential manifold with Y, the
spherical compactification of Y, so there is no danger of confusion.

Let |A| denote the number of elements of a set A. We continue with several basic
definitions.

Definition 2.2. Let I C {1,...,n} and
(11) T = {z=(v1,...,2,) ERY = 0,00 xR"™* |2, =0 if icT}.
Then b7, = [I N {1,...,k}| will be called the boundary depth of L7} in R} and b, =

[{i € {1,...,k} | 2; = 0}| will be called the boundary depth of = = (1, ..., x,) in R,
Clearly, ¢ == |I| is the codimension of Ly in R} and d := n — c is its dimension.

Obviously b7 , := min{b, | x € L} ;}. The role of the sets L7 is to serve as models
for p-submanifolds [43 Definition 1.7.4]. A p-submanifold is a suitable submanifold of a
manifold with corners, a concept recalled next. The letter “p” comes from the fact that for
such a p-submanifold and any of its points, a local chart can be found around that point

such that the submanifold is a factor of a product.
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FIGURE 1. A teardrop domain as a subset in R2,

2.2. Manifolds with corners and their submanifolds. Let us now summarize a few basic
definitions related to manifolds with corners [4} 36, |38} 137 139} 44]]. Recall that a manifold
with corners M of dimension n is a topological space locally modeled on R} := [0, o0)k x
R"~* with smooth transition functions. The spaces R} and S} introduced in (7) provide
simple examples of manifolds with corners. Given a point x in a manifold with corners M,
the (boundary) depth of x in M is defined locally using Definition[2.2] More precisely, the
boundary depth of z in M is the number of non-negative coordinate functions vanishing
at p in any local coordinate chart at p. It is the least & such that, for all x € M, there exists
achart ¢ : U — R} defined on an open neighborhood of = in M. For further reference,
let us formalize the following concept in a definition.

Definition 2.3. The boundary depth of P C M is the minimum over all boundary depths
of points xz € P.

Let (M) be the set of points of M of boundary depth k. Its connected components are
called the open boundary faces of codimension (or boundary depth) k of M. A boundary
face of boundary depth £ is the closure of an open boundary face of boundary depth k. A
boundary face H of codimension one of M will be called a boundary hyperface of M. The
union of the boundary hyperfaces H of M is denoted M it is the boundary of M. 1t is
the set of points of M of boundary depth > 1. In particular, a subset A C M has boundary
depth 0 if, and only if, it is not contained in 0 M, the boundary of M.

The smooth functions on a manifold with corners M are defined as on their counter-
parts without corners. This is conveniently done by embedding M into a smooth manifold
without corners M , called an enlargement of M. This enlargement can also be used to
define the tangent spaces of M.

Definition 2.4. Let H be a hyperface of M or a union of hyperfaces of M. A boundary
defining function of H (in M) is a function 0 < xg € C>°(M) such that H = 2 ;*(0) and
drg #0on H.

Remark 2.5. The example of the teardrop domain, see Figure [2.2] shows that not all
hypersurfaces have a boundary defining function. However, each (connected) boundary
face F' of codimension k can locally (i. e. , in a sufficiently small neighborhood U of any
given point x) be represented as

FNU = {z1=a2=... =2 =0},
where z; are boundary defining functions in U of the hyperfaces of U containing ' N U.
Then k is the boundary depth of F'.

In order to define the blow-up, we need the concept of an inward pointing normal bundle
of a p-submanifold P of M. We first recall the concept of an inward pointing tangent space
to a manifold with corners M, a concept used also in [3} 4].

Definition 2.6. Let M be a manifold with corners. We let the inward pointing tangent
space T, M to be defined as the set of derivatives

TrM = {7 (0)|~:[0,€) = M smooth, ~(0)==z}.
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Its elements are called inward-pointing tangent vectors to T, M .

We stress that, according to this definition, a tangent vector to M that is tangent to the
boundary will automatically be an inward pointing tangent vector.

2.3. Submanifolds of manifolds with corners. The following concept introduced in [43]]
will play a crucial role in what follows. (Recall that | A| denotes the number of elements of
aset A)

Definition 2.7. A subset P of a manifold with corners M is a p-submanifold if, for every
x € P, there exists a chart ¢ : U — R}, with U an open neighborhood of = in M, and
I c{1,2,...,n} such that

p(PNU) = L7, NoU),
with L}, as defined in Equation (TT). The number n — |I| (respectively, |I|, respectively,
[T N {1,...,k}|) will be called the dimension (respectively, the codimension of P at z,
respectively, the boundary depth of P at x). We allow p-submanifolds Y of non-constant

dimension. We define dim(Y") as the maximum of the dimensions of the connected com-
ponents of Y and dim(f)) = —cc.

In particular, S}, is a closed p-submanifold of S,?L?,/ of codimension " and boundary

depth %'.

Definition 2.8. Let P C M be a p-submanifold of the manifold with corners M.
(i) The quotient bundle N™ P := TM|p /TP is called the normal bundle of P in M.
(i) The image V. ﬂ/[ P of T*M|p in NMP is called the inward pointing normal fiber
bundle of P in M. One can show that, in a neighborhood of z € P, it is a fiber
bundle with fiber RZ: where n' is the codimension of P in M at z and where k' is
the boundary depth of P in M.
(iii) The set S(Nﬂ/fP) of rays (emanating from 0) in NJJXIP is called the inward pointing
spherical normal bundle of P in M. It is a fiber bundle with fibers SZ,/ ~!, where n’
and k' are as above.

Remark 2.9. A (positive definite) scalar product on 7'M induces a scalar product on
NMP. The choice of a metric on M will thus define a natural diffeomorphism from
S(NM P) to the set of unit vectors in N P.

Besides p-submanifolds, we shall also need weak submanifolds, which are really just
plain submanifolds (without any other qualification or condition). We now recall (and
slightly reformulate) the definition of a weak submanifold from [6]; the reformulation
provides a definition equivalent to [[6, Definition 2.10], but avoids introducing the concept
of “submanifolds in Melrose’s sense,” [6, Definition B.1] and its simplified version [6,
Definition 2.9]

Definition 2.10. A subset S of a manifold with corners M is a weak submanifold of M if,
for every p € S, there are
e natural numbers k = k,,m =m, € {0,...,n}and ¢ = ¢, € {0,...,m},
e achartp = ¢, : U Ve R} on M with V open in R,
o adiffeomorphism ¢ = 9, : V = W with V and W open in R"
such that
1) pel,
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() V=VnRy,
3) Y(e(SNU)) =W NR.

If S is a weak submanifold of a manifold with corners M, then {1, 0o ¢, | p € S}
provides an atlas for a manifold with corners structure on .S such that the inclusion map
S < M is an injective immersion and a homeomorphism onto its image. In conclusion,
a weak submanifold of M is a manifold with corners on its own. Conversely, if .S is an
abstract manifold with corners, together with an injective immersion ¢ : S — M that
defines a homeomorphism from S to ¢(.S), then [6, Proposition 2.13] states that S is weak
submanifold of M. Moreover, any p-submanifold of M is a weak submanifold of M.

The number m,, is the dimension of S at p and thus locally constant. (Again we do not
require the function dim,, (S) to be constant on \S.) The number ¢,, is the (boundary) depth
of p in S, and might by smaller, larger or equal to k,, the boundary depth of p in M.

Note that Definition[2.10lis weaker than the notion of a submanifold in Melrose’s sense
[6, Definition B.1], which explain the word “weak” in the above definition.

2.4. Clean intersections. In order to study the iterate the blow-up construction in the next
section, we will need clean intersections, which we recall next. For simplicity, we discuss
only the case of p-submanifolds.

Definition 2.11. Let P and @) be two p-submanifolds of a manifold with corners M such
that P N @ is also a p-submanifold of M. We say that P and Q) intersect cleanly or that
they have a clean intersection if, for every x € PNQ, we have T,,(PN Q) = T, PNT,Q.

For example, if P is a p-submanifold of M and F' is a boundary face of M, then F'
and P have a clean intersection. This is not, however, the case, in general, if P is just
a weak submanifold of M. This explains, in particular, the need to consider p-submani-
folds. We next recall how to extend the definition of clean intersection to semilattices of
p-submanifolds.

Definition 2.12. Let S be a finite semilattice of p-submanifolds of M. We call S a clean
semilattice of p-submanifolds (of M) if any P, (Q € S intersect cleanly.

Remark 2.13. If S is a clean semilattice of p-submanifolds then, for all P;,..., P, € S
and all z € ﬂle P;, we obtain that

k k
(12) TI(ﬂPj) - NP
j=1 j=1
In particular, our definition of clean semilattices coincides with Definition 2.7 in [[L]. This
property does not hold anymore, if S is not a semilattice, as seen in the next example.

Example 2.14. Assume that S is a set of p-submanifolds with k& elements, such that each
pair {P;, Pj} C & intersections cleanly, then we cannot conclude, in general, that we have
the property expressed in Equation for £ > 3. Indeed, let us consider the family
consisting of the following three surfaces P;, P, and P3 in R? (i.e. 2-dimensional sub-
manifolds of R3):

Pl = {(x7y7Z)T€R3|y:0}7 P2 = {($7y72)T€R3|Z:0}7
P o= {(x,y,z)TeR3|y+z=x2}.

Each pair intersects cleanly in a 1-dimensional submanifold. However P, N P, N P3 =
{0}, but Ty PLNTy P,NTy Ps = R(1,0,0)%. Thus the triple (Py, P», P3) does not intersect
cleanly.
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The following Lemma will provide the needed examples of pairs of cleanly intersecting
p-submanifolds.

Lemma 2.15. Let Y, Z be two linear subspaces of X. Then all subsets of {Y , Z,Sy,Sz}
intersect cleanly.

The proof is straightforward but involves many cases, so we relegate it to Appendix [D]
see Corollary[D.2]

3. BLOW-UPS

In this section we gather the needed results on blow-ups, following the approach of [6].
Most of the results in this section were discussed in a similar form in the literature, see
[LLL 6, 1281 29}, 138l [43]] for more details. In particular, the basic construction of the blow-up
along a p-submanifold coincides with the one in these references. However, the lifting
(or pull-back) of submanifolds differs in certain cases from the one used in, for instance,
[I30L 138, 143]]. As a consequence, our notion of iterated blow-up exhibits some subtle differ-
ences to the iterated blow-up discussed in the aforementioned papers. Our slightly different
approach to the iterated blow-up has better locality and functorial properties, in particular it
is compatible with restriction to open subsets, and thus avoids discussing additional special
cases. However, our modified approach requires additional attention when citing existing
literature: for example [30, Lemma 7.2 (b)] does not hold using our definitions. As a
consequence, the current section will be written in a self-contained way, both in order to
provide reliable foundations and for better readability. The subtle difference in the ap-
proaches, however will finally have no effect in our applications: in these applications, our
iterated blow-up spaces coincide with the iterated blow-up spaces in the work of Melrose
and in the related work cited above.

3.1. The blow-up along a closed p-submanifold. We now recall the definition of the
blow-up [M : P] of a manifold with corners M along a closed p-submanifold P of M.
See [6,138]] for further details and references. We begin by specifying the underlying set of
the blow-up [M : P]. Its topology and smooth structure will be defined shortly after that.
If A and B are disjoint, we sometimes denote A LI B := A U B their union.

Definition 3.1. [see [6, Definition 3.1]] Let M be a manifold with corners and P be a
closed p-submanifold of M. We let S(N2! P) denote the inward pointing spherical normal
bundle of P in M (Definition[2.8)). Then, as a set, the blow-up of M along P is the disjoint
union

[M:P] = (M~ P)USNYP).
The blow-down map 5 = Bar,p : [M : P] — M is defined as the identity map on M ~\ P
and as the fiber bundle projection S(NV. J]y P) — P on the complement.

If P C OM in the above definition, we shall say that [M : P] is a boundary blow-up.
If no component of P is contained in the boundary of M, then we shall say that [M : P]
is an interior blow-up. See [0, 38| 43]], for instance, for the definition of the topology
and smooth structure on the blow-up [M : P]. Let us say, nevertheless, that the smooth
structure on [M : P] is defined using Euclidean model spaces and is such that it induces
the given smooth structures on M ~. P and on S(N. fy P). We also remark that the topology
on [M : P]is such that M has the quotient topology with respect to Sy p. The following
extreme cases of blow-ups deserve a special treatment.

Remark 3.2. If P is a union of connected components of M, then [M : P] = M ~ P.In
particular, we have [M : ()] = M and [M : M] = 0.
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We shall need the following Proposition from [[6]. In that proposition a /ift denotes a
smooth map j” that yields a commutative diagram

Q:PnQ (M P

,BQ,PﬁQi J/BNI,P
@

Q—2 M

Proposition 3.3 ( [6l Proposition 3.14]). Let P and Q be closed p-submanifolds of M
intersecting cleanly. Then the inclusion j : QQ — M lifts uniquely to a smooth map
-8

(Q~(PNQ) USNY(PNQ)) —L— (M~ P)USNMP).
Q:PNQ] = [M: P] =

This map is an injective immersion, a homeomorphism onto its image, and the image of j°
is a p-submanifold. Moreover

B p(@~P) = j°([Q: PNQ)).

In view of the above proposition, we shall write [Q : PN Q] C [M : P], by abuse of
notation.

We have the following useful factorization lemma due (essentially) to Kottke [38]. It
deals with a particular, but important case of the iterated blow-up. We shall need to recall
the formulation of the first factorization Lemma from [6], i.e. [6, Lemma 4.7], which deals
with the setting Q C P C M (see also [1])).

Lemma 3.4. Let us assume that Q is a p-submanifold of P and that P is a p-submanifold
of M. Then Q is a p-submanifold of M. Moreover, there exists a smooth, canonical map

(v [M:Q, Pl = [[M:Q:[P:Q]] — [M:P]
that restricts to the identity on M . P.

3.2. Iterated blow-ups. In the applications of the blow-up, we typically have to blow-up
several subsets. This subsection deals with some of the intricacies of this procedure. The
first thing to discuss is the pull-back of a subset in M to the blow-up [M : P] following
[6l 38l 39].

Definition 3.5. Let P be a p-submanifold of M and ) be a closed subset of M. The
pull-back or lifting 83, p(Q) of Q to [M : P]is defined by

(13) Bup(Q) = 7HQ N P)

In the case Q C P, our definition of 8}, (@) is different from the one given by Melrose
in [43l Chapter 5, Section 7], see [6, Remark 3.16] for details.
The following factorization lemma is similar in spirit, only easier (see [1, 16l 38]]).

Lemma 3.6. Let us assume that P and Q) are closed, disjoint p-submanifolds of M. We
have By, o(P) = P and similarly for P and Q switched. With these identifications, we

then have [[M : Q] : P| ~ [[M : P] : Q] canonically, and hence there exists a smooth,
canonical map

Cugp: [[M:Q]: P] — [M: Pl
that restricts to the identity on M ~ (P U Q).
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In order to introduce the iterated blow-up with respect to an ordered family (n-tuple)
of closed subsets, we first introduce the families with respect to which we can define the
blow-up. We found it convenient to allow repetitions in these families. The following is
Definition 4.1 in [6]] and Definition 2.9 in [1]], but see also [38]] and [43]].

Definition 3.7. Let M be a manifold with corners and let P := (P;)%_, be a k-tuple of
closed subsets of M, k > 1. If Py is a closed p-submanifold of M and k > 1, we define
the pull-back of P to be the (k — 1)-tuple

k

P o= 5J*VJ,PI (P~ AP}) = (57»1,& (‘Ri))i=2 .
Then, by induction on k, we say that P is blow-up-suitable (in M) if:
(i) P is a closed p-submanifold of M and
(ii) if & > 1, the pull-back P’ is blow-up-suitable in [M : P;].
Of course, k = |P|. If k = 0, that is, if P = (), then we also say that P is blow-up-suitable
in M.

In what follows, we will often use the pull-back P’ of various k-tuples P. We now
define the iterated blow-up with respect to blow-up-suitable families.

Definition 3.8. We use the notation introduced in Definition in particular, P =
(P;)¥_, is a k-tuple of closed subsets of M and P’ := S}, p (P~{P1}) = (Bi.p, (Pi))’C

=2
(the pull-back of P). If P is blow-up-suitable, then we define by induction the iterated

blow-up [M : P] by

ol — g (pyE 1 J P if k=1,
[M.'P]—[M~(Pz)i'€1]'_{“M:Pl];’]?’} if k>1.

The blow-down map s, » : [M : P] — M is defined by induction on k as the composition
of the blow-down maps [M : P] :=[[M : P1] : P'] = [M : P] — M.

It is not difficult to see, by induction, that Definition makes sense. This is the point
of introducing Definition We shall also use [M : Py, Ps,..., P as an alternative
notation for [M : P]. Let & := (), (which is regarded as a k-tuple with ¥ = 0) and
define [M : £] = M and P’ = & for if P has only one element. Then the relation
[M : P] = [[M : P] : P'] remains true also for k = 1. This may be useful for proofs by
induction, for instance in the proof of Lemma[4.10]

Remark 3.9. Of course, a k-tuple P without repetitions is the same thing as a linearly
ordered set. We want the P in the definition of the iterated blow-up [M : P] to be a k-
tuple rather than a linearly ordered finite set of p-submanifolds. That is, we want to allow
repetitions in P. The reason for this choice is that, even if P does not have repetitions,
its pull-back P’ := ([3 * (Pi))f:2 might have repetitions. An example is provided by P =
(A,B,AU B), where A and B are disjoint closed p-submanifolds of M, in which case
P’ = (B, B). We shall often consider semilattices with an additional total order (other
than the order given by inclusion).

In the next remark we will explain how to eliminate repetitions. For this purpose, the
following proposition is a useful technical result. Recall that P = {Jpcp P

Proposition 3.10. We use the notations of Definition 3.8 and we assume that ‘P is blow-
up-suitable (and hence that [M : P| is defined). Then

(i) M~UP C[M:Pland B =id on M ~ UP and
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(ii) M ~UP is open and dense in [M : P).

Proof. The first part follows from the definitions of the blow-up and of the iterated blow-
up. To prove the second part, we proceed by induction on k, the number of elements
of P. The case k = 1 follows from the definition (and was discussed also in [6]). For the
induction step, we notice that

M~UP = M~P)~UP CcM:P~UP

isdense in [M : P}~ U P’ by the case k = 1, since U P’ is closed. Since [M : P ]~ UP’
is dense in [M : P] := [[M : P,] : P'] by the case k — 1 (the induction hypothesis), the
result follows. (Il

Given two blow-ups of M, we shall say that they are canonically diffeomorphic if there
exists a diffeomorphism that is the identity outside the sets that are blown up. In view of the
above proposition, this entails a uniqueness property for the canonical diffeomorphisms.
We now explain how we can eliminate the repetitions in P.

Remark 3.11. We use the notation introduced in Definition [3.8| and the results of Propo-
sition Let P.q be obtained from P by removing repetitions by keeping only the first
appearance of a p-submanifold. Thus, if P = (0, A, B, A), then P..q = (0, A, B). Then,
[M : P] is defined if, and only if, [M : P,eq] is defined. Moreover, these two iterated
blow-ups are canonically diffeomorphic (when defined), in the sense that:
O M~UP =M\ UPred;
(i) M ~UP isdensein [M : P]and M \ U Preq is dense in [M : Pieq], by Proposition
and
(iii) the identity map M ~ UP — M ~\ U Preq extends to a diffeomorphism [M : P] —
[M : Pyeqal, which is unique by the density properties of

In addition to removing repetitions, we could as well remove entries P; = () from
‘P with the same effect. However, we found it convenient for exposition purposes to do
exactly the opposite, that is, to usually assume () to be the first entry of P, especially if P
is a semilattice. We have the following properties.

Remark 3.12. We use the notation introduced in Definition [3.8] In what follows, the
pull-back operation P — P’ introduced in

(i) Wehave [M : P] :=[[M : P,],P'] = [[M : P1] : P/.4]. which may be useful if one
wants to deal only with reduced tuples (which is the same as linearly ordered finite
sets).

(ii) Let us introduce the iterated pull-backs of P by P1) := P’ and P+1) = (PR,
Then

(M :P] = [[M: P, Py, ..., P : PR
(iii) (Ploq)req = Pr4 (where " always comes before yeq, meaning that P/, == (P’)req)-
(iv) A special situation arises if Py, the first element of P, is P; = (), which is, in fact, the
norm when dealing with semilattices. Then, in our definition of the blow-up, the first
step, the blow-up with respect to P is trivial (it does not change our sets, except that
it removes P; from the list). In particular, P = ((}, P’). It is the next blow-up that
may be interesting. For us, it will then be useful to introduce the following notation

ﬁ = (®7P//) = (®7/8;\<4:P2 (P3)7/BJT4:P‘2 (P4)7 ce 7/8;{4:]32 (Pk)) :
(Note that 33, p, (P2) = ().) We then have the relation

M:P] = [M:P]| =[M:P]:P"] =[[M:P]:P] = [[M:P)]: Pred) -
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We also notice that, if P.q is a clean semilattice, then ﬁ,ed = (ﬁ;;l)red is also
a clean semilattice; here the semilattice property is obvious and the cleanness was
proved in [1} Theorem 2.8]. (In this context we define again Prog = (ﬁ)red, that is,
the “tilde” comes before “reduced”.)

(v) To wrap up the list of needed properties, let us notice that
(0,P) =P and [M: (0,P)] =[M :P].

In particular, if we define Py := P© := P, Ppyq := Pj and PHTD = (pR))
then Py = (@, P*+1) for & > 0. Hence the iteration of the tilde operation can be
expressed in terms of the iteration with respect to the prime operation and the addition
of the empty set.

The following results generalize to the iterated blow-up [6, Lemma 3.9] on the compat-
ibility of the blow-up with products.

Proposition 3.13. Let M and My be two manifolds with corners and P = (Py, Py, . .., Py)
be a blow-up-suitable (in M) k-tuple of closed subsets of M. Then P x M; = (P x
My, Pyx My, ..., P.x M) is a blow-up-suitable (in M x M) k-tuple of closed subsets of
M x M; and there exists a canonical diffeomorphism [M x My : Px M;] ~ [M : P]x M
such that the following diagram commutes:

[M x My : P x My] —— [M :P] x M,
(14) B]\lev[l,PxZ\ﬁJ/ lﬁj\47pxid

M x M, M M M.

Proof. If k = 1 (that is, P consists of a single set), then the result was proved in [1] (it can
be found also in [6]). In general, it follows by induction, using again the result from [1]
(the case k = 1) and using also that 8*(P) x My = 8*(P x M;), where /3 is an appropriate
blow-down map. [

3.3. Admissible orders. A natural question when we do iterated blow-ups of a manifold
with corners M along an ordered family P = (P, P4, . .., Py), is to decide how the order
of the blow-up influences the final space [38]. In particular, a related question is whether
the iterated blow-up is defined for a given order. The aim of this subsection is to recall the
results of [1} |6, 38]] that give a positive answer to these questions if “admissible orders”
are used. Before stating the main result from [6], we first introduce admissible orders and
graph blow-ups, which will be needed for the statement of the theorem.

If, in the definition of a blow-up-suitable k-tuple P, we further require P; to be minimal
for inclusion, we obtain the notion of an “admissible” k-tuple. Let us state this explicitly.

Definition 3.14. Let M be a manifold with corners and let P := (P;)*_; be a k-tuple of
closed subsets of M, k > 1. By induction on k, we say that P is admissible (in M) if:

(i) P is a closed p-submanifold of M,
(i) thereisno¢ > 1 such that P; G P, and
(iii) if k > 1, P’ is admissible in [M : P,], where P" = (83, p, (P;))}5 is the pull-back
of P as before (in particular, 33, p, is as defined in (I3)).
Of course, k > |P|. If k = 0, that is, if P = (), then we also say that P is admissible in M.

This definition of and admissible k-tuple is more general than the one in [6].

Remark 3.15. We notice the following
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(1) A k-tuple with an admissible order is, in particular, also blow-up-suitable.

(2) P is admissible if, and only if, (), P) is admissible.

(3) Assume the (k + 1)-tuple S = (Py, Py, ..., Py) is a clean semilattice, Py = ().
Then S = (0, B31.p, (P2), Bir.p, (Ps), - Bis py (Pg)) is also a clean semilattice
by the results of [1I], see Remark [3.12] (iv)).

Moreover, S (with the indicated order) is admissible if, and only if, S (with the

induced order) is admissible. This explains why we sometimes consider S and do
not work exclusively with the iterated pull-backs S’,S”, ..., S0,

We now consider a different type of blow-up with respect to a k-tuple of p-submanifolds
that is immediately seen not to depend on the choice of the order. To define it, we introduce
the multi-diagnonal map. For a semi-lattice S endowed with an admissible order, we let
U := M ~ US, which is a dense subset of [M : S]. The multi-diagonal map is the map

(15) §:U— [[IM:P], zw (z,2,...,2).
PeS

Definition 3.16. Let P = (P;) be a k-tuple of closed p-submanifolds of the manifold with
corners M and let 6 be the multi-diagonal map defined in (I5). Then the graph blow-up
{M : P} of M along P is defined by

{M:P} =6M~UP) = {(z,z,...,2) |[re M UP} C H[MPz]

iel

For the graph blow-up, we can also remove the repetitions.

Remark 3.17. The graph blow-up {M : P} is a weak submanifold of Q := [ [, ;[M : P;].
The notion of a “weak submanifold” was introduced in [6, Subsec. 2.3.1], however the only
aspect we need to know about it here is that, if one restricts the sheaf of smooth functions
on @ to {M : P}, then this restriction defines the structure of a manifold with corners on
{M : P} which is compatible with the topology induced from Q.

Theorem 4.19 of [6] shows that, if S is a semilattice endowed with an admissible order,
then the iterated blow-up and the graph blow-ups of M with respect to S are canonically
diffeomorphic. The following statement combines the statement of that theorem with part
of Remark 4.13 and with Theorem 4.21 of that paper.

Theorem 3.18. Let S > () be a clean semilattice of closed p-submanifolds of M with an
admissible order on its elements (Definition 3.14). Then the iterated blow-up [M : S]
is defined and {M : S} is a manifold with corners that is canonically diffeomorphic to
[M : S). If G is a Lie group acting smoothly on M such that G maps S to itself, then G
acts by diffeomorphisms on [M : S].

In the theorem “canonically diffeomorphic” means that the multi-diagonal map defined
in has a unique smooth extension which provides this diffeomorphism.

The iterated blow-up does not depend on the order of the sets (up to a canonical dif-
feomorphism). Hence, an immediate consequence of the last theorem is that the iterated
blow-up [M : S] does not depend on the choice of the admissible order on S.

The reader may wonder, at this time, whether admissible orders exists on a given k-
tuple. Note that, at this time, it is not clear even that a blow-up-suitable order exists on a
given k-tuple of closed p-submanifolds of M. The following proposition gives a positive
answer to this question if our k-tuple is a clean semilattice. This result and the previous
theorem motivates the use of semilattices in our work.
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Remark 3.19. Let S be a finite, clean semilattice of closed p-submanifolds of M, () € S.
Let us assume construct an order (Py, Pi, . .., P;) onthe elements of S = { Py, P, ..., Py}
by choosing P; € S by induction on 0 < j < k = |S| — 1 as follows.

(i) Let us choose an arbitrary initial order on the elements of S, to be able to talk about
pull-backs. With each choice of P;, we modify this order by moving P; on the
(4 + 1)-position. (So, after choosing P, the first (j + 1)-elements of the modified
order will be the chosen elements (FPy, Py, ..., P;).)

(il) We begin by choosing Py := (), which implies that the pull-back &’ is given by
&' = S \ {0} (after which we change the order on S according to the previous
point).

(iii) We let P; to be an arbitrary minimal element of S’ for inclusion.

(iv) Let

Si=(0,8") = (0,B83.p,(S~ {0, P1})) = Bis.p, (S~ {0}).

Then the elements of S form again a clean semilattice of closed p-submanifolds of M
[1, Theorem 2.8] and we choose P> € S \ { Py, P1} such that the lift Bir.p, (Ps) of
P, is minimal element of S” for inclusion. In particular, 83, p, (P2) will be a closed
p-submanifold of [M : P;] by the aforementioned result in [1]].

(v) We then iterate this construction with Sin place of S. More precisely, recall from
Remark [3.12[v) that S; := 8;_1 = (§, SUTD), where SU+) = (@) and S, =
S = S. Assume Py, Py, ..., P; were chosen. Then we choose Pj;; € S~
{Py,Py,...,P;}, j + 1 < k, to correspond to a minimal element of SU*!) for
inclusion. This satisfies the desired condition that the lift of P;j;; in & G+1) be a
p-submanifold.

Proposition 3.20. We use the notation introduced in Remark 3.19) First, the procedure
of that remark is well-defined in the sense that it yields an order (Py, Pi, ..., Py) on the
elements of S. Most importantly, the resulting order is admissible. Let ) #Y € S. With
suitable choices in the procedure of that remark, we obtain an admissible order on S such
that all elements that precede Y in this order are contained in'Y .

Proof. The procedure of Remark is well-defined since, at each step, the resulting

tuples S := (0,8”) and (0, SUTD) := (), 8U)), k > 1, are clean semilattices, by [T, so
the procedure stops only after we have chosen P, (i.e. after having ordered all elements).
(See Remark for the notation.) The resulting order on S is admissible, by the
definition of an admissible order and by induction on the number of elements of S. Finally,
given Y € S, we are going to successively choose the sets Py to be either Y or a set
contained in Y, if possible (that is, unless Y has already been chosen). This procedure will
yield the desired admissible order on S. ]

3.4. A blow-up point of view on the spherical compactification. This subsection is not
needed for the main results of the article. We will show the following proposition which
might add a helpful perspective for future research. In particular, it shows that if we blow-
up at infinity the one-point compactification X, of a finite-dimensional vector space X
obtained by stereographic projection, then we obtain a compactification canonically dif-
feomorphic to the spherical compactification X .

For introducing the one-point compactification X, we use the scalar product (-, «)
on X, and we consider the (unit) sphere Sgxx in R x X. We define the south pole
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R

Srx x

S

FIGURE 2. One-point and disk compactification. The stereographic pro-
jection o maps the blue dot to the red dot, and the map © x maps the red
dot to the green dot.

S = (—1,0) € Sgxx. The stereographic projection is the map
[0 SRXX N {S} _>X7

RxX>3 (sir??@s)o- y) Htan(%) -y, 0e(0,7m], yeESx.
After formally defining co = o(5), there is a unique topology and a unique smooth
structure on X, := X U {oo} such that o is a diffeomorphism. This manifold X, is
called the one-point-compactification of X.

We also consider a new map © x, which is a slightly modified version of the map ©,,
from (8)). For that purpose, let

S, i={z+ 5|2 E€Speyxx} ={z—(1,0) |z =(2°2), |z| =1, 2° >0},

Ov X = Ox(z) = m(o,x)esg ifee X,
X - ’ )
+ Ox(Ryv) = L(—l,v) ESIJr ifR,v €Sy .

IE
We write Sx = X ~ X for the sphere at infinity of X, as usual.

Lemma 3.21. Let ¥: X — X, be the map with ¥|x = idx and ¥(Sx) = {co}. This
is a smooth map from the spherical compactification X to the one-point-compactification
Xoo, extending the identity idx. There is a diffeomorphism ® : X — [Xoo : {oo}]
extending idx, and thus U o ®~1 is the blow-down map Bx .. {0}

Proof. We define ) :=o0 1o @}1 : 8, = Srxx. Then ¥ = g 01)0Ox. By construction,
o and O x are diffeomorphisms. To prove the lemma, one thus has to show that 1) is that
there is a diffeomorphism ¢: S/, — [§R><X : {S}] such that ¢ o0 ¢! = Bsay x,{s}- The
construction of such a ¢ is an easy exercise, if one uses the following formula for ¢, which
is apparent in view of Figure[3.4] setting 6 := 2« above.

1/1(((005&) -1, (sina)y)) = ((cos2a), (sin2a)y), a€el0,m/2], Y €Sx.

The function cos « is a boundary defining function for §’, and a smoothed distance function
for S in Sg« x . This completes the proof. O
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4. DISTANCE FUNCTIONS AND SOBOLEV SPACES FOR BLOWN-UP SPACES

We now investigate how several geometric quantities (metrics, distance functions, So-
bolev spaces, natural differential operators, ...) change when performing a blow-up. The
manifolds M we consider have a complete metric in the interior M, described precisely in
terms of Lie manifolds, Definition One important case will be that when Mj is a Eu-
clidean vector space X with its spherical compactification M = X, which was described
in the Introduction. Some other times, M will be a blow-up of X.

We distinguish here the case of a blow-up along a submanifold contained in the bound-
ary (the easy case) and the case of a manifold not contained in the boundary (the difficult
case, but treated already in [[1] and in other papers). In the first case, the boundary case, we
will additionally require that our vector fields are tangent to the submanifold contained in
the boundary. In that case, the metric in the interior remains the same, only the compact-
ification is altered, which makes many investigations much easier. In the second case, the
interior case, the metric will be changed conformally by multiplication with r~2, where r
is a “smoothed distance function,” (a concept that will be defined in this section). The
main technical result of this section is the behavior of “smoothed distance functions” when
performing iterated blow-ups, Proposition d.15] We also recall in this section the needed
regularity result on Lie manifolds from [3]].

4.1. Smoothed distance function to a p-submanifold. Let M denote a manifold with
corners, as before. We assume that P C 2™ — equipped with a suitable ordering — is a
blow-up-suitable k-tuple of subsets of M (so that [M : P] is defined). As always, we shall

write
Up = U pP.
peP
We shall need the following simple concept of “equivalent functions” on [M : P)].

Definition 4.1. Let M be a manifold with corners, let P be a blow-up-suitable k-tuple
of p-submanifolds of M (so, in particular, [M : P] is defined), and let £ € N U {0, co}.
Assume that we have two continuous functions f; : M — [0,00), ¢ = 0,1, such that the
functions f; are C* on M ~. |J P and nowhere vanishing. We shall say that fy and f; are
C*-equivalent (on [M : P]) or that fy is C*-equivalent (on [M : P)) to fi if

fl‘M\UP

fO‘M\U'P

extends to a nowhere vanishing C* function on [M : P]. In the case k = oo, we shall say
that fj is smoothly equivalent or just equivalent to f1 and write fo ~ f1. In the case k = 0,
we say fo and fi are continuously equivalent.

The family P as well as the space [M : P], which we assumed to be defined, will
sometimes be understood, so we may occasionally not mention them. Recall that two
functions fi1, f2 : U — [0, 00) are called Lipschitz equivalent if there exists C' > 0 such
that
(16) C'fhi<fa<Ch.

Two functions f1, fo : M — [0,00) are called locally Lipschitz equivalent if any point
in M has an open neighborhood U such that f1|¢ and f»|y are Lipschitz equivalent.
Remark 4.2. Let us record a few easy consequences of the definition:

(i) Clearly, the C*-equivalence of functions on [M : P] is an equivalence relation.
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(ii) Since M ~\ UP is densein [M : P] (Proposition the extension of the quotient
f 1 |M ~UPr
f 0 |M ~UP

(iii) Obviously C*-equivalence implies C*-equivalence for £ < k.

(iv) If two functions f; : M — [0, 00) as above are continuously equivalent, then they
are locally Lipschitz equivalent. As a consequence, for M compact, C’-equivalence
implies Lipschitz equivalence.

(v) If H is a boundary hyperface of M with at least one defining function, then any two
defining functions of H will be equivalent on [M : H] ~ M.

to [M : P] by continuity is unique (when it exists).

Let us now discuss the type of metrics that we will use. Let M be a manifold with
corners. In the following, we shall make use of two kinds of metrics on M. The first
kind of metrics will consist of what we are calling “true Riemannian metrics” on M. A
true Riemannian metric on M is, by definition, nothing but a smooth, fiberwise positive
definite symmetric section of T*M ® T*M — M (the usual kind of metrics on M).
The second kind of metrics will consist of the so-called compatible metrics, which will
be defined below, Definition #.20} and whose definition requires some additional data (a
structural Lie algebra of vector fields on M). Compatible metrics are Riemannian metrics
on My := M ~. OM and do not extend to a true metric on M, unless OM = ().

Let P be a closed p-submanifold of M. Recall that Sps,p : [M : P] — M denotes the
blow-down map (see Definition [3.T)).

Definition 4.3. Let M be a manifold with corners and P C M be a closed p-submani-
fold. A function rp : M — [0, 00) will be called a smoothed distance function to P (in
M) if its lift ﬂM p(rp) = rp o By p is a boundary defining function (Definition
for SNM P = ﬁ]\}l’ p(P), the hyperface (or union of hyperfaces) of [M : P] obtained by
blowing up M along P.

We also remark that a smoothed distance function to P in M is continuous since it lifts
to a continuous function on [M : P] and M has the quotient topology. The following
remark explains the name “smoothed distance function to P in M for rp.

Remark 4.4. The function f : M — [0, 1] is a smoothed distance function to P in M if,
and only if, it satisfies the following conditions:

(i) itis continuous on M and smooth on M ~\ P,
(i) f~1({0}) = P, and most importantly,
(iii) there is a neighborhood V' of P such that f is (smoothly) equivalent on [V : P] to the
distance to P with respect to some suitable true metric on M.

We omit details here, as this fact will not be used in our article.

Remark 4.5. In general, a smoothed distance to P in M function rp will not be smooth
on M; in fact, smoothness on M will only hold if P is empty, or a union of connected
components of M. However, it will be continuous on M and smooth on [M : P]. This is
one of the main reasons for considering the blow-up [M : P)].

Remark 4.6. Given a closed p-submanifold P C M, we see that a smoothed distance
to P in M (Definition [d.3) is not uniquely determined. However, any two such smoothed
distance functions are equivalent on [M : P], and hence they are equivalent on any other
iterated blow-up [M : P] as well, as long as P € P. This is, in fact, our motivation for
introducing the notion of equivalence of such functions. For this reason, we will sometimes
talk about the smoothed distance to P, although we will really mean the equivalence class
of the smoothed distances to P in M.
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Remark 4.7. In the case that M = X is the spherical compactificaction of some Euclidean
vector space X as explained in Subsection|[I.T]and if Y is a linear subspace of X, we may
consider the Euclidean distance function dy := min{|z — y|| | y € Y} introduced in
Equation @). If 7y : X — [0, 00) is a smoothed distance function to Y, then the function
ry is clearly not Lipschitz equivalent to dy, as the first one is bounded and the second
one is not. One can also show that 7y is also not bi-Lipschitz to arctan ody, as these
two functions behave differently close to Sx. The precise behavior of ry is that it is
continuously equivalent and Lipschitz equivalent to 2 + arctan((||z||* + 1)~*/2dy (z)).
Furthermore, 7 is continuously equivalent and thus locally Lipschitz equivalent to = —
(Il + 1)~/ 2dy ().

We now consider as in [6] and [38] pairs (P, Q) of closed p-submanifolds of M. As in
those papers, we need to consider the cases Q C P and Q N P = (). We begin with the
first case.

Lemma 4.8. Let P C M be a closed p-submanifold of the manifold with corners M,
let Q@ C P be a closed p-submanifold of P, and let rp (respectively, rq) be a smoothed
distance function to P (respectively, to Q) in M. Then

-1
(TQ T.P)‘]M\P

extends to a smoothed distance function to By, o(P) = 5;/[1@ (PNQ)in[M : Q).

Of course, in the above lemma, we have 8}, o(P) = ﬁ;ﬁQ (PNQ) ~ [P : Q)] see
Proposition Here ~ denotes the existence of a diffeomorphism extending the identity
on P ~\ . Also, for the simplicity of the presentation, we may and will assume in the
following that 83, o(P) = [P : Q].

Remark 4.9. Note that the assumptions in the lemma allow the case when, for all ¢ € @,
we have dimg(Q) = dimg(P). In this case B3, o(P) = P ~\ Q is a union of some
connected components of P, and thus for any ¢ € @ we have (8a,0) *(¢) N [P : Q] = 0.
If U is an open neighborhood of ¢, then any positive function defined on ﬁJT/I{Q(U) is thus
a smoothed distance function to [P : Q] N 5&1’Q(U ) =0.

On the other hand, in this special case, rélrp, defined on U ~\ {q}, where U is an
open neighborhood of ¢ with U N P = (), extends to a positive smooth function on
Bivr.q P (BrroWU)) = Birq(U). The latter statement follows as rp|U is a smooth
distance function to @ in U and using Remark [.5] These argument provide a proof of the
lemma in this exceptional case.

This special case is also included in the following proof, if we use the convention S~! =
() (here S is the unit sphere in R°).

Proof of Lemma.8] We need to prove that the function rélrp : MNP — (0,00),
extends to a smooth function on

[M:Q,P] = [[M :Q): [PQ]]
and that this extension of rélr p is a defining function for the hyperface
— (M:Ql1p . _ 3- :
P = S(NMAP: Q) = Bt oo (P Q)
of [M : @, P]. Let
B = Bumq.pr = BuqoBurqLrq  [M:Q, Pl = M
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be the blow-down map and z € P’ (see Definition[3.8). Then 3(z) € P.

Recall that by the definition of rp, we have that rp o Sy p is a boundary defining
function 7p o Barp: [M : P] — [0,00) of S(NYP) = B! p(P) C [M : Plasa
hyperface of [M : P]. The map [M : Q,P] — [M : P], defined by Lemmais a
diffeomorphism outside the preimage of Q. Thus, if 8(2) ¢ @, the function rg 7p :
MNP =[M:Q]~\[P:Q] — [0,00) extends locally — i.e. in a neighborhood of z —
to a defining function for P’ C [M : Q, P), since r¢ > 0 at and near z and since rp is a
defining function of S(VA!), the pull-back of P in [M : P, as we have just explained.

On the other hand, if 5(z) € Q, we use (again) the fact that our problem is local. Thus
by choosing a suitable chart around 3(z), we can reduce the lemma to the special case

M =RE xRE xRE, > (2,4, 2")
P =RE xR x {0} 3 (x,2',0)
Q =Rk x {0} x {0} 3 (2,0,0)
B(z) = (0,0,0).
Assume first that ¢/ = ¢ = 0. In this very special case we have
[M : Q] =RS x SFHE" 1 [0,00) 3 (z,&, 1),
[P:Q] =Rl xS"1 x0,00),
where r = /(2)%? 4+ (2")? and € = (2/,2”") /r away from Q. Furthermore, the inclusion
[P: Q] c [M : Q]is given by the inclusion of S¥' =1 < S¥'+#"~1 on the first k&’ compo-
nents of S¥t5"~1 and by the identity on the other factors (that is, on R} and on [0, o0)).
For ¢ € SF'++"~1 Jet §(¢) be the length of the shortest geodesic from & to S ~1, unless
k' = 0. In the case k' = 0 we set § = 7/2, thus sin of = 1. Then
f = sino@: SF K -1 [0,1]

is a smoothed distance function to S* 1 in S¥+5"~1  thus — by pull-back — 7 is also a
smoothed distance function to [P : Q] in [M : Q]. Smoothed distance functions r¢g and
rp (for Q and P in M) are then given by

r(z,n,r) = VIl&/|*+[la"]* = r and rp = |2"]| = rsin(6(¢)).

Since, obviously, 7 = rélrp, we obtain the desired statement if ¢/ = ¢ = 0. The
general case follows by replacing S ~1 with S ~1 and S¥+*"~1 with S+ =1 (RE x
RE)). 0

We now turn to the second case, that when P and () are disjoint. For later use, we prove
a more general statement.

Lemma 4.10. Let M be a compact manifold with corners, let P C M be a closed p-sub-
manifold and Q = (Q1,Q2, . .., Qk) be a blow-up-suitable k-tuple of closed subsets of M
disjoint from P. Let 8 : [M : Q] — M be the blow-down map and let rp be a smoothed
distance to P (in M). Let P = B~YH(P) = B*(P). Then rp o 3 is a smoothed distance
function to Pin [M : Q).

Proof. Let us prove our result by induction on k. For k& = 0 (i.e. for @ = () there is
nothing to prove according to our conventions for the blow-up with respect to an empty
family. Let us write @) = @1, for the simplicity of the notation. Let us prove our result for
k = 1. The blow-down [M : @, P] — [M : P] induces a diffeomorphism [M : @, P] \
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B7HQ) = [M\Q : P](see Lemma. The function rp o S, is a smoothed distance
function to S~1(P) on M \ Q C [M : Q] (since it coincides with rp there). Moreover,
rp o fBar,q is smooth everywhere on the iterated blow-up [M : @, P] and vanishes only on
the preimage of P (in particular, it is > 0 on the preimage of (), which is disjoint from the
preimage of P). Hence 7 pofas,q is a smoothed distance function to 53, o (P) = 51&1,@ (P)
in [M : Q]. The induction step is always to perform an additional blow-up, so it reduces to
the case k = 1 just proved. O

4.2. Smoothed distance functions to a family. We need to extend the definition of the
smoothed distance function to families. (The reader may want to review Definition [3.8] at
this point.)

Definition 4.11. Let P := (P;)*_,, P, C M be a blow-up-suitable k-tuple (that is, an
ordered family of closed subsets of M such that the iterated blow-up [M : Py, Pa, ..., Px]
is defined, Definition . Let § : [M : Pi] — M be the blow-down map and P’ :=
(B*(P2), B*(Ps), ..., B*(P:)), which, we recall, is a family of closed p-submanifolds of
[M : P;]. We then define a smoothed distance function pp to P in M to be a function
pp : M — [0,00) given by induction on k by the formula

pp(z) = ¢ D () ifk=1
rp,(z)pp(y) ifk>1 andy € B~ 1({z}),

where rp, : M — [0, 00) is a smoothed distance function to P; in M (Deﬁnition and
pp is a smoothed distance function to P’ in [M : P;]. (We note that the last expression is
well-defined since, for = ¢ P, y is unique whereas, for z € P;, we have rp, () = 0.)

Again, we use the notation introduced in Definition @] (which is, in turn, the same as
the one in [6, Definition 4.1]). We have then, similarly to [6, Remark 4.3].

Remark 4.12. We have that pp is continuous on M and that p,' ({0}) = UP = U§:1 P;.
Letyo = id, y1 = B7 and ; == B 0 y;_1 = B} o ... 0 B}, where

B = Birpy,. o sl [Pe:Pr, Poa] M Pryc Pl = [M 2 Py P
If, x ¢ UP, then
pp(z) = ng(Pl)(ﬂf)H;(PQ)(JJ) e Tw,’;fl(Pk)(x) .
In particular, it follows that the pull-back of pp to [M : P] is smooth, or equivalently,
suppressing all pull-backs from the notation, pp € C* ([M : PD However note, that in

contrast to the non-iterated case, pp € C™ ([M : P]) is no longer a boundary defining
function for some boundary hypersurface of [M : P].

Remark 4.13. As in Remark a smoothed distance to P function pp (see Definition
is not unique, but it is unique up to equivalence on [M : P]. Indeed, this follows
from Remark since all the factors 7.~ (p,) are uniquely determined up to equiva-
lence on [M : P] and the equivalence is compatible with products and preserved when we
increase P.

The following result extends to smoothed distance functions the compatibility with
products of Proposition [3.13]

Proposition 4.14. Let M and M, be two manifolds with corners and P = (P;)¥_; be a
blow-up-suitable k-tuple of subsets of M. Then

P x My = (P] X Ml)?zl
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is a blow-up-suitable k-tuple of subsets of M x M. Let rp be a smoothed distance to P
in M andp : M x My — M the projection. Then rp o p is a smoothed distance function
toP x My in M x Mj.

Proof. If H is a hyperface of M and ry is a defining function for H in M, then rg o p
is a defining function for the hyperface H x M; in M x M;. The result follows from
definitions by induction on k using repeatedly this observation. Indeed, there is nothing
to prove if £ = 0. The case k = 1 follows from Proposition (used also for k = 1)
and the observation about hyperfaces. The induction step is completely similar to the
case £k = 1 and it reduces to that one, as in the proof of Proposition using that
proposition, the relation 5*(P x M;) = p*(P) x M, and the definition of smoothed
distance functions. O

From now on, we shall assume that our k-tuple is a clean semilattice of closed p-sub-
manifolds of M, endowed with an admissible order. Also, from now on we shall denote
our k-tuple with S instead of P in order to stress that it is stable for intersections (i. e. that
S is a semilattice). (Recall that we can choose any admissible order on S.) The following
proposition will play a crucial role in our application to N-body type problems.

Proposition 4.15. Let S be a clean semilattice of closed p-submanifolds of a connected
manifold with corners M and ) #Y € S. Let ry be a smoothed distance function to' Y’
in M (Definitiond.3) and ps be a smoothed distance function to S in M (Definition@.T1).
Then the function ps/ry : M N~ US — (0, 00) extends to a smooth function on [M : S].

Note that in the statement of the proposition, it is important that 7y is a smoothed dis-
tance in M and not in some blow-up of M. The proposition would be a trivial consequence
of the recursive definition of ps if we replaced ry by a smooth distance function in some
suitable blow-up of M.

Proof. There is no loss of generality to assume that ) € S, so we will do so for brevity.
(The case @ ¢ S is completely similar.) We shall prove the statement by induction on the
number of elements of S.

If S has only one non-trivial element, that is, if S = (Q), Y'), then we have ps ~ ry, by
the definition of pg, as explained in Remarks [4.6|and [4.13]

Now, for the induction step, let us arrange S = (Py = 0, Py, Ps, ..., P) in an admis-
sible order. Let us blow up along P; € S (which is a minimal element of S \ {0}, by
the definition of an admissible order). We use the notation introduced in Definition .11}
in particular S’ consists of the lifts to [M : P;] of the p-submanifolds Pa,- -, Py. If
Y = P, then the result follows from the formula for ps in Remark 4.12] Let us assume
therefore that Y # P;. Since P; is a minimal (non-empty) element of S, we have two
possibilities: either P, C Y or PLNY = .

Let us assume that we are in the case P, C Y. We choose then as a smoothed distance
for [Y : P} in [M : Py] the function r(y.p, = ry/rp,, which is possible in view
of Lemma By the induction hypothesis, we know that (ry /rp, )" !ps: extends to a
smooth function on [[M : Py] : §'].

Since [[M : Py : 8'] = [M : S, by the definition of the iterated blow-up, by suppress-
ing pull-backs in notation we obtain that

(17) ryips = ry'reps = (ry/re) " ps € CF([M 1 S]).

This equation should be understood in the sense of functions M ~\ | JS — R that extend
to smooth functions on [M : S]. Thus, we have obtained the desired relation, so the proof
is complete in the case P, C Y.
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Let us assume now that P, N'Y = (). The proof is then an immediate application of
Lemmald10 for k = 1. O

The following remark recalls [1, Lemma 3.17].

Remark 4.16. Recall that in this and in the following sections, S is a clean semilattice of
closed p-submanifolds of M. Let p(z) = distg(x,S) = distg(x,US) be the distance
to S in some true metric g on M. (That is, a metric on T'M that extends smoothly to the
boundary of M, unlike a “compatible metric,” a concept that will be introduced shortly
and which is really only a metric on M ~ 0M with some additional properties.) One
can show that the functions ps and p are continuously equivalent. A special case of this
statement which is in fact the only case needed in the present article was proved in [1}
Lemma 3.17] based on preliminary work in [8]]. In [1] it is additionally assumed that
all p-submanifolds in § are interior submanifolds. By definition, an interior submanifold
is a p-submanifold of positive boundary depth, i.e. no component is contained in OM.
However, a proof may be extended to the full statement claimed above; the result extends
to p-submanifolds that are not interior, either by adapting the proofs or by embedding the
manifold M into a Riemannian manifold /N without corners and boundary, such that all
boundary hypersurfaces of M are totally geodesic. The function p, however is not smooth
on M ~ US, in general. This justifies the notations p and ps, since they are very similar
in scope. See Lemmal[A.2]for an extension of this remark.

4.3. Blow-ups and Lie manifolds. We now look at a class of differential operators that
will “desingularize” the N-body Hamiltonian (with Coulomb or inverse square potentials).
Let thus M be a manifold with corners and V C C*(M; TM) be a subspace of smooth
vector fields on M that is stable for the Lie bracket and for multiplication with functions
in C>°(M). We then let Diff}; (M) denote the space of differential operators of order < m
on M generated by C°°(M) and by V and

(18) Diffy(M) == | J Diffp(M) = {Zavlvg...vk\aecowM),vj ev}.

m&ENy

Furthermore, we will assume that (M, V) is a “Lie manifold,” a concept from [4] that we
now recall.

Definition 4.17. Let M be a smooth, compact manifold with corners and V C C>=°(M;TM)
be a subspace of smooth vector fields on M. In addition to the relations C*°(M)V = V
and [V, V] C V, let us also assume that:

() C(M N OM;TM) CV;

(i) all vector fields in V are tangent to the boundary; and
(iii) V has a C*°(M)-local basis near each point.

Then we shall say that (M; V) is a Lie manifold; the space V will be called its associated
structural Lie algebra of vector fields.

Remark 4.18. The condition in the above definition means that any p € M has a
closed neighborhood U such that the restriction of V to U is a free C*°(U)-module. An
even better way of expressing condition is to assume the existence of a vector bundle
A — M together a vector bundle morphism ¢ : A — T'M over idy; with o(T'(4)) = V.
The morphism p is called an anchor map, see [4, 41] and the references therein. Then
Condition (i) is equivalent to saying that g restricts to a vector bundle isomorphism on
My == M ~. OM. Similarly, Condition (ii) is equivalent to saying that, for any p € M
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of boundary depth 1, we have o(A,) C T,(0M) C T,M. This condition then implies
analogous tangency conditions for points of boundary depth > 2.

The following simple and basic example(s) will play a crucial role in our applications
to the N-body problem.

Example 4.19. We continue to assume that X is a finite-dimensional real vector space
and and that X is its spherical compactification. We shall take X for our ambient manifold
(thus X plays the role of the manifold typically called M so far). Then X identifies with
the space of constant vector fields on itself. Corollary [B.3]tells us that these vector fields
extend to vector fields on X and that these extended vector fields vanish on Sx. We shall
consider then the structural Lie algebra of vector fields V := C°>°(X)X. Then the pair
(X;V) is a Lie manifold (Definition . Indeed, V is a free C*°(X )—module since any
basis of X, viewed as a vector space, also provides a basis of V as a C*° (Y)-module. The
resulting algebra of differential operators Diffy,(X) is the algebra of differential operators
on X with coefficients in C*°(X).

To a Lie manifold (M; V) there is canonically associated a class of metrics on the inte-
rior of M, called V-compatible metrics on My = M ~ OM, as follows:

Definition 4.20. Let (M, V) be a Lie manifold, n = dim(X). A V-compatible metric
on M is defined as a Riemannian metric on M with the following property: each z € M
has a closed neighborhood U, such that the restriction of V to U, has a C*° (U, )-basis
(v1,va,...,vy,) that is orthonormal in the sense

Yy € MoNUy: (v1,v2,...,v,) is an orthonormal basis of (T, M, g,,).
(Of course, this is a true restriction on g and V only at the boundary of M).

A V-compatible metric on M will never be a true metric on M since the induced metric
on T'M;, will not extend continuously to A/. For instance, for Example 4.19] (and the
related Example [5.2]relevant for the N-body problem), any Euclidean metric on X will be
a )V-compatible metric on M.

Remark 4.21. An alternative way to define a V-compatible is as follows. We briefly
recall this, as it will be used in Appendix [A] See [4] for a proof of the equivalence of the
definitions. Let (M,V) be a Lie manifold with anchor map ¢ : A — TM as defined
above. A compatible metric may be defined as a metric on A, which is by definition a
symmetric positive definite section v € T'(A* ® A*). The anchor map g induces a map
P =pRp: AR A — TM ® TM, and on M the inverse of the anchor map, namely

(o|az,) ", may be dualized to a pull-back map ((9|MD)_1) s A*|p, — T*My. Then

g = ((9|M0)_1) ® ((Q\MD)_l) (v) is a Riemannian metric on M. A Riemannian
metric on My is V-compatible if, and only if it arises this way.

If B € V* ® V™ is a symmetric bilinear form on a finite-dimensional vector space V,
then we denote b : V' — V*, X — B(X, +) the associated canonical homomorphism. If
B is non-degenerate, b is invertible and one defines {5 = bgl. In this case we can define
'B* .= B(tp(+),t5(+)) € V ® V whose matrix with respect to some basis of V' is the
inverse of the matrix of B with respect to its dual basis. Now, if 7y is a metric on the vector
bundle A, we map apply this construction for any ¢ € M to [, € A; ® A7, and we obtain
a smooth section *y# € T'(A ® A). Then G := (p®p) (H) e I(TM @ TM) is a well-
defined smooth tensor. One can easily show that GG is the unique continuous extension of
#g! for the g defined above. We will use this description to proof in Appendix |A|for a true
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metric g and a compatible metric g we have, see Lemma[A.2] a constant C' with g < Cy
in the sense of symmetric forms, i.e. C'g — g is positive semi-definite.

Any two V-compatible metrics g and g are Lipschitz equivalent, i.e. there exists a
constant C' > 0 with C71§ < g < (C§, again in the sense of symmetric forms. Thus
the volume forms are Lipschitz equivalent as well, and hence the definition of the space
LP(M,g) = LP(M;V) only depends on V, and not on the metric. This allows us to define
the associated Sobolev spaces on X (or M) as
(19)

WHP(M;V) = {u | Vi...Vjue LP(M;V),VVi,...,V; €V, j€{0,1,...,k}}

where £k € Ny and 1 < p < oco. Obviously, they do not depend on the choice of V-
compatible metric. These Sobolev spaces coincide with the standard Sobolev spaces on
the complete Riemannian manifold associated with any compatible metric.

The main reason we are interested in Lie manifolds is that there is also a notion of
an associated pseudodifferential calculus [3], a notion of ellipticity in Diff, (M), and,
most importantly for this paper, an elliptic regularity result [3]. Explicitly, an operator
in Dift; (M) is elliptic in Diff}; (M) if its principal symbol is uniformly elliptic in one
(equivalently, any) V-compatible metric.

The following theorem is the special case s = 0 and m € Z_ of [3, Theorem 8.7].

Theorem 4.22 (Ammann-Ionescu-Nistor). Let (M;V) be a Lie manifold. Let k,j € Z,
m € Zy, 1 < p < oo, and P € Diff{} (M) be elliptic. Let u € W*P(M;V) be such that
Pu € WIP(M;V). Thenu € Wit™»?(M; V).

Let us mention also that for in Example (and the related Example relevant for
the N-body problem), an operator P € Diffy,(M) is elliptic in that algebra if, and only
if, it is uniformly elliptic (in the usual, Euclidean metric of X). In particular, the above
regularity theorem (Theorem [6.1)) can also be obtained from the regularity result in [2]].

Let us now provide an alternative, more general method to obtain a Lie manifold struc-
ture on the Georgescu—Vasy space Xgv. (See the Introduction or Section [3] for the
definition of Xgv.)

Remark 4.23. Let (M;V) be a Lie manifold and Y C M be a closed p-submanifold. We
assume Y C OM,i.e. Y is everywhere of positive boundary depth. We also assume that
all V € Vsatisfy V]y € I'(TY). The latter condition implies (due to a straightforward
modification of [1, Proposition 3.2]) that any V' € V has a lift f/, that is, a vector field on
[M :Y] such that

M Y] —V>T[M : Y]

B}»I,Yl idﬂNI,Y

M—Y s TM.

commutes. As a consequence, the inclusion V — I'(T'M) “lifts” to amap V — I'(T[M :
Y]), both maps are injective Lie algebra homomorphisms and C>°(M)-linear. We obtain a
Lie manifold structure on [M : Y] by taking as structural Lie algebra of vector fields

(20) Wbdry = COO([M : Y] V.

Let us record here how the various quantities associated with the Lie manifold (M, V)
change when going to the blow-up Lie manifold ([M : Y], Whary):

e The interior smooth manifold is the same: My = M~OM = [M : Y|\O[M : Y].
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e If a metric on M) is V-compatible, then it is also W}, 4, -compatible.
o WEP(M;V) =WFEP([M :Y]; Whary)-
° Diﬁ’wbd!_y([M :Y]) =C>([M :Y])Diff ,(M).

The last equality is based on the fact that the lift of V acts on C°°([M : Y]) by derivations.
By iterating this construction, we can obtain similarly a Lie manifold structure on [M : )],
where ) is a clean semilattice of p-submanifolds of M. Indeed, let us assume that V is
tangent to each manifold Y C Y/, then V will lift to all intermediate blow-ups leading to
[M : Y]. At each step, by density, the lifting of V will be tangent to the manifold with
respect to which we blow-up.

One typically describes a Lie manifold via the local behavior of the vector fields near
the boundary points. This is not what we did in our case (in the remark right above and the
one following next). See [[10,[12,/40] for similar Lie manifold structures that are described
locally.

Example 4.24. Recall from the Introduction that F is a finite semi-lattice of linear sub-
spaces of X such that {0} € F and X ¢ F. The Lie manifold structure on X¢v will be
obtained starting from X by taking ) := Sz := {Sy | Y € F}. Since the action of X
on the boundary Sx of X is trivial, see Remark and Appendix |C] the vector fields in
V={fV | feC>®X),V € X} are tangent to all the submanifolds of Sx.

The situation described in the last remark changes, however, dramatically if Y has
boundary depth 0, i. e. if no connected component of Y is contained of the boundary. In
that case, there is, in principle, more work to be done, but that has already been completed
to a large extent in [1]]. Let us summarize some required results from that article.

Remark 4.25. We use the notation introduced in Remark [4.23] Unlike there, however, we
shall consider, this time, the case when Y is connected and has boundary depth O (that is, it
is not contained in the boundary OM of M). Let ry be a smoothed distance function to Y,
Definition We then obtain a Lie manifold structure on [M : Y] as in [1] by taking as
structural Lie algebra of vector fields

1) Wine = ryC®([M : Y])V.

See [1, Lemma 3.8 and Theorem 3.10] where it was proved that all vector fields in ryV
lift canonically to smooth vector fields on [M : Y]. (This justifies the additional fac-
tor 1y, since without it, that would not cover our case.) Let us record here how the various
quantities associated with the Lie manifold (A/, V) change when going to the blow-up Lie
manifold ([M : Y], Win):

e The interior smooth manifold of the blow up is, this time:
My, = [M:Y|\OM:Y] = M~ (OMUY).

e If g is a V-compatible metric on M, then g := r;Q B,y g is a Wing-compatible
metric on [M : Y].

e The volume forms for ¢ and § are related by the formula dvol? = Ty B[*M:Y] dvol?,
n = dim(M). As a consequence we have

we LP([M : Y]; W) <= ry"Puc LP(M; V)
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e The Sobolev spaces defined by Wiy, are “weighted Sobolev spaces” in the old
metric (compare to Equation and notice the factor r3,):

WRP(IM 5 Y], Wi) = {u| VA Vi € DP(IM 5 Y] Wiae), WA, Vi €V,

je{O,l,...,k}}

o Letm € Z, then Diffyy, ([M :Y7])is the linear span of differential monomials
of the form rJ,aV,Va ...V}, with a € C®([M : Y]), V1,Va,...,V; € V, and
0 < j < m. Moreover, if D € Diff}; (M), then r* D € Diftyy, ([M :Y]) and,
if D is elliptic in Diffy; (M), then 7§ D is elliptic in Diff}), ([M :Y]).

The last two statements are also obtained using that V(ry) € C*([M : Y]) forall V € V.
(We note in passing that V' (ry) ¢ C>°(M).)

As in Remark [4.23] we can iterate the construction of Remark [4.23] to obtain similarly
a Lie manifold structure on [M : Y], where ) is a clean semilattice (i. e. a cleanly inter-
secting semilattice) of p-submanifolds of M. All the resulting objects on [M : )] will be
independent on the admissible order chosen on ).

5. THE LIE MANIFOLDS ASSOCIATED TO THE GENERALIZED IN-BODY PROBLEM

We now investigate how the constructions of the previous section particularize to the
case of N-body problems. Let us recall our standing conventions that X is a finite di-
mensional, real vector space and that F is a finite semilattice of linear subspaces of X
satisfying {0} € F and X ¢ F. (We stress, however, that the assumptions {0} € F and
X ¢ F are not essential, since the general case of a finite semilattice F easily reduces to
this case.)

5.1. Semilattices and blow-ups for the N-body problem. We begin by introducing the
semilattices that we will use for the study of the N-body problem. These semilattices will
then be used to introduce the associated blow-ups and Lie manifolds.

5.1.1. The semilattices and the blow-ups. We denote by {0} the vector space consisting
of just 0 € X. We agree that Srp; = (), and hence {0} = {0}. As in [1} 6], we shall
consider the semilattices F := {Y | Y € F} and Sx := {Sy | Y € F}, recalled earlier in
Equation (@). Note that ) € Sz because 0 € F.

Proposition 5.1. The sets F, Sz, S U F are clean semilattices of p-submanifolds of X.

Proof. In view of Remark[2.13] this result is obtained by a direct application of Lemma[2.15]
(]

We fix an admissible order on Sz, but the constructions below do not depend on this
choice. For instance, the Georgescu—Vasy space

(22) XGV = [Y : S]:]

does not depend on the choice of an admissible order on S . (This space is the same as the
one introduced in [6]] and in Equation (3).) We now introduce the Lie manifold structure
on X, GV-

Example 5.2. Let X act on X by translations, as in Example Let also S be a
finite, clean semilattice of closed submanifolds of Sx = X ~ X. The Lie group action
of X on X acts trivially on Sx, thus it preserves S, and therefore we obtain an action
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of X on the blown-up space [X : S] (where the blow-up is defined using any admissible
order on S). As explained in Lemma[B.4] this implies that any constant vector field on X
extends to a smooth vector field on M = [X : &] that is tangent to the boundary. Let
Wbdry = COO(M)X

As in Example then (M;Whary) is a Lie manifold (Definition {.17). Indeed,
again, Wi,y is a free C*° (M )-module, a basis being given by extensions of the canonical
basis, viewed as constant vector fields. In this case, the resulting algebra of differential
operators Diffyy, ;. (M) is the algebra of differential operators on X with coefficients in
C>®(M). So the blow-up of X by S leads to a larger algebra of differential operators
than the one associated with the Lie algebroid (X,V), V = C>(X)X, considered in
Example The class of differential operators to which our regularity results apply,
however, is even larger than Diffyy, , (M) (it allows also for interior blow-ups).

For us, the relevant choice is S = Sz, which yields [X : Sz] =: Xgv. (Note that
Xgv was defined using only boundary blow-ups.) We thus have obtained a Lie manifold
structure on the Georgescu—Vasy space X¢gv. This class of examples appears implicitly
(but prominently) in Georgescu’s work [26, [27]].

We now proceed to further blow-up Xqv with respect to F, i. e. the lifts of elements
of F.

Lemma 5.3. Let us arrange both Sy and F in admissible orders (see Definition .
We then use the resulting order to obtain an order relation on Sy U F in which all the
elements of S precede the ones of F. Then the resulting order on the union Sy U F is an
admissible order.

Proof. LetY € F,where Y € F. Letalso P C Sy, P # Sg,and 8 : [X : P] — X be
the blow-down map. Then 3* (Y) will contain Y and hence cannot be a minimal element
of (Sy U F) \ P since it is not contained in any element of Sz ~\ P. O

We shall need for ihe followirﬁ result the following notation for the lifts of F to Xqv.
Let Bav : Xgv == [X : Sx] — X be the blow-down map. If Y € F, we let

Y = B&yY € Xgv  and

(23) ~ ~ —
F={Y ]| YeF} = BivF.

(In general, later on, we shall denote by Y the lift of Y to any intermediate blow-up
between Xgv := [X : Sx] and [X : Sz U F].)
The independence of the blow-up on the admissible order [6] (a result reminded in

Theorem [3.18§)), gives the following
Corollary 5.4. We have canonical diffeomorphisms

Xr = [X:SpUF] ~ [[X:Sz]: F] = [Xav: F,
where F is the lift of F to [X :Sx].

Remark 5.5. Let us assume that we have an order F = (Y = {0},Y3,...,Y})) on the
linear subspaces of F such that Y; C Y; =i < j (thatis, we have a “size-order” on F, in
the sense of Kottke [38]]). Then this is an admissible order on F and the induced orders on
Sr, F,and ]/-: are again admissible.

So X r is obtained from Xgv using only interior blow-u;& By contrast, inil], the
process of blowing up along the collision planes .F started from X to arrive at [ X : F]. This
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had the disadvantage that the smooth functions on X /Y do not lift to smooth functions on
[X : F]. Our paper thus fixes this issue from [1] and provides uniform estimates at infinity.

5.1.2. Boundary blow-ups and the data on Xqv. Let us now see how the constructions
of Lie manifolds and of their geometric objects of the previous section particularize to
our setting, taking into account the two types of blow-ups: boundary blow-up (along a p-
submanifold contained in the boundary) and interior blow-up (along a p-submanifold not
contained in the boundary). We begin with the blow-up of X with respect to Sz, which,
we recall, is obtained using a sequence of boundary blow-ups. We will let W1 denote
the structural Lie algebra of vector fields on X.

Remark 5.6. We will now define a Lie manifold structure on X, as well as on any of
the intermediate blow-ups leading all the way up to Xgv = [X : Sr]. At first, the Lie
manifold structure on X is defined by the action of X on itself and on X as described in
Example 4.19} namely, the structural Lie algebra of vector fields Wy on X is Weua =
Cx(X)X. We have already described in [6] and in then in the Introduction of this paper
how to get from X to Xgy by iterated blow-ups. On any of these intermediate blow-
ups X Theoremn 8|defines an action of X (as a Lie group) on X extending smoothly the
translation action. Deriving this Lie group action yields a Lie algebra action of X on X

given by a linear map £ : X — F()A( ), which in fact provides smooth extensions of all
constant vector fields on X to the compactification X.In general F(X) will not vanish at
the boundary, but it will be tangent to the boundary, see below for further discussion.

On all these blow-ups leading to the Georgescu—Vasy space X qv, the Euclidean metric
will be compatible with the Lie manifold structure on the (intermediate) blow-ups, since
we are performing only boundary blow-ups.

An alternative way to obtain the Lie manifold structure on all the iterated blow-ups X,
including Xqv is to use Remark [4.23] to define the Lie manifold structure inductively,
starting from the Lie manifold structure on X. It is easy to check by induction over the
iterated blow-ups that this construction yields the same Lie manifold structures as above.

We stress that, as a consequence of Remark the resulting Sobolev spaces on all
the blow-ups between X and Xy will be the same. Namely, they are the usual Sobolev
spaces on X . Recall that we identify X with constant vector fields on itself. The algebra of
differential operators, however, will change with each blow-up (along some Sy, Y € F),
eventually leading on [Y : Sz to the structural Lie algebra of vector fields Wyqyy =
C>([X : S#])X. Therefore,

Diffw,,,, (Xav) = C*(Xav)C[X],

where C[X] denotes the algebra of polynomials on X and where a monomial of degree d
is interpreted as a differential operator of degree d with constant coefficients.

5.1.3. Interior blow-ups. As we have seen already, the situation becomes more compli-
cated once we start performing blow-ups along (lifts of) elements of F.

Remark 5.7. We use the notation introduced in Example[S.2Jand Lemma([5.3] In partlcular
let F be the lifting of F to Xqv. Let p» 7 be a smoothed distance function to Fin X, Qv :
[X : Sz]. By iterating Remarkn we obtain a Lie manifold structure on

X]: = [X:S]:U]:] = [[XS]:]]:] = [XG\/Z]:}
(see Corollary [5.4) by taking
W]: = p]?COO(X]:)Wint = p}eCOO(X]:)Wcud = p]f-COO(X]:)X.
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Let us record here what are the various quantities associated with the Lie manifold (X, Wx),
again by iterating Remark [4.23] (starting from M := Xgv and successively blowing up
with respect to the lifts of Y € F):

e The interior smooth manifold of the blow-up is this time:
X]:\@(X]:) = X\U]:.

o If g is a W,y 1-compatible metric on Xqv, then g == p]_?2 B*gis a WWr-compatible
metric on Xz = [Xqgv : ]?] Here 8 : X — Xqv is the associated blow-down
map. _

e The volume forms for g and g are related by the formula dvol? = p}" B* dvol?,
n = dim(M) = dim(X). As a consequence, we have

u€ LP(Xp;Wr) — p;n/pu € I’(Xgy; Wint) < p;n/pu € LP(X;dvoly).

e The Sobolev spaces defined by Wz are “weighted Sobolev spaces” in the old
metric g (compare to Equation (T9) and notice the factor pjf_):

WEP (Xz, Wr) = {u | phor..vu € LP(Xp Wr) Yo, v e)g()gjgk}
:{u | pj?vl...vjueLP(Xf;W;),Wl,...,vjewint,oggk}.

o Diff %I (X 5) is the linear span of differential monomials of the form ap;%% LV,
with a € C*(Xx), V1, Va, ..., Vj € Weyal, 0 < j < m.
In order to obtain the last statement, we use, in particular, that p = is the product of the

smoothed distance functions to the blow-ups of }7, where Y S .7? , see Remark It
is important to keep in mind that p 2 is a smooth distance functions in Xgv and that it is
a product of smoothed distance functions in blow-ups of Xgv; the statements would be
different for smoothed distance functions in X and the corresponding blow-ups thereof.

5.2. Alifting lemma and smoothed distance functions. We continue to let X be a finite-
dimensional Euclidean vector space. Let Y be a linear subspace of X. In this subsection,
we prove a technical lemma (a lifting lemma) and apply it to the study of smoothed distance
functions, leading to some results that will be used in the next subsection. Recall that the

projection map x y : X — X/Y extends canonically to a smooth map ¢y : [X : Sy] —
X/Y, see [6l Proposition 5.2] and the proof of [38| Theorem 4.1]. See also [43]].

Lemma 5.8. There exists a diffeomorphism

24) Uy = (d)y,X)Z[Y:Sy]—)X/YX?

such that x(y) = yify € Y and Pxs, © \Il;l restricts on X/Y X Sy to the projection
X/Y X Sy — Sy.

Proof. This follows from [6, Lemma 4.14] for k = 1 and k¥’ = 0, see Proposition in
Appendix [C| for details. O

Remark 5.9. In order to compare the above well-known lemma to the literature, we men-
tion that it says that the map 1)y is the projection maps of a trivial fibration with fiber Y. In
this context a smooth map f : A — B between manifolds with corners is the projection of
a trivial fibration with fiber C, if and only if, f is the first component of a diffeomorphism
A — B x C. This is a special case of a fibration in the sense of [43] Subsection 2.4], a
concept whose definition will not be recalled here, as it will not be required further.
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Continuing our idea to extend the map Wy to a case with more than one blow-up, let us
introduce some notation. Let Y € F and choose an admissible order (Py = 0, Py, ..., Py)
on Sx (which is the same as choosing an admissible order on F). According to the last part
of Proposition|3.20|we can choose this admissible order such that Sy = P, for some ¢ < k
and Sp; C Sy for all j < t. Admissibility implies Sp, ¢ Sy for j > t. Let ¥y be the
diffeomorphism defined in Lemma LetP = (P, Pi,...,Pr_1), X == [X : (P,Sy)].

Corollary 5.10. Let Y be the lift of Y to X = [X : (P,Sy)]. Using the notation we
have just introduced, we have that the diffeomorphism ¥y : [X : Sy| — X/Y x Y of
Lemma 5.8)lifts to a diffeomorphism

(25) Uy : X = [X:(P,Sy)] = X/Y x [V : P].

This diffeomorphism maps Y to {0x/v} x [Y : P] diffeomorphically. In particular, a

smoothed distance function to {Ox v } in X/Y pulls back via Uy to a smoothed distance
function to Y in X.

Proof. Let B := Bx g and B~1(P) := (87 (Fo), B~ (P1),...,B " (Pi-1)). (Notice
that 37 1(Py)) = B~1(P) = 0.) Thanks to the properties of the family F and the fact
that Sy is a maximum of {Py, Py, ..., P}, the two orders (Py, Pi,... P, = Sy) and
(Po,Sy, Py,...P;_1) are both “intersection orders” in the sense of [38]] for the semi-lattice
(P;)t_,. Corollary 3.5 of [38] gives the first diffeomorphism of the following equation

(X : (P,Sy)] = [[X : Sy], B (P)]
~ [X/Y XY : Uy (571(P))]
~[X/Y xY : X/Y x P]
~X/Y x[Y :P].

The second diffeomorphism of this equation is obtained by using the diffeomorphism Uy
of Lemma 5.8 Using P; C Sy, Lemma [5.8|implies, Uy (3~1(P;)) = X/Y x Pj, and
hence Uy (871(P)) = X/Y x P. This provides the third diffeomorphism. The last
diffeomorphism follows then from Proposition [3.13]

We now turn to the second statement of our result, namely, that \/I}y maps Y to {0x/y }x
[Y : P] diffeomorphically. By definition, the lift ¥ of ¥ to X is the closure of Y . Pin Y .
In view of the diffeomorphism of the last equation and of Lemma|[5.8] this lift is the closure
of {0} x Y in X/Y x [V : P], and hence diffeomorphic to [Y : P]. (The diffeomorphism

Y ~ [Y : P] also follows by iterating Proposition E)
The final statement about distances is then an immediate consequence of this diffeomor-
phism. (It is also a consequence of the more general result proved in Proposition.14]) O

We will use Corollary to define a canonical map b : Xqv = [X : S¢] = X/Y.
This map coincides with the composite map considered also in 6, Proposition 5.10]. Com-
bining with Lemma[4.10] we obtain the following.

Corollary 5.11. Using the notation introduced in Corollary let rq be a smoothed
distance function to 0 € X/Y. Let Bav : [X : Sg| — X be the blow-down map. Let b be
the composite map

(26) Xav =X :Sz] = [X : (P,Sy)] = X/Y
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obtained from Corollary Then ro o b is a smoothed distance function to B¢y, Y) C
[X :Sz]in[X : Sx].

Proof. This follows from the properties of the map b and the aforementioned Lemma4.10
and Corollaryas follows. Let P and Y be as in Corollary The remaining spheres
at infinity yield Py = 5?,(79,Sy)(§ 7 ~ {P,Sy}) which consists of p-submanifolds
disjoint from Y. We first have that r o b is a distance function to ¥ in X = [X : (P,Sy)].
Then this lifts to a distance function to 3*(Y) in Xgv = [[X : (P,Sy)] : Prem] by
Lemma [4.10l O

5.3. More on smooth distance functions on blow-ups. As before let Sav : Xgv =
[X : Sz] — X be the blow-down map from the Georgescu—Vasy compactification to the
ball compactification. Again for Y € F, we write 3¢ (Y) for the lift of Y C X to
[X : Sz], i.e. it is the closure of Y in [X : Sz]. In this subsection we use the notation
Y = B&v(Y). (Note that now Y only has this specific meaning, whereas it denoted a
more general class of lifts previously.)

The goal of the current subsection is to compare a smoothed distance to Y in Xav
to the Euclidean distance to Y. More precisely, we show in the following lemma that
functions similar to arctan(dy) : X — R, where dy is the Euclidean distance function
to X, extend to a smoothed distance function to Yin X, av. This is mostly a question about
the asymptotic of dy at infinity.

The reader should be aware that a smoothed distance to Y in X will not pull-back
to a smoothed distance function to Y in Xav, thus it is important to keep in mind with
respect to which of the two compactifications, X or X , the smoothed distance functions is
defined. Again, we let F = B (F) = {Y | Y € F} and recall from Corollarythat
[XGV : .7:] = [X : S;:U]:] =: Xr.

Lemma 5.12. Let ¢ : [0,00) — [0,1] be a smooth, non-decreasing function satisfying
¢po(t) = tfort < 1/2and ¢o(t) = 1fort > 1. Let Y € F and dy (z) = dist(z,Y)
be the distance function from x € X to'Y with respect to the Euclidean distance on X, as
before. Then ¢gody extends to a smoothed distance function r¢ to Y in Xav = [X : S#]
such that ro /dy extends to a smooth function on Xgy.

It follows trivially from the lemma that ry /dy extends to a smooth function on X5 :=
[X GV - .7: ]

Proof. Let ro(z) = ¢o(|z|]) = ¢o(dist(z,0)), where z € X/Y. Then ry extends to
a smooth distance function to 0 in X/Y". Let b be the map of Corollary m Then that
corollary gives that r = 79 0b is a smoothed distance function to Y in X, qv that coincides
with ¢ o dy on X.

Next, the function ¢(z) = 79(2)/|z] = é0(|2])/|z| extends to a smooth function on

X/Y. Hence ¢ o b is smooth on X¢v. This function is the desired smooth extension of
’I“{, /dy . O

Remark 5.13. Note that dy | x is a smoothed distance function to Y in X, but not in X as
it does not extend to a continuous (or smooth) function X — [0, 0o).

The purpose of the framework developed in Subsection .1 was to prove the following
result.
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Proposition 5.14. Let Y € F and dy (x) := dist(z,Y) = inf{||z — y|| | y € Y'} be the
Euclidean distance function from x € X to'Y and F be the lifAt of F to Xqv, as before.
Let pz : Xav — [0,00) be a smoothed distance function to F in Xcvy. Then pz d;l :
X \Y — [0, 00) extends smoothly to a function in C* ([Xgy : .7?]) = C*(Xx), denoted
again by pz d;l.

Proof. We use the notation introduced in Lemma , in particular, T$ =T O b extends
¢o o dy . We thus have that 7 /dy € C*°(Xqy) C C*(Xr), by Lemma Moreover,

7y is a smoothed distance to Y in Xgv = [X : S#], by the same lemma. Hence pz/Ty
extends to a smooth function on [[X : Sz : F] = [X : S5 U F] = X, by Proposition
4.15|for M = [X : Sx] and S = F. Hence

_ Pz To
gl = PELTY Cosexa)
Pz Gy e dY (-7:)

The proof is complete. (]

We fix in what follows p » to be a smoothed distance to Fin [X : Sx]. Our constructions
and reasoning will not depend on the particular choice of p ».

6. REGULARITY RESULTS FOR EIGENFUNCTIONS

We now formulate and prove our main regularity results for certain differential oper-
ators with singular coefficients on X. These results apply, in particular, to Schrodinger
operators with “inverse square potentials”, a class of potentials which will be defined be-
low and that includes the classical Schrodinger operator with Coulomb potential, which
are used in physics and chemistry. The more general class of Schrodinger operators with
inverse square potentials became of renewed interest [14} [16, 33 34| 42]]. To summarize
our approach, we use the method in [1], but starting with Xgv instead of X. This im-
provement leads to regularity statements which are even uniform close to infinity. The Lie
manifold structure on X gy is obtained from the action of X, as explained in Example
(See also Remarks [4.23]and[5.6])

Recall that, throughout this paper, F is a finite semilattice of linear subspaces of X with
0eF,X ¢ F,andSr U F is the associated clean semilattice, as in Equation @I) There
is no loss of generality to assume that X = R", when convenient. As before, we let

Xav = [X : Sg], the Georgescu—Vasy space;

X7 =[X:SrUF] = [[X : SF] : F]; the blow-up along Sz U F;

pz: Xav — [0,00), a smoothed distance to Fin Xav, see Deﬁnition
Wr = pzC>*(XF)X, the structural Lie algebra of vector fields on X, dis-
cussed in more detail in Remark 3.7

Theorem 6.1. We use the usual notation, recalled for instance in the last paragraph. Let
m € Nand Dy, Dy, ..., Dy, be differential operators on X with coefficients in C*°(X x),
Dy, of order < k, and D .= D,,, + p]_?lD,,L_l +... 4 p;’”Do. Then
) p’]’__ﬁD € Diff}y,_(XF).
(ii) If Dry is uniformly elliptic on X, then p2 D is elliptic in Diffy}, (X 7).
(iii) For each boundary hyperface H of X r, let x g be a defining function and g € R.
Let x == [1 2% and 1 < p < co. We assume that PED is elliptic in Diff}}, (X 7)
and that w € xLP(X ) satisfies Du = Auon Xz~ 0Xz C X for some A € R.
Then u € YW*P(Xz, Wx) forall £ € N.
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Before proceeding to the proof, let us make a few comments on the setting.

Remark 6.2. All of Xgv, X7, pz, and Wy are defined using an inductive procedure
based on an ordering of S zUF. This ordering is not important, as long as it is an admissible
order (see Deﬁnition@]). In our case, however, it is convenient to use an admissible order
that puts first the elements of Sz and then the elements of F, as many objects are defined

on the intermediary blow-up Xgy = [X : Sx]. We note also that L7 (Xgy) = LP(X)
since

27 Xagv~0Xagy = X\N0X = X~\UF,

with the same induced measure. However, the measure on the interior of X », X r\0Xr =
X ~ U F differs from the measure on X by the factor p}_”, where n = dim M.

Also, we mention that this theorem generalizes Theorem 4.2 in [[1], but note that, in the
statement (ii) of that theorem, the radial compactification (denoted S in that paper) needs
to be replaced with the Georgescu—Vasy space Xgv.

Proof.

Ad (i): This follows from Remarks[5.6|and[5.7]and from the definitions of X and Wx.
Ad (ii): This follows from (i) just proved by combining with Remarks[§.25] [5.6] and[5.7]
Ad (iii): Letu € xLP(X ) be such that Du = Au. Then Q) = p2D — ApZ is an elliptic
operator in Diffyy . (X #), by (i) just proved. It satisfies Qu = 0. The result is

hence a direct consequence of the regularity result in [3] (this result was recalled

in Theorem [4.22)).
t

Let us give now a more concrete application. We fix a Euclidean metric on X, n =
dim(X). First, let us note that it follows from Remarks and 5.6 that

WP (X5, Wr) = {u: X > C | p2'0°u e LP(X, pz), o] <k}
(28) ={u: X > C | P27 oou € LP(X, ponar), o] <k},

where we used the standard Lebesgue measure fieyc and the measure pr = p;" Leucl
associated with gr = p}z Jeucl ON X.
Definition 6.3. Let X, F,SrUF, and X 7 := [X : SxUF] be as above (as in Theorem

for instance). Let dy (x) = dist(z,Y’) denote the distance fromz € X toY € F. An
inverse square potential with singularities in F is a function V' : X ~ UF — C of the

form
ay (x by (x
v = 3 (e i)t

YeF

where ay, by, c € C®(XF).

Note that, since C°>°(X) C C*°(X ), our inverse square potentials are rather general
and include the usual inverse square potentials. The following lemma justifies our defini-
tion of inverse square potentials.

Lemma 6.4. The set of inverse square potentials is a complex vector space. Let V be an
inverse square potential, then pi?V € C>®(Xx).

Proof. From the definition above, it is clear that the set of inverse square potentials is a
complex vector space. Proposition gives pzdy € C°°(Xx). The result then follows
since pz € C*(X ). O
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Example 6.5 (The Schrodinger operator in quantum physics). The Schrddinger operator
of an atom with heavy nucleus and with N electrons, studied in physics, is the operator

(@) = (Hu)(z) = Au(z) + V(2)u(z)
regarded as an unbounded, densely defined operator in L?(R™), n = 3N. We write z =
(r1,22,...,ZN) € R3N with z; € R3. The potential V' is given by

b Cij
Y@= 2 it 2

1<j<N 1<i<j<N s — a4

The potential V' is an inverse square potential with singularities on the collision planes
(more precisely, on the semilattice generated by the collision planes). We thus may apply
Theorem[6.1]to eigenfunctions of the differential operator .

Moreover, the inverse square potentials considered in [[14}[16L133|34}!42] are also inverse
square potentials in our sense.

Theorem 6.6. We use the notation introduced in Theorem Let D be a constant coef-
ficient elliptic operator on X = R" and V' be an inverse square potential. Let pz be a

smoothed distance function to F, as above. Assume u € L?*(R™) is an eigenfunction of
D +V, then

la| oo 2(mn
[ 0% € L*(R™)
for all multi-indices o.

Proof. Let gr~ be the canonical Euclidean metric on R™. Itis also a compatible metric ggv

on Xgv, as explained in Remark Then gx, = p]_?Qan is a compatible metric gr
on X r, as explained in Remark Hence we have that

LX(R", gwn) = L*(Xav,gav) = p3"*L*(XF,97).

The function pz is a product of defining functions of hyperfaces of X, by the definition

of a smoothed distance function to a semilattice (Definition 4.11}), and hence pA3N/ 2 =

X, for some x as in Theorem [6.1] - with ugy = —n/2. The result then follows from
Theorem [6.1] (fii) and the description of Sobolev spaces in Equation (Z8). O

Of course, D = —A satisfies the assumptions of the above theorem, so our regularity
estimates are valid for Schrodiner operators with inverse square or Coulomb type singu-
larities. To obtain Theorem [I.1] stated in the Introduction, recall from Remark |4.16 [4.16] the
following. Let p(z) = distg(x, UF ) be the distance to UF in some frue metric g on
Xav. Then the functions pz, p, and the function 07 := min{dist(x,JF), 1} are Lip-
schitz equivalent, see Appendix [A]

Remark 6.7. The methods in this article also generalize to non-linear equations. As an
example we consider equations of the form

(29) Au+ V|ul*u = Au

on R, where A € C, 0 < s < 2/(n — 2), and V is of Coulomb type (i.e. as in (@)).
Let g = p;z Jeucl be an adapted Riemannian metric on (X 7, Wx). We define the Yamabe
operator L9 .= A9 — 4(’;;21) scal?, and one may find in any reference about the Yamabe

problem or conformal geometry that

Lg (ﬂ) _ (pﬁ)(n+2)/2Leucl ((p]?)f(n72)/2ﬁ)
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After multiplication with (pz)("*2)/? Equation transforms into

LY+ p%VI]a*a = pZAa
witht = ((n+2) = (s + 1)(n—2))/2 =2~ (s + 1)(n— 2)/2and @ := 'L~/ *u. We
have t > 1 if and only if s < 2/(n — 2), and in this case the Coulomb assumption implies
the boundedness of pt}A_V. Then regularity theory yields for any € C*°(X£): if

(30) i € nL? (X, Wr) Nt/ VL2 (X 2 W)
then
31) @€ nW??(Xr, Wr).

We may apply this for example to 7 = p;(H?). Then

(32) u € L*(X, geuer) N LTV (X, geuer)
implies (30), and then implies
(33) P2 07 € L2(X, gener) for all multi-indices o with [a] < 2.

Thus we have (32) = (33), and many similar conclusions are possible.

Remark 6.8. The point of view of Subsection yields an alternative way to construct
the space X . Recall that as a set we have X, = X U {oco} with the differential structure
given by stereographic projection. Instead of taking the closure of a {0} # Y € F ~ {0}
in X, we may take its closure in X, which is then Y., = Y U {oo}. For Y = {0}, we use
{0} = {0, 00} instead of the closure. We define

Foo ={Ye | Y €T}

Since we have (always) assumed that F is a finite semi-lattice of linear subspaces of X
with {0} € F, we see that F, is a clean semilattice of closed p-submanifolds of X
(i.e. a cleanly intersecting family of closed p-submanifolds and a semi-lattice), which we
endow with an admissible ordering. Because of the diffeomorphisms [X,, : {o0}] ~ X
and [Yoo : {00}] = Y C [Xo : {o0}] we see that [Xo : Foo] = [X, F]. This is the
blow-up used in [1]]. However it differs from the blow-up constructed in this article, which
is X]: = [XGV : F]

Example 6.9. Consider 7 = {{0},Y} then 7, = {{0} U {00}, Y }. Using the result
that [M : P,Q] ~ [[M : P]: [Q : P]] for P C @, we obtain

oo : Foc] = [[Xoo {50, 0}, [Vic : {00,0}]] = [[Xox : {00}] : {0}, [¥o : {00} : {O}]
= [X:{0}.Y]=[X:F) £ Xr=[X:SrUF]

APPENDIX A. THE EQUIVALENCE OF p AND {r

Let X and F be as in the previous sections, that is, F is a finite semilattice of linear
subspaces of the real, finite-dimensional vector space X. For each Y € F let Y be the
closure of Y in Xqv (it coincides with the lift 7Y of Y to Xgy) and F := {}7 |Y € F}.
Recall from the Introduction that p(z) := distg(z, F) = distg(z, F) be the distance to F
in some frue metric g on Xgy. Let dist(x, U F) be the distance from x to |J F in the usual,
Euclidean distance and set d#(x) := min{dist(x, U F), 1}, again as in the Introduction.
The function p used to obtain our regularity results in the previous section is maybe not
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explicit enough, so we prove now that the functions p and §z are Lipschitz equivalent.
More precisely, we shall prove the following result.

Proposition A.1. Let F be a semilattice of linear subspaces of the real, finite-dimensional
vector space X. The following functions are Lipschitz equivalent (as functions on X ):

(1) p = the distance function to |J F in some true metric on Xav,
(2) 6x(x) = min{dist(x,UF), 1}, and
(3) pr = a smoothed distance function to \J F.

We recall that it was proved in [1]] that pr and p are continuously equivalent and thus
Lipschitz equivalent. (This result was discussed and reminded in Remark [4.16]) The rest
of this section will then be devoted to proving that p and § = are Lipschitz equivalent.

Lemma A.2. Let (M, V) be a Lie manifold (and hence M is compact, see Definition ,
let G be a true metric on M, and let g be a V-compatible metric. Then there exists C > 0
such that g < C2%g. In particular, for all x,y € M ~ OM,

distg(x,y) < Cdisty(z,y) .

Proof. As explained in Remark [#.21] a compatible metric on A is given by a metric y €
I'(A*®A*) on the vector bundle (Lie algebroid) A, and then G := (0®0) () eT(TM®
T M) is a well-defined smooth symmetric section. On M, the section G is non-degenerate,
and thus we have G|y, = 4g0* for some V-compatible Riemannian metric gy on M. By
definition, any V-compatible Riemannian metric arises in this way for some . We thus
have seen that %g? extends smoothly to a symmetric tensor G € I(TM @ TM). The g-unit
cotangent bundle S7M C T M is compact. By continuity of G and compactness of STM

the supremum c¢; = sup{G(X, X) | X € ScM C T*M} is bounded. We get G < ¢; igt
and thus also *g* < ¢; ¥g*. This implies the statement by duality for C' := NEE ]

We obtain the following corollary.

Corollary A.3. Let g be the Euclidean distance on R™ and g be any true metric on Xgvy.
Then there exists C > 0 such that, for any x € X, we have

distg(x,JF) < Cdisty(z, | JF)

Proof. Lety € UF be such that dist, (z, U F) = dist4(x, y), which exists since U F is a
closed subset of X. Also, let C' be as in Lemma[A.2] Then

Cdistg(x,JF) = Cdistg(x,y) > distg(x,y) > distg(x,|JF). 0

Let L == {z € X | distg(z,UF) > 1}.
Corollary A4. There is C > 0 such that, forall x € X, p(x) < Cér(z).

Proof. The function p is bounded by some C; > 0 (since Xgv is compact). Hence, if
z € L, p(x) < Cy = C107(z). On the other hand, with C as in Corollary[A.3] if z ¢ L =
{z € X | disty(z,UF) > 1}, we have p(z) = distz(z, UF) < Cdisty(z, UF) =
Céx(z). So the desired C is the largest of C; and the C' of Corollary[A.3] O

Recall that in [6], one of the main results, namely Theorem 4.19 states that Xy is
diffeomorphic to the closure of §(X), where ¢ is the diagonal map from X to [ ], . » X/V
(we assume that 0 € F). The diffeomorphism is the unique extension of the diagonal map
x> (x,...,2).

Let (Z), resp. (Z), be the open resp. closed ball of radius 7 around 0 in a Euclidean
vector space Z.
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Lemma A.5. Let Z be a finite-dimensional Euclidean space with open unit ball (Z2)1.
There exists a true metric gz on Z such that on (Z)1 it yields the same distances as the
Euclidean metric.

Proof. Let us define [0, 0o] as the closure of [0, 00) in R. Then [0, o] inherits a smooth
structure of R, and is a compact manifold with boundary, and there is a diffeomorphism
p: [0,00] — [0,2] with p(t) = t for t < 1. We obtain a diffeomorphism 6 : Z — (Z),
defined by: 0 — 0, Z ~ {0} > z — %z, and for [|z|| = 1: Sz 2 R4z — 2z. Then
gz = 0% geuc 18 a suitable true metric. ([l

I;et g be the Euclidean metric on X = R"”, which, we recall, is a compatible metric
on X.
We are ready now to prove Proposition[A.T]

Proof of Proposition[A.1] We have proved in Corollary[A.4|one of the two desired inequal-
ities (Cox > p) needed to prove that §r and p are equivalent. Let us prove now the
opposite inequality. To that end, we can choose any true metric on Xgvy (they are all
equivalent). We shall choose then on each X/Y the true metric gy defined in Lemma
and on Hy er X /Y we shall choose the product metric of these metrics. On Xgv
we shall choose the induced Riemannian metric g provided by the (diagonal) embedding
Xav = 0(X) C [Iyer X/Y which is again a true metric. For this particular choice of
true metric we will show

(34) p(x) > 0x(x).

Note that the Riemannian distance from z to y in Xgy is bounded from below by the
Riemannian distance of the same points x and y in [ [y . » X/Y. This implies

p(x)? > Z disty, (my (z),0)* > dist,, (7z(z),0)?
YeF

for any Z € F. We also have

dr(x) = min{ 1, miny ¢ r dist(z, Y)} < min{1, dist(x, Z)}.
Thus (34) will follow once we have shown
(35) distg, (7z(x),0) > min{1, dist(z, Z) }

for any Z € F. Note that dist(z, Z) coincides with the Euclidean norm of 7wz (x). As
the distance with respect to gz coincides with the Euclidean distance inside the unit ball
of Xi/Z, see Lemmainequality (33) follows immediately. This completes the proof of
(34)) and thus of the proposition. (I

APPENDIX B. GROUP ACTIONS ON COMPACTIFICATIONS OF VECTOR SPACES

Here we include the details on how the constant vector fields on a vector space extend
to various compactifications. In order for the paper to be self-contained, we also recall
and extend here some facts about several compactifications of a vector space X. We will
start by considering the spherical compactification. We use the definitions of R}} and S} as

in (7).

Lemma B.1. Let X be a finite-dimensional real vector space. Let A € GL(X) and
V € X. Then the affine map p — L v (p) = Ap+V extends to a diffeomorphism of X.
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Proof. Let us assume first that IV = R". As a first, step we want to construct a smooth
map fav : S} — S} such that ©, ! o f4y o ©,, is an extension of the affine map
L4y, where ©,, is the map X — S7 given by (8). As a second step we prove that it is a
diffeomorphism.

At first we consider the linear map Fju v : R — R (¢,p) — (t, Ap + tV).
Obviously F4 y maps R} toitself and Fa v ((1,p)) = (1, La v (p)). Itis easy to check
that the smooth map

Fav((t,p))
fav((t,p) = :
(7)) [Ea,v ((p)
has the extension property for L 4 v described above. It is obvious to see that F'y y o
Fyr v = Faarvyay and as a consequence fay © far v = faar,v4ave. It follows

that f4-1 _ 41y is the inverse to f4,v, and hence f4,y is a diffeomorphism. The case of
a general vector space X is obtained by choosing a linear isomorphism X ~ R™. In view
of the results proved, the resulting smooth structure on X and the smoothness of the affine
maps on X do not depend on the choice of the isomorphism X ~ R™. (]

Obviously the diffeomorphism f4y : X — X restricts to a diffeomorphism of the
boundary, namely the sphere at infinity fa v|sy: Sx — Sx. From the proof of the last
lemma, we also get:

Corollary B.2. The extension constructed in Lemma[B.1|above yields a group homomor-
phism Aff(X) — Diff(X), Lay + fa,v. Fora translation L1y : X — X by V, we
have

fivisy =idsy -

Proof. The proof is immediate from the formula defining the extensions of affine maps to
the spherical compactification (see the proof of Lemma [B.T]. (]

The map in the corollary defines a Lie group action of Aff(X) on X, and the derivative
of this Lie group action yields a Lie algebra action of aff (X ), the Lie algebra of the affine
group of X on X. We may restrict to the Lie group of translations, resp. to the corre-
sponding Lie algebra. This Lie algebra is X with the trivial bracket. We thus have a Lie
algebra action of X on X. If a Lie algebra g acts on a manifold with corners M, then this
is given by a Lie algebra homomorphism £ : g — ['(T'M). In the above situation X = g
and £ maps a vector of X to the corresponding constant vector field in I'(X). As the Lie
algebra X acts on X, any constant vector field on X extends to a vector field on X. As the
Lie group of translations acts by the identity on Sy, the Lie group X acts trivially on Sx
which proves that the smooth extension of a constant vector field to X vanishes on Sy.
We thus have proven the following.

Corollary B.3. ForanyV € X, the vector field

_ )V ifpeX
Wi = {0 if €S,

is a smooth vector field on X.

We now turn to more involved compactifications. Let S be a finite, clean semilattice of
closed submanifolds of Sx. We consider the compactification, M = [Y : 8], an example
being the Georgescu—Vasy compactification Xy discussed in[5.1.1}

The action of the Lie group X on X constructed above is the identity on any P € S,

as P C Sx. Thus [6l Theorem 4.21] or Theorem [3.18] tells us that the Lie group action
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of X on X lifts (uniquely) to an action of X on M. The action is by diffeomorphisms,
and, as X is connected, the action of an element of X on M maps each boundary face
of M to itself. The corresponding Lie algebra action yields a Lie algebra homomorphism
L: X = Lie(X) — T'(TM). Its image consists of vector fields tangent to the boundary
of M as the corresponding Lie group action preserves all boundary faces. We have thus
obtained the following result:

Lemma B.4. Let X and F be as above and M = [X : F). Then any constant vector
field on X extends to a smooth vector field on M that is tangent to the boundary.

7We will now discuss whether the smooth extension of a constant vector field to M =
[X : S] still vanishes on the boundary.

Example B.5. Let X and S = {Sy}, Y C X, Y # {0}. Then we have seen that the
constant vector fields v € X extend to a vector fields on X vanishing at the boundary
Sx. One can show that the lift of v to [X : Sy]| vanishes at all the boundary faces of
[X : Sy] if, and only if v € Y. If v ¢ Y, then its lift does not vanish on the boundary
hyperface emerging from Sy, but it still vanishes on the other boundary hyperface of M
(respectively, in the exceptional case dimY = dim X — 1, on the other two boundary

hyperfaces of [X : Sy]).

APPENDIX C. A SPLITTING LEMMA

We now include the promised details explaining how Lemma [5.8] follows from [6,
Lemma 4.14]. In particular, we consider the relations between (blow-ups of) the (spheri-
cal) compactification of the vector space X and the compactification of linear subspaces,
providing, in particular, the full details of the proof of Lemma So let Y be a linear
subspace of X. We have shown in [6, Proposition 5.2] that the quotient map X — X/Y
extends uniquely to a smooth map ¥y : [X : Sy] — X/Y. We will show that ¢y is a
trivial fibration, a trivialization will be provided by the choice of any complement; in other
words: [X : Sy] is a product of manifolds with corners, and 1y the projection to one of
its factors.

In order to work on the space [X : Sx], it is convenient to have a better understanding
of its structure, including of its smooth structure. The following result due to Melrose (see
[6, Lemma 4.14] and the references therein) provide the needed initial results.

In the following lemma we write elements RL"_;‘;;”'H in the following way. At first, up

’ ’
to permutation of the coordinates Rznfkf"' *1 coincides with R x R} 1, which we write

’ ’ ’
as R\ 1= R R, T Then a vector in R *1 will be written as a pair (7, 1)

with respect to the product R}* x R?lﬂ.

Lemma C.1. Let SZ}’JIR/ .— §m+m’ A (R’ZL X RZ}/+1) = S;nﬁr,n/ . If we define
m,m’ m’ m— m’ n
ST ({0 xSE) = SptxSE W = (s () )
then U extends to a diffeomorphism
(36) TSy {0} <SP S st xSy
Up to a suitable permutation of coordinates, we permute the coordinates and if we identify

Sy with {0} x S}* as subset of S;:f,:? , we obtain a diffeomorphism :

U SP {0y xS ] S Spt xSy
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A proof of this result with our notations can be found in [6, Lemma 4.14] In the fol-
lowing proposition, we shall identify X/Y with Y1, for some fixed scalar product (s,+)
on X.

Proposition C.2. Let X be a real finite vector space and Y # 0 be a linear subspace
of X. Then there is a diffeomorphism

\I/y = (¢y,X): [Y Sy] —>X/Y X?
such that the restriction of vy to X ~ Sy is the extension of the canonical projection
my: X — X/Y and x(y) = y ify € Y. Moreover, the blow-down map Px g is
determined by =y = ﬁY,Sy o \II{,1 : X/Y x Y — X which is given by:

Sy (ey) = 47 ify €Sy,
’ z+\/1+(z,2)y  if(zy € X/Y xY.

Proof. The proof is a modification of the proof of |6, Proposition 5.2]. The map vy is the
same as the one defined in the aforementioned Proposition and used before in this paper.
Let us recall briefly the construction of this map 1y and then introduce the map . Let
dimY = pand dim X = n. Without loss of generality, we may assume that Y = R? C
X = R"™ Then ©,(Sy) = dS] = SP~! may be viewed as subset of ©,,(Sx) = IST =
Sn—1. Using this identification, we can obtain
[X : Sy] ~©" [ST: sP71],

where @g is the lift of ©,, to the two blow-up spaces. Using Lemma form=n—p+1
and m’ = p, we have the diffeomorphism [S} : SP~1] ~ ST77 x S}. We go back to the
compactified vector spaces using (O, " ©,1) : 7P x S! = X/Y x Y. Composing

n—po
these diffeomorphisms, we obtain:

[X:Sy] ~On [SP:SP 1 ¥ §77P x P (020 ) XY x V.
At this point, the reader might want to check the definition of ©,, and ©,,! defined in (8)
and (9), as well as ¥ defined in (36). If v = (vy,v.) € Y & Y1, we obtain

~ 1 1 1
37 Vo0O,v) = \Il( E(Lv)) = (m (L,vy), Ty ((UJ_>7UY)) .
For the first component, we obtain ©,,", (ﬁ(l, ’UJ_)) = v, = 7y (v). Hence we have

the required property for Wy. In the second component, if v € Y, thatis v; = 0, we
obtain (v, ) = 1 and (v) = (vy) then

Ch <<vly>(1’ Uy)> = vy .

Hence we have x(y) = y fory € Y. A long computation gives the required propriety for
Ev = Bxg, 0 Uy O

Note that in contrast to the map vy, the constructions of the maps x and =y depend on
more than the space X and its subspace Y, it also depends on the scalar product (and thus
indirectly on the choice of the orthogonal complement). Thusif A : (X,Y) — (X', Y”) is
an automorphism of pairs of vector space, and if we denote maps induced by A also by A,
then we have the naturality relation 7y, o A = A o 7y, but in general y and =y are not
natural,i.e. yo A # AoyandEys 0 A # Ao Zy.
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APPENDIX D. MORE ABOUT CLEAN INTERSECTIONS

Here we include some technical details for the fact that our semilattices coming from
linear subspaces are clean.

Lemma D.1. Let Y, Z be two linear subspaces of X. Then each of the following pairs
intersects cleanly:

(1) Y and Z,
(2) Sy and S,
(3) Sy and Z.

Proof. The clean intersection property for Y and Z is obvious in X, so study this property
inp € Sy =Y NS. Let dim(X) = n, dim(Y) = k, dim(Z) = ¢, dim(Y N Z) =
m. We may choose a basis eq,...,e, of X such that ey,...,e,, is a basis of Y N Z,
such that ey, ..., e is a basis of Y, and such that ey,...,em,€k+1,.-.,€04k—m 1S @
basis of Z. It remains to check the clean intersection of the above pairs in any given
p € Sy NSz, and without loss of generality we can assume that p is the ray through e;.
As O, is a diffeomorphism from X to S} C R"*!, we will argue in this submani-
fold. To simplify the indices, we assume that the basis of R"*! is e, ..., e,. We cal-
culate T, (,)Y = span{eg, ez, €5,...¢ex}, To, (Y N Z) = span{eo, €2, €3, ... €m},
To, ) Z = To, ) (YNZ)Dspan{eri1,. .., erik—m}> To,(p)Sy = span{es, es,...er},
Ty, (»(Sy NSz) = span{ey, e3,...en}, and finally we have Ty (,)Sz = Ta, (1) (Sy N
Sz) ® span{ek+1,. .., €r+k—m}. From these calculations the claimed statement follows.

O

Corollary D.2. Let V, W be two linear subspaces of X. Then all subsets of {V, W ,Sy,Sw }
intersect cleanly.

Proof. For subsets with at most one element the statement is trivial. For subsets with two
elements, the corollary follows from Lemma [D.1]by setting (Y, Z) = (V,W) or (Y, Z) =
(W, V).

In order two prove it for subset with 3 elements, let us consider first the case {V, W, Sy }.
Applying Lemma(3) for Z=VandY = VNW, we see that V and Sy = WNSy
intersect cleanly. We already know that W and Sy intersect cleanly, thus the triple in-
tersects cleanly. In the case {W,Sy, Sy} we apply Lemma (2) for Z = W and
Y = V N W, and we get that Sy and Sy~ = W N Sy intersect cleanly, the rest of the
proof is as above. The other cases with three elements are obtained by switching the role
of V.and W.

The set {V, W, Sy, Sy} intersects cleanly by applying the Lemma[D.1](3) for Z = V/
and Y = V N W, which yields the clean intersection of V and Synw = W N Sy N Syy.
Using the result on the triples above, the statement follows. (I

We end by citing a proposition which shows that cleanly intersecting pairs of submani-
folds may be linearized by a chart.

Proposition D.3 ([32, Prop. C.3.1]). Let P, and P, be submanifolds of an n-dimensional
manifold M (without boundary and corners). Then Py and Ps intersect cleanly if and only
if for every x € Py N Py, thereis a chart ¢ : U — V of M, x € U that maps each P; N U
to an open subset of a linear subspace L; of R™.
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APPENDIX E. NOTATION

Fixed notation.

N={1,2,...},Z, = NU{0}.

e X is a fixed finite-dimensional, Euclidean real vector space.
e F is a finite-dimensional semilattice of linear subspaces of X such that X ¢ F

but {0} € F.

e dist is the Euclidean distance on X or on some other Euclidean vector space.
e dy(z) = dist(x,Y) for any linear subspace Y of X.
o distgz(z, P) is the distance from « € M to some subset P C M in a true metric g

on M, that is, one that is defined up to and including the boundary of the manifold
with corners M.
0r(x) = minyer{dy(z),1} = min{dist(x,UF),1}
F ={Y|YEF}
Sr = {Sy‘YE}-}
Xagv = [X : SF]is the Georgescu—Vasy space.
Bav : Xagv — X is the blow-down map.
Xr = [Y :Sx U.T]
p(z) = distg(x, U F), where g is a (true) metric on Xqv.
R? = [0,00)% x R*~F
Sp~! = S"TINRy.
O, : X — S¥ is the bijection used to defined the smooth structure on the spherical
compactification of X.
Let P C M be a p-submanifold of a manifold with corners M.

e NMP :=TM)|p/TP (the normal bundle of P in M).
e N} Pisthe image " M|p in NM P (the inward pointing normal fiber bundle of

P in M).

S(NMP) = the set of rays starting at 0 in N2/ P (the inward pointing spherical
normal bundle of P in M).

IfP = (P, Ps,...,Py)is ak-tuple of closed subset of M with P; a p-submani-

fold of M, then P’ := B*(P ~ {P1}) == (5*(Pi))f:2 is the pull-back of P.
Yy : [X : Sy] = X/Y is the unique smooth extension of the projection X —
X/Y.

BY: If B is a non-degenerate symmetric bilinear form on a finite-dimensional
vector space V, then * BY is the associated non-degenerate symmetric bilinear form

on the dual V'*.

Generic notation.

M is a manifold with corners.

[M : P]is the blow-up of M with respect to a closed p-submanifold P C M.

Y is a general finite-dimensional real vector space, usually a subspace of X.

Sy is the sphere at infinity of Y.

Y =Y U Sy is the spherical compactification of Y.

|A| is the set of elements of a set A.

x g is a defining function of the hyperface H of some manifold with corners.

B, usually decorated with various indices, denotes some blow-down map, such as
ﬂMyp : [M : P] — M.
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