Seminar on Pseudo-holomorphic curves and Floer
homology

Summer term 2025

Prof. Bernd Ammann
Tuesday, 16-18, M101
Number of sessions: 12

Available Dates: 29.4., 6.5., 13.5., 20.5., 27.5., 3.6., 17.6., 24.6., 1.7., 8.7., 15.7.,
22.7.

Special obstruction:
e June 10, Pentecoastal Tuesday

Talk no. 1: Summary about symplectic geometry. 29./. N.N..

Give an introduction to symplectic geometry, depending on the audience. Con-
tent will be discussed after distrbution of talks. In particular, for a closed Rie-
mannian manifold (M,w) discuss the group of its symplectomorphisms and its
subgroup of Hamiltonian symplectomorphisms. Also explain the Arnold conjec-
ture, e.g. [Sal99, Section 1.1]. Further references [Ciel0), Sections 6 and 8 (up to
page 77)|, [MS98, Chapters 1-3] and [CdS01].

Supplementary Talk no. 1: More on symplectic geometry N.N..
Whether this talk will be included depends on the audience.

Talk no. 2: Compatible almost complex structures and pseudo-holo-
morphic curves. 6.5. N.N..

Explain how to associate almost complex structures to symplectic manifolds.
Discuss and prove Gromov’s Schwarz- und monotonicty lemmata. Main refe-
rence [Hum97, Chapter I and II]. Also explain how to the the first Chern class
of a symplectic manifold and the monotonicity condtion [Sal99, Section 1.2].
Additional references [LA94l, Pages 41-48] and [MS98, Chapter 4]

Talk no. 3: Gromov’s compactness theorem for pseudo-holomorphic
curves. 13.5. N.N..

The main reference of this talk are Chapters III-V in Hummel’s book [Hum97].
Explain Gromov’s compactness theorem for pseudo-holomorphic curves [Hum97,
V. Theorem 1.2] and sketch the main ideas in the proof.

Talk no. 4: Morse-Smale-Witten complex and Morse homology. 20.5.
N.N..

Introduce the Morse-Smale-Witten complex and discuss the isomorphism bet-
ween Morse-Smale-Witten homology and singular homology. Deduce the Morse
inequalities [Sal99, Section 1.3]. As far as time allows, discuss further aspects of
the Morse complex and Morse homology, following Part I in [ADI4].



Talk no. 5: Closed geodesics and its connecting orbits. 27.5. N.N..
Discuss the symplectic action functional. Show that any 1-periodic Hamiltoni-
an defines a (closed) 1-form on the loop space of the symplectic manifold M.
Explain how compatible almost complex structures may be used to describe the
connecting orbits. Study the moduli space of connecting orbits. Main literature:
[Sal99, Sections 1.4 and 1.6 (before Remark 1.25)]. Further literature: [ADI14]
Chapter 9.

Supplementary Talk no. 2: More on J-holomorphic curves N.N..
Energy identity, unique continuation, critical points, somewhere injective curves,
adjunction inequality [MS04] Sections 2.2 to 2.6]

Talk no. 6: Regularity theory for connecting orbits. 3.6. N.N..

We linearize the equations for pseudo-holomrphic curves and study its Fred-
holm properties. As a result the moduli space of connecting orbits is generically
a smooth manifold [Sal99, Sections 2.1 to 2.3|. The index of the associated Fred-
holm operator is related to the Conley-Zehder index, see [Sal99, Theorem 2.2 in
Section 2.2]. Additional literature: [LA94, Pages 165-174] and [MS04] Parts of
Chapter 3.

Talk no. 7: Conley-Zehnder index and spectral flow. 17.6. N.N..
Introduce Maslov cycles, Maslov and Conley-Zehnder index. Discuss how the
spectral flow of the linearized J-holomorphicity operator is related to the Conley-
Zehnder index [Sal99l Sections 2.4-2.5].

Talk no. 8: Transversality and exponential convergence. 24.6. N.N..
Discuss [Sal99, Sections 2.6 and 2.7]. Additional literature: [MS04, Chapter 3,
in particular Section 3.2].

Talk no. 9: Definition of the Floer complex. 1.7. N.N..

Discuss compactness of the moduli space modulo bubbling. Then we have the
necessary ingredients to define Floer homology. [Sal99, Sections 3.1 and 3.2].
Explain Floer’s Theorems [Sal99, Theorems 3.5-3.7] without proofs.

Talk no. 10: Floer’s gluing theorem. 8.7. N.N..
Prove Floer’s gluing theorem and use it to prove Theorem 3.5 [Sal99 Section
3.3].

Talk no. 11: Invariance of Floer homology. 15.7. N.N..
Present [Sal99, Sections 3.4 and 3.5]. These results provide proofs of Theo-
rems 3.6 and 3.7 and finally the Arnold conjecture.

Talk no. 12: Outlook. 22.7. N.N..

Depending on how fast we have advanced so far, we will have some outlook now.
Natural contents of this talk could be the remaining parts of [Sal99, chapter 3],
connections to Gromov-Witten invariants and quantum cohomology [MS94] or
holomorphic curves in symplectic manifolds of low dimensions [WenIS§|. This
also might be the subject of a follow-up seminar.



Seminar-Homepage:

https://ammann.app.uni-regensburg.de/floer /
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