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1. Exercise (4 points).
Let n ∈ N≥2. Show that there exists a complete Riemannian metric g on Rn with sectional
curvature K(M,g) > 0.

2. Exercise (4 points).
Let G be a finite generated group and Γ ⊂ G be a finite generating set. Let dist′ be a
left-invariant metric on G. We denote with distG,Γ the word metric with respect to Γ.
Show:

a) There exists a constant C > 0 such that

dist′(g, h) ≤ C ⋅ distG,Γ(g, h)

holds for all g, h ∈ G.

b) There exists a constant C > 0 such that

Ndist′(C ⋅R) ∶=#{h ∈ G ∣ dist′(h,1G) ≤ C ⋅R} ≥ NΓ(R)

for all R ∈ N holds. The function NΓ(R) is given by #{g ∈ G ∣ distG,Γ(g,1G) ≤ R}.

3. Exercise (4 points).
Consider the upper half-plane model of the hyperbolic space, i.e.

Hn ∶= {(x1, . . . , xn) ∈ Rn ∣ xn > 0}

with metric gH
n

x = 1
x2
n
⋅ geucl for x ∈Hn. Show:

a) The map f ∶Hn → R, x = (x1, . . . , xn) ↦ log(xn) is a generalized distance function.

b) The map f from b) is the Busemann function for all geodesics of the form γ(t) =
(x1, x2, . . . , xn−1, xn ⋅ et) for x = (x1, . . . , xn) ∈Hn.

4. Exercise (4 points).
We consider the 3-dimensional discrete Heisenberg group, i.e.

H3 ∶= H3(Z) ∶=
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⎫⎪⎪⎪⎬⎪⎪⎪⎭

Denote with X =M1,0,0, Y =M0,1,0 and Z =M0,0,1 and consider the subset Γ = {X,Y } of
H3. Show:

a) We have Xa =Ma,0,0, Y b =M0,b,0, Z =M0,0,c and XaY bZc−ab =Ma,b,c. Conclude that Γ
is a generating set of H3. Bonus: Write down the Cayley graph CayH3,Γ.



b) Let r, s, t ∈ Z. We have [Xr, Y s] = Zrs. Conclude from that dG,Γ(Zrs+t,1H3) ≤
2∣r∣ + 2∣s∣ + 4∣t∣.

c) Let k, a, b, c ∈ Z and choose an r ∈ N with r2 ≤ ∣k∣ ≤ (r + 1)2. We write k = ±r2 + t with
∣t∣ ≤ ∣2r+1∣2 . Conclude that there exists constants C,D ∈ R such that

dG,Γ(XaY bZk,1G) ≤ C ⋅ (∣a∣ + ∣b∣ +
√
∣k∣) +D.

d) Conclude from the statements above that, for R > 0 large enough, we have

{XaY bZk ∣ ∣a∣, ∣b∣,
√
∣k∣ ≤ R

2C
} ⊂ B̄Γ(R)

Show that there is a constant c > 0 such that NΓ(R) ≥ cR4 for sufficiently large R.

e) (B2 bonus points) Show that there is a constant C ′ > 0 with the property: if Ma,b,k ∈
B̄Γ(R), then ∣a∣ + ∣b∣ ≤ R and ∣k∣ ≤ C ′ ⋅R2. Then show that NΓ grows polynomially of
degree 4.


