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and (semi-)Riemannian gemetry, as taught typically in a one-semester lecture, this

includes e. g., the theorems by Hopf-Rinow, Bonnet-Myers and Cartan—-Hadamard.
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| Lie groups and quotients

Tue. 16.4.

The goal of this section is to treat Lie groups, which are defined as manifolds

with a compatible group structure. Important examples are O(n), SO(n), U(n),
GL(n,R), ...

Lie groups provide many more examples of Riemannian (and more generally semi-

Riemannian) manifolds.

1 Lie groups and Lie algebras

Literature for this section: [8], [12], [2], [6], [5]

1.1 Lie groups and their homomorphisms

Definition 1.1. A Lie group consists of a C*°-manifold G together with a smooth
map :GxG - G, (0,7) = pu(o,7) =07 =0 -7, called multiplication, such that

(i) (G,n) is a group

(ii) GxG LR G, (o,7)~ o7 lr = ji(0,T) is smooth.

As a consequence of (ii) we see that the following maps are smooth

l::G -G, 1w ot (left multiplication or left translation

r:G -G, T 10 (right multiplication or right translation)

1

inv:G -G, 7+~ 71 " (inversion)

wGxGLa, (0,7) » o1 (multiplication)

Note also that Diff. geom. I, Exercise Sheet 3, Exercise 4 tells us that one can

replace (ii) by


https://ammann.app.uni-regensburg.de/lehre/2023w_diffgeo1/Exercises03.pdf
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(i) GxG5 @G, (0,7)r or is smooth

We write 1 for the neutral element of G. Then T3G is called the Lie algebra of
G. It is a vector space that comes with some additional structure discussed below,

a “Lie bracket”.

Examples 1.2.
1.) A finite-dimensional real vector space is a Lie group, if u is the addition.
2.) C*, St c C*, R* are Lie groups, if p is the multiplication.

3.) GL(n,R) is a Lie group, where p is matrix multiplication. We view GL(n,R)

as an open subset and thus as an n?-dimensional submanifold of R,

4.) SL(n,R):={AeR™ |det A=1}.
In order to show that SL(n,R) is a submanifold of GL(n,R) we show that
the determinant det: GL(n,R) - R* is a submersion, i.e. d4 det: T4 GL(n,R) —»
Tiet aAR* 2 R is surjective for all A € GL(n,R). It follows from this, that det™ (¢)
is a submanifold for any ¢ € R*. For t = 1, this shows that SL(n,R) = det (1)
is a submanifold.

(a) Let B = (by),, € GL(n,R), C(t) = 1+ tB = (cis(1)),, = (95 +tbi;)

i i’

% tzodet(ll+ tB) = % tzodet C(t)
- S0 a0
=0 for o#id
@ % t:o((1 +thig(n)) (1 + thuo(n)))
C) % tzo(“t(bla(l)+...+tbm(n))+Pzg(t))

= big(1) + + thuo(n)
=tr B

Here we used at (*) and above that for o # id there are 7 # j with ¢;,(;y(0) =
Cio(j)(0) = 0, and after (+) we write P.y(t) for a polyomial in ¢ without constant

and without a linear term, i.e., one only with monomials of degree > 2.
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1 LIE GROUPS AND LIE ALGEBRAS

(b) For A e GL(n,R) we calculate

det(A-(1+tA'B))

t=0

d d
i tzodet(A+tB) o

det(1+tA'B)

t=0

d
= (det A) - p”

= (det A) - tr(A™'B)
We conclude

d4det(B) = % det(A +tB)

t=0

= (det A) - tr(A™'B).

The linear map d4:R™"™ — R is surjective as

da(A) =(detA)tri=n-det A#0.

Now, we now that SL(n,R) is a submanifold. Its multiplication is the restric-
tion of the multiplication in GL(n,R), thus mutiplication is smooth as a map
u|SL(n,R)st(n,R):SL(n7R) x SL(n,R) - GL(n,R). The image of p SL(n RISL(nR)
is a subset of the submanifold SL(n,R) ¢ GL(n,R), and this implies the smooth-
ness of “|SL(n,R)st(n,R):SL(”’R) x SL(n,R) - SL(n,R).

Further we have

T, SL(m.R) = {A e R™" | tr A = 0}.

The groups SO(n), O(n), U(n) and SU(n) are Lie groups, see Exercise Sheet 1,

Exercise 2

If G and H are Lie groups, then G x H with the product manifold structure and

the product group structure

(GxH)x(GxH)->GxH
((0,7’), (&,%)) — (06,TT)

is again a Lie group.
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7.) Let ' be a discrte subgroup of R", e.g., I' = Z" or another lattice! or another
discrete subgroup. If we equip R"/T" with the usual addition of equivalence

classes, called p, then (R"/T", ) is a Lie group.

Definition 1.3. A homomorphism of Lie groups or a Lie group homomor-
phism is a smooth map f:G — H, for G and H Lie grous, that is also a group
homomorphism. The map f is a Lie group isomorphism if it is additionally
a diffeomorphism, it is a Lie group endomorphism if additionally G = H, and
it is a Lie group automorphism if G = H and if [ is a diffeomorphism. We
write Hom(G, H), Iso(G, H), End(G), Aut(G) for the sets/monoid/groups of such

homorphisms.

Examples 1.4.

1.) The inclusions SO(n) = O(n), U(n) - O(2n), etc. are Lie group homomor-

phisms
2.) detg GL(n,K) - K, is a Lie group homomorphism for K =R and K = C.

3.) For any o € GG, conjugation by o

C,:G— G
T 0T !
is a Lie group automorphism, and Ce:G - Aut(G), g = C, is a group homo-

morphism. We obviously have

OU = gg OT4s-1 =T45-10 &7. (1.1)

Remarks 1.5.

1.) If G is a Lie group, one might be tempted to define a Lie subgroup as a subgroup
H of G such that H is a submanifold as well. However, this is not what one
usually does. One says that H ¢ G is a Lie subgroup, if there is a Lie
group homomorphism f : H' — G, that is injective and an immersion, such
that H = image(f). For example consider G = R?/Z? and f(t) = [t,at] for

some « € RN Q. Then f: R — G is an injective immersion and a Lie group

LA lattice in R™ is by definition a discrete subgroup I' of R”, isomorphic to Z". It follows that
R™/T" is a compact manifold (without boundary), and that there is an A € GL(n,R) with
T=A.7"
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1 LIE GROUPS AND LIE ALGEBRAS

homomorphism, but H := image(f) is not a submanifold in the usual sense:
a submanifold is always a locally closed subset, but H is not a locally closed
subset of G. This leads in books on Lie group, as e.g., in [12, Definition 1.27
(b)] to a slightly generalized definition of a submanifold, however we do not

want to elaborate too much on this.

The closed subgroup theorem, see [12, Theorem 3.42], states: Let G be a Lie
group, and let H be a subgroup of G (in the sense of group theory) that is closed
as a subset, then H is a submanifold of G. It follow any closed subgroup H
of G is a Lie group (with induced differentiable structure and induced group
structure). Although this result is rather simple to state, the proof is a bit

involved. Thus we will not prove it here.

1.2 Lie algebras and their homomorphisms

Let us recall the following exercise from last semester:

Exercise 1.6 (Diff. geom. I, Exercise Sheet 7, Exercise 2). Let F': M — N be a
smooth map between smooth manifolds M and N. Let X,Y (resp. X,Y ) be (smooth,)
vector fields on M (resp. N ). We say that X is F-related to X ifdFoX =X o F
holds on M.

Show that, if X is F-related to X andY is F-related to Y, then [X,Y] is F-related
to [X,Y].

Definition 1.7. A vector field X € X(G) is called left-invariant if for all o0 € G
we have dl,(X) = X ol,, i.e., if the diagram

d¢

¢ ——— TG

commutes. Similarly X is called right-invariant if for all o € G we have dr,(X) =

Xor,. If X is left- and right-invariant, we say X is bi-invariant.
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Using the language of Exercise 1.6, we see that a vector field X € X(G) is left-
invariant (right-invariant, resp.), if, and only if, it is ¢,-related (r,-related, resp.)

to itself for any o € G.

Remarks 1.8.

1.) For any Xy € TyG there is a unique left-invariant vector field X € X(G) with

X |]1 = Xo. The uniqueness follows from the calculation
X|, =X oly(1) = (dly o X)(1) = dls(X|,) = dls(Xo)- (1.2)

On the other hand if we use (1.2) to define X, i.e., if we set X|_:= dly(Xo),

then this vector field is the composition

NG TN Ve

o — (0,Xy) — dl,(Xo)

which is obviously smooth in . In order to show that the vector field X thus

obtained is left-invariant we calculate for any fixed 7€ G

Xol (o) =X| 0 d4e,,(X0) @ e, (de, (X)) ‘LD at(X|)
where we used the chain rule d(f o g) = (df) o (dg) at (*), and thus we have
Xol,.=dl,0o X for all €.

2.) The analogous statement holds as well if we replace left-invariance by right-

invariance.

3.) With Exercise 1.6 we see: if XY € X(G) are left-invariant (right-invariant,

resp.) vector fields, then [ X, Y] is also left-invariant (right-invariant, resp.)

Definition 1.9 (Lie bracket on the Lie algebra). Let G be a Lie group with Lie
algebra TyG. The vectors Xg, Yy € TyG are extended to left-invariant vector fields X
and Y. We define

[Xo, Yo] = [X, Y]‘ﬂ.
This defines a bilinear map [+, ¢ |: T4G x TyG — T4G, called the Lie bracket on the
Lie algebra T1G of G.

The pair (T3G, [+, ¢]) satisfies the defining properties of a Lie algebra over R,

which are defined as follows:
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1 LIE GROUPS AND LIE ALGEBRAS

Definition 1.10 (Abstract Lie algebra). Let K be a field and g a K wvector space.
A bilinear map [, *]:gx g — g is called a Lie bracket on g if it satisfied

(i) Alternation: for all x € g we have [x,x] =0

(ii) Jacobi identity: for all x,y,z € g we have

[[z.y], 2] + {1y, 2] 2] + [[2,2], 4] = 0.

The pair (g,[ =, *]) is then called a Lie algebra (over K ).

If the characteristic of K is not 2 — and the field K = R we are interested in the

case that K is of characteristic 0 —, then condition (i) is equivalent to
(i) Antisymmetry: for all z,y € g we have [x,y] = [y, z].
(In characteristic 2 (i’) still implies (i), but the converse is no longer true.)

A Lie subalgebra of g is a linear subspace of g that is closed under the Lie-

bracket, i.e., then it is itself a Lie algebra.

It is obvious that the Lie bracket on T3G defined in Definition 1.9 satisfies (i’)
(or equivalently (i)). The Jacobi identity follows immediately in this situation from

Exercise 1.6.

Usually for a Lie group the associated Lie algebra, viewed as a vector space with

Lie bracket, is denoted by the the associated small fraktur (= gothic) letters, e. g.,

Lie group || G | H | GL(n,R) | O(n) | SO(n) | GL(n,C) | U(n)
g

Lie algebra | g [ b | gl(n,R) | o(n) | so(n) | al(n,C) | u(n)

We also will often write Lie(G) for the Lie algebra of G, e.g., g = Lie(G), bh =
Lie(H), etc.

Examples 1.11.

1.) If we consider G := R™ as a Lie group with p(x,y) = x+y, then the left-invariant
vector fields are the constant ones. As the Lie bracket of constant vector fields
vanishes, the Lie bracket on the Lie algebra is the zero map 0:R”™ x R* — R”.
Thus the Lie algebra is (R",0).

2.) Let V be a finite-dimensional real vector space. We denote the vector space
automorphisms of V' by GL(V'). By choosing a basis of V', and identify V' = R,
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GL(V) 2 GL(n,R) we get a Lie group structure on GL(V'), independent of the
choice of basis above. Let us write Endy, (V') for the vector space endomor-
phisms of V. We have GL(V) = det™ (R ~ {0}) for det: Endy, (V) - R, thus
GL(V) is open in Endy, (V). We obtain gl(V') := Tiq GL(V') 2 Endy, (V).

The left-invariant extension of Xy € Tiq GL(V) 2 Endy, (V) is X ‘A = A~

Ao Xy e T4GL(V) = Endjy(V), X € X(GL(V)). We proceed similarly for
Yy € TlaGL(V) and Y € X(GL(V)). Then

OxY|, =Aodx| (B BoYy)=AoXoYy
Oy X| =Aody| (B~ BoXy)=AoY;0Xy
[X,Y]|A:axy‘A—ayX‘A=AO(XOOYE)—}/QOX())

[Xo, Yo] = [X, Y]], = Xo0 Yo~ Yoo Xo.

Thus the Lie algebra structure on T3¢ GL(V') 2 Endy;, (V') is given by (X, Yy) o
oYy —Yyo Xy, i.e., [, *] is the usual commutator in Endy;, ('), usually denoted

by [+, ] as well.

Definition 1.12 (Lie algebra homomorphism). Let (g,[*, *]y) and (h,[+,]s) be
Lie algebras. A homomorphism of Lie algebras or a Lie algebra homomor-

phism is a linear map f:g — b such that for all x,y € g:

f([x,y]g) = I:f(x)uf(y):lh .

Writing g for (g,[, *]s) and b for (h,[=, *]y), we denote by Hom(g,h) the set of
all Lie algebra homomorphisms. And similarly to Definition 1.3 we define isomor-

phisms, endomorphisms, automorphisms and Iso(g,h), End(g) and Aut(g).

Proposition 1.13. Let G and H be Lie groups and let f:G — H be a Lie group

homomorphism. Then
daf:g—>b

is a Lie algebra homomorphism.

Proof: Assume X, Yy € g. We extend X (resp. Yy) to a left-invariant vector
field X € X(G) (resp. Y € X(G)), i.e., X‘U = dyl,(Xp) for all 0 € G. Also extend
Xo:=dyf(Xo) € b to a left-invariant vector field X € X(H), and define similarly ¥,
and V. Thus X‘U = dyl,(X,) for all o € H.
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For 0,7 € G we have (fol,)(7) = f(or) = f(o)f(T) = ff(a)(f(T)), thus fol, =
Lty o f. We calculate for o € G.
(dof)(],) = (dof 0 delo)(Xo) = da(f o £ ) (Xo)

= d1(Ls(0) © [)(Xo) = del (o) © daf(Xo)
= d]lgf(o)XO = X|f(a) .

As aresult df o X = X o f. And similarly we get df oY =Y o f. Thus we have just

shown that

S

G—H

XY XY

df

TG —TH

commutes. This means that X resp. Y is f-related to X resp. Y — in the language
of Exercise 1.6. It follows from this exercise that [X, Y] is also f-related to [X,Y].
Thus

daf([Xo, ¥o]) = (df o [X,Y])|,
(IX. 770 f)|, = [X.7]],

[Xo, Vo] = [dfe(Xo0), df2(Y0)],

which is the statement of the proposition. [ |

Corollary of Proposition 1.13. Assume that V' is a finite-dimensional real vector
space. Let G be a subgroup and submanifold of GL(V'). Let g be the Lie algebra of
G. Then the Lie-bracket on g is the commutator bracket on End(V).

Proof: We have seen in Example 1.11 2.) that the Lie bracket on gl(V') is the
commutator bracket of Endy, (V). The Lie group homomorphism i:G - GL(V)
induces an injective Lie algebra homomorphism di: g — gl(V'), thus g the Lie brackt
of gl(V') restricts to the one on g. |
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1.3 Adjoint representations

Let G be a Lie group with Lie algebra g = TyG. For a given o € G we differentiate
C,:G - G at 1 and we obtain Ad, :=dyC,:g — g, which is obviously a linear map.
For 0,7 € GG differentiating C,, = C, o C'. implies Ad,, = Ad, o Ad,.

Lemma 1.14. For o € G the map Ad,:g — g is a Lie algebra automorphism.

Proof: Apply Proposition 1.13 to the Lie group homomorphism C,:G — G. [

Definition 1.15 (The adjoint representation of a Lie group). The group homomor-

phism obtained this way
Ad:G - Aut(yg)

is called the adjoint representation of the Lie group G.

Remarks 1.16.

1.) One can show that Aut(g) is itself a Lie-group, in fact a Lie subgoup of the

group GL(g) of vector space automorphisms.

2.) The Lie algebra of Aut(g) is the Lie algebra Der(g) of derivations of g. A linear
map D:g — g, where g is a Lie algebra, is called a derivation of g, if for all

x,y € g we have
D([z,y]) = [D(x),y] + [z, D(y)].

Thus we have aut(g) = Der(g).

We will not prove these statements here, as they will not be used in what follows

and they are easier to prove later.

Definition 1.17 (The adjoint representation of a Lie algebra). The differential at 1
of Ad:G - GL(g), namely

ad:=dy Ad:g > gl(g), X ~adx =ds(0 = Ad,)(X)

1s called the adjoint representation of the Lie algebra g.

Accoding to Remarks 1.16 the adjoint representation of a Lie algebra is in fact a
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Lie algebra homomorphism

ad:g — aut(g) = Der(g).

Lemma 1.18. Let g be the Lie algebra of a Lie group. Then the adjoint map ad
satisfies. adx(Y) =[X,Y]

The proof will be given later. Tue. 23.4.

1.4 The exponential map

In the following t € R, so 0; := % is the positively oriented vector field on R of

constant length 1. For a smooth map f:R — M we also write f(t) = df(ar‘t). We
write Diff (M) for the group of diffeomorphisms of M.

Definition 1.19. Let M be a manifold and X € X(M). A curve v:I — M is called

integral curve of X or flow line of X, if for all t € I we have

y(1) =X

The theorem of Picard-Lindeldf implies: For any p € M there is an integral curve
Y of X with v,(0) = p and we assume that vy, is defined on its mazimal domain I,,
and this maximal solution is unique. We say that X is complete if I, =R for all
pe M. We also define ®;X(p) :=7,(t). Thus if X is complete, then we have a group
homomorphism ®X:R — Diff (M), t = ®X, called the flow of X.

We encourage the reader to check that ¢ — @ is indeed a group homomorphism.

Lemma 1.20. For a left-invariant vector field X on a Lie group we have:
(1) X is complete,

(2) If v is an integral curve of X, and o € G, then £, o~y is an integral curve of X

as well,
(3) ®(07)=0®(7) forteR, 0,7 €.

(4) @M = for all Nt e R.

In the proof we use the conventions oo + ¢ := 0o and —oo +¢ = —oo for all ¢t € R.
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Proof: Let G be a Lie group and let X € X(G) be a left-invariant vector field.
Consider the integral curve vq: Iy — G, with v4(0) = 1, Iy = (a,w). For any o € G

we calculate that the curve £, o7 is also an integral curve of X:

% (b oma(t)) = dls (2(t)) = dg"(X\w)) -

loova(t)

Thus 7, = £, 0 y4: (a,w) - G is the intergral curve with 7,(0) = o. This already
shows (2).

Now for ¢y € (a,w) we have

Y1(t0) = Yy (10) (to — to),

thus vy and v,y (* —to) coincide, including their maximal domains. Hence (o, w) =

(a+tg,w +1p), hence @ = —oo and w = co. This proves the completeness, i.e., (1).

The statement (3) follows from the facts that both ¢ = ®X(o7) and t » c®* (1)

are integral lines for X and that they coincide for ¢ = 0.

In the notation above, and for any o € G we have ®5 (o) = ~,(\t). We calculate
with the chain rule

Con(M) =X, 00 =A(X] )= ()

70()‘t)

’Ycr()‘t)

Thus ~ @3 (o) is the integral curve of AX that attains o for ¢ = 0. Thus, by defi-

nition of ® we have (4). |

Definition 1.21. A homomorphism f:R — G is called a 1-parameter subgroup
of G.

Remark. Note that in general f(R) is in general not a submanifold (in the usual
sense?) of G, but it is a submanifold in the generalized sense of [12], see Re-

mark 1.5 1.). This explains the usage of the word “subgroup”.

Proposition 1.22. Let G be a Lie group. Then the 1-parameter subgroups are the

integral curves of some left-invariant vector field through 1. More precisely:

(1) Let f:R - G be a 1-parameter subgroup, and take the left-invariant vector field
X € X(G) such that f(0) = X‘ﬂ. Then f is the integral curve of X with f(0) = 1.

%i.e., in the sense of Analysis IV, Differential Geometry I, etc
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(2) Let X be a left-invariant vector field and f:R - G an integral curve of X with
f(0) =1. Then f is a 1-parameter subgroup.

It follows, that two 1-parameter subgroups fi, fo:R — G coincide if and only if

fl(o) = f2(0)-

Proof:

“(1)”: Obviously f(0) =1. As f is a homomorphism f(t+ ) =)o f. Thus

. d d '
ft) = E|of(t +e)= E|o€f<t> o =dlsy(f(0)) = dlr(X] ) = X| -

Thus f is an integral curve of X.

“(2)”: Obviously f is smooth. It is defined on R due to Lemma 1.20 (1). By defini-
tion of the flow we have f(t) = ®;*(1), and thus we calculate, using Lemma 1.20 (1)
at (*)

f(t+s) = f(s+1) = 0X,(1) = X (9 (1)) = X (f(1)) @ F(H)@X (1) = F() f(5).

Thus f is a Lie group homomorphism. ™

Definition 1.23. Let G be a Lie group with Lie algebra g. We write X for the
left-invariant vector field extending Xy € g. The exponential map exp is defined

as the map
expig—> G, Xo~ &F(1).

WARNING 1.24. This exponential map is in general not the same as the Rieman-
nian exponential map, even if we know that the metric is left- or right-invariant.s.
As a consequence this map is also called the Lie group exponential map in or-
der to distinguish it from the (semi-)Riemannian exponential map. It does
however — as will be shown in the exercises — coincide with the Riemannian one for

bi-invariant metrics on Lie groups.

Theorem 1.25 (Properties of the exponential map). Let G be a Lie group with Lie
algebra fg, and X € g, t,s e R. Then we have

3The notions of left-, right-, and bi-invariant Riemannian metrics are defined in the exercises.
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(1) exp is smooth and with our usual identification Tog = g, its differential dgexp
is the identity of g. As a consequence there is an open neighborhood U of 0, such

that exp |U: U - exp(U) is a parametrization.
(2) exp(tX) = (1)

(3) t = exp(tX) = fx(t), R > G is a l-parameter subgroup of G and any 1-

parameter subgroup is of that form for some X € g. Furthermore fX(O) =X.

(4) The integral curves of the left-invariant vector field associated to X are, the

curves t = oexp(tX) foroeG

(5) If X is the left-invariant vector that extends X € g, then for all t € R we have

q)i( = Texp(tX) -

Proof:

“(1)”: The smoothness of exp follows from the smooth dependence on the initial
conditions in the theorem of Picard-Lindelof. We calculate for the left-invariant
vector fields X € X(G) extending X € g.

(ds exp) (X) = %L_O(exp(tX)) = %‘t_()(bf((]l) = 7‘1 =X.

Thus d; exp = id,.
“(2)7: Tt follows from Lemma 1.20 (4) that exp(tX) = X (1) = &X(1).
“(3)”: This immediately follows from Proposition 1.22.

“(4)”: The integral curves in this item are t = ®;*(¢') and we have seen in Lemma 1.20
(4) that @ (o) = £,( DX (1)) = £, o exp(tX).

(5) immediately follows from (4) and the definition of ®X. |

Example 1.26 (Exponential map of matrix groups). We consider again the Lie
group GL(V) for a finite-dimensional real vector space V. We have already seen in
Example 1.11 2.) that the left-invariant extension of X € g is X € X(GL(V)) with
X|A =A- Xy, AeGL(V).

For A € gl(V') we know from the theory of ordinary differential equations, that
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the series o 1
EXP(A) =) —A’ (1.3)
i=0 b

converges (uniformly on compact sets and also all derivatives converge uniformly
on compact sets). We obtain a map EXP:gl(V) - GL(V) such that for ¢,s € R,
Aegl(V)

EXP((t+s)A) = EXP(tA) EXP(sA), EXP(0)=1, EXP(-A4)=EXP(4)".
Thus ¢t = EXP(tA) a 1-parameter subgroup, and

EXP(tA)=A
dt’t=0 (¢4)

It follows from Proposition 1.25 (3) that EXP(A) = exp(A). So we will write exp
instead of EXP from now on. The same holds if G is a submanifold and subgroup
of GL(V).

Furthermore from the theory of ordinary differential equations we know that for
teR, A,Begl(V), M e GL(V) we have

exp(MAM™) = M exp(A)M™ (1.4)
exp(A + B) = exp(A) exp(B) = exp(B)exp(A), if [A,B]=0 (1.5)
% (exp(tA)) = exp(tA) A = Aexp(tA) (1.6)

We would like to have similar properties in adapted form for arbitrary Lie groups.

We already have an adapted form of the first equality of (1.6) which is the equation

% (exp(tX)) = (dgexp(tX))(X)

i.e., t = exp(tX) is an integral curve of the left-invariant extension of X.

Lemma 1.27. Let G be a Lie group, g = Lie(G), X €g, t e R. Then

Adexpx)(X) = X.

Proof: One easily checks Cexpix)(exp(tX)) = exp(tX). If we derive this at ¢ = 0

one gets the equation stated in the lemma. [
It immediately follows that (d€exp(t X))(X )= (d’r’exp(t X))(X ), and we get the follow-
ing corollary that generalizes (1.6). Fr 26.4.
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Corollary 1.28.

% (exp(tX)) = (Alexp(ex) ) (X)) = (drexp(tX))(X)

Lemma 1.29. If f:G — H is a homomorphism of Lie groups. Let exp®:g — G and
exp:h — H be the exponential maps of G and H. Then the diagram

1\

H

G
expG| exp! (1.7)
dy
g ! b

commutes, i. e., foexp® =expodyf.

|

Proof: Let X € g. Then t —» exp®(tX) is a l-parameter subgroup of G. Thus
t— foexp®(tX) is a 1-parameter subgroup of G. We calculate

foexp(tX) = dﬂf(%, exp@(tX)) = def(X).

d
dt |t:0
Thus this is the 1-parameter subgroup ¢ epo(tdﬂf(X)), i.e., foexp®(tX) =
expH (t def(X )) for all ¢t € R which implies the statement. [
As a corollary we get the Lie group analogon of equation (1.4):

Corollary 1.30. For a Lie G and 0 € G we get C, o exp = expoAd,, i.e., the

diagram
Co
G——G
exp| |exp
Ad,
g——m 9
commutes.
Proof: Apply Lemma 1.29 to H =G, f =C, and thus d4f = Ad,. ]

Page 16 Differential Geometry II



1 LIE GROUPS AND LIE ALGEBRAS

1.5 Proof of Lemma 1.18

We now provide the proof of Lemma 1.18 which is still missing.

Let us recall the following exercise from last semester:

Exercise 1.31 (Diff. geom. I, Exercise Sheet 6, Exercise 4 with changed notation).
Let M be a smooth, not necessarily compact, manifold. Given a 1-parameter group
of diffeomorphisms ¢ : M xR — M, (x,t) » @i(x) on M, i.e., ¢ is smooth with
wo = Idpy and @y 0 s = s for all s,t € R. Let € be the associated tangent vector
field on M, defined as

N

T

= Gl @@,

see also Diff. geom. I, Exercise Sheet 5, Fxercise 3. Show that, for any smooth
tangent vector field Y on M and point p € M it is

)
p

oo (0m | =-lem)

where, for any diffeomorphism b : M — M, the term ,n denotes the pushforward
tangent vector field of n defined by 1.n :=dip oot

Proof of Lemma 1.18: 4 Let XY e g with left-invariant extensions X and Y.
At first, we calculate for ¢ € R:
Adexp(tX)(Y) = drexp(—tX) © d‘gexp(tX) (?)‘1
= drexp(—tX) (7)|

(*) X/
2 4a%(V)),

exp(tX)

% (1)

2 (@%). (7)),

where we used at (*) Proposition (1) (5), and where we used at (+) the pushforward
of vector fields from the preceding exercise. We derive this with respect tot at t =0,
and use the results of the exercise above at (1) for £ = =X, n =Y and ¢, = @_Yt.
This gives

adXY

d
dt |t:0 AdeXp(tX) (Y)

d T\
B dt |t:0(q)_t)* (Y)|1

4We roughly follow [12, 3.46].
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1.6 Commuting elements in Lie groups and Lie algebras

Definition 1.32. Two elements o,7 € G in a Lie group commute, if o7 = 70.

Two elements X,Y €g in a Lie algebra commute, if [z,y].

We want to relate commutativity in a Lie group to commutativity in its Lie

algebra.

We start by some considerations on arbitrary manifolds M and N.

Lemma 1.33. Let f: M — N be a smooth map, and let X € X(M) be f-related to
YeX(N), ie,dfoX =Yof. Then the flows ;X and ®} of X and Y satisfy

) of=foa).

Proof: For p e M we will show that t = y(t) := f o ®X(p) € N is an integral curve
of Y. As one easily checks v(0) = f(p), this proves the statement.

30 = L (Fo R ()
= df o (L2 ()

—dfo (X @g{(p))

=(dfeX) ‘Pf((p))

- (o))

= y,w

o (p))
o8 u
Proposition 1.34. Let X and Y be vector fields on M with flows ®X and Y .

Then
[X,Y]=0<=Vs,teR: dF 0 dY =Y 0 dF .

Proof:
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“«<=": We apply %L:O to
O 0 Y = dY 0 B

and using %‘S:OCDSY =Y we obtain
d(P})oY =Y o df
which means (@ff)*Y =Y. We apply Exercise 1.31 for £ = X and thus ¢; = &, so

we obtain by deriving with respect to ¢ at ¢t = 0:

d
0= Zlo”

d
= E\tzo(cbf()*y
= _[X> Y]

“=7": For pe M and for s € R we define

vy(t) = ((cpgf)*y)| = d(®F) oY 0 dX(p) e T, M.

P

We may differentiate this in the sense of Analysis II, and we write this differential
as vy(t). Exercise 1.31 tells us that v (0) = =[X,Y] = 0 for all p € M. We set
p =X (q) and we get

vax (o) (1) = (A(BY) oY 0 8%,

q

= [a(eX) o (d(e,) o v o @{))’

|
_ (d(fbi‘;) ° (qﬁs)*y)h
d

q

Deriving this with respect to t at t = 0 yields

0 =vjx ,,(0) = d(@X) (vi(s))

and as d(@ffs) is an isomorphism, this gives v/(s) = 0 for all s € R and all g € M.
Thus we have v,(t) = v,(0) =Y for all g e M and t € R. We have thus proven

(@)oY =Y o df
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which means that Y is ®X-related to itself. Using Lemma 1.33 for M = N, X
replaced by YV, f = ® and ¢ replaced by s we get

P o ®Y = PY 0 dX.

Corollary 1.35. Let G be a Lie group, X,Y € g = Lie(G).
(1) If [X, Y] =0 then exp(X)exp(Y) = exp(Y) exp(X) =exp(X +Y).

(2) Conwversely, if
exp(tX)exp(sY) = exp(sY)exp(tX) for allt,seR,
then [X,Y] =0.

The first part of the Corollary provides a Lie group analogon of equation (1.5).

Proof: We extend X,Y € g to left-invariant vector fields, also denoted by X and
Y5

At first, let us assume [X,Y] = 0. As we have exp(X) = ®:X(1), the state-
ment exp(X)exp(Y) = exp(Y) exp(X) follows from “=" in Proposition 1.34. We
also have [sX,tY] = st[X,Y] = 0. Thus, we already know exp(sX)exp(tY) =
exp(tY) exp(sX) and this yields

exp((t +5)X) exp((t + S)Y) = exp(tX)exp(sX)exp(tY)exp(sY)

- (exp(tX) exp(tY))(eXp(SX)eXP(SY))’

thus ¢t = ~(t) = exp(tX)exp(tY) is 1l-parameter subgroup of G, and 7'(0) =
ATexp) X + Adlexp)Y = X +Y. Thus implies exp(t(X + Y)) = exp(tX)exp(tY)

which gives the remaining statement for ¢ = 1.

The converse statement immediately follows from “<=” in Proposition 1.34. [

We have seen that exp: g — G satisfies dg exp = id. Thus, the local reversal theorem

tells us that there is an open neighborhood Uy of 0 and and open neighborhood Vj

5We assume it is clear from the context, when a vector is meant, and when we denote a vector
field.
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of 1 such that exp|U0:U0 - Vp is a diffeomorphism. Using continuity of multipli-
cation and inversion, we see that there is an open neighborhood U; of 0 such that
U, c Uy, such that U; is starshaped with respect to 0, satisfying X € U; — -X e U;
and XY eU; = X +Y € Uy. We put V; := exp(U;) and by shrinking U; and V] fur-
ther we can achieve additionally u(V; xV;) c V and we already have that inversion

maps V] to itself.

Let v:[0,b] - G be a continous path. For any t € [0,b] we define W; as the con-
nected component of {s € [0,b] | y(t)"'y(s) € V1} that contains ¢. Then (W})se[o]
is an open cover® of [0,b]. An elemantary compactness argument for [0, 0], treated

under the name Lebesgue number ¢, says: there is an € > 0 if we have a partition
O=tg<ty < <tp=0, Vie{l,2,...)k}: t;—t;_1<¢ (1.8)

then
Vi€ {1,2,...71{?}: t; eWti—l

and thus

Vie{l,2,...,k}:Vse[tig,t;]: v(s)  y(tic1) € Vi and y(ti1) y(s) e Vi. (1.9)

Corollary 1.36. Let G be a connected Lie group with g = Lie(G). Then the fol-

lowing are quivalent:
(i) G is abelian, i.e., o =To for all 0,7 € G,
(ii) g is abelian, i.e., [X,Y] =0 for all X,Y € g,

(iii) exp:(g,+) = (G, pn) is a group homomorphism.

Proof:
“(i)=(ii)”: This follows immediately from the second part of Corollary 1.35.
“(ii)=(iii)”: This follows immediately from the first part of Corollary 1.35.

“(ili)=(i)”: For 0 € G we choose a continuous path ~:[0,0] - G from 1 to o.
We choose a subdivision as (1.8)/(1.9). Then o; := v(t;)"'y(t;-1) € Vi satisfies
0 = 0109-0. We write o; = exp(X;), X; € Uy. Similarly we decompose 7 = 1175:++7y,

7; = exp(Y;), Y; € Uy. Condition (iii) implies that o;7; = 7j0; for all ¢, j and thus

6in German: “Uberdeckung”, nicht “Uberlagerung”, the two terms have different meanings, but
are denoted with the same words “cover” and “covering” in English, but they are properly
distinguished in German

Summer term 2024 Page 21



Tu 30.4.

I LIE GROUPS AND QUOTIENTS

oT =TO.

1.7 The Baker—Campbell-Hausdorff Formula

We have seen that exp:g — G satisfies dyexp = id, and in the discussion following
Corollary 1.35 we have discussed the diffeomorphism exp |Uo: Uy — Vj, and also had
the smaller open neighborhoods U; ¢ Uy of 0 and V; c V5 of 1. In particular
multiplication restricts to a map Vi x V; = V4 and inversion maps Vi to itself.
We write log:Uy — Vp. In this language, it follows from Corollary 1.35 (1) for all
X, Y eU:

if [X,Y] =0, then log(exp(X)exp(Y))=X+Y.

On the other hand it is clear from (the proof of) Corollary 1.35 (2) that this formula
no longer holds, if g is not abelian. The Baker-Campbell-Hausdorff formula, says

that this can be repaired by adding commutator terms.

Exercise 1.37. We define the 3-dimensional Heisenberg group Hj as

H3 =

o O =
S = 8

z
Y ‘ x,y,z€R
1

This is a submanifold and subgroup of GL(3,R), thus a Lie group.

(a) Show that its Lie algebra b3, the 3-dimensional Heisenberg Lie algebra

s given by matrices as follows:

b3 := r,y,z€R

o O O
o O R
O <

(b) Calculate exp:bs - Hs, and show that it is a diffeomorphism.
(¢) Show that log(exp(A)exp(B)) = A+ B+ 1[A, B].

(d) Show that [X,[Y,Z]] =0 for all X,Y,Z € b3, i.e. bz is 2-step nilpotent.
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The formula in (c) of this exercise is simple as higher order commutators vanish

in the sense of (d) . In general one has to work with a power series.

Theorem 1.38 (Baker—-Campbell-Hausdorff formula). Let G be a Lie group with
Lie algebra g. There is a power series BCH whose term of degree k € Ny is a

homogeneous polynomial of degree k
BCHy:gxg—>g

such that

(1) BCH = Y32, BCHy converges” on a neighborhood Uy of 0. (We assume Uy c Uy
for the Uy defined above.)

(2) log(exp(X)exp(Y)) = BCH(X,Y) for all X,Y €Us.

(3) The first terms are BCHo(X,Y) = 0, BCH1(X,Y) = X +Y, BCHy(X,Y) =
%[Xu Y]? BCH3(X7Y) = %[XJ [va]] - %[Y; [X7 Y]]

(4) BCHyg can be expressed by a formula, which only uses the vector space operations

of g and [+, *].

(5) The formula for BCHy, is the same formula for any Lie group/algebra: obviously
the bracket [ =, o] is given by g, but using this bracket, the formula no longer depends
on g (or G). This property can also be expressed as follows: if p:g - b is a Lie

algebra homomorphism, then

BCH(ip(+),(+)) = ¢ (BCHy(+, +)).

In other words, we have

log(exp(X)exp(Y)) =X +Y + [ X, Y]+ L [X, [X, Y]] - SV, [X, Y]]
+ higher order terms (with at least 3 commutator

terms in each summand)

for XY sufficiently close to 0.

We do not prove this theorem here, see [5, Sections 3.1-3.5] for a proof.

Tuniformly on any compactum in Us, and also all derivaties converge uniformly on such a com-
pactum)
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1.8 From Lie algebra homomorphisms to Lie group

homomorphisms

Theorem 1.39 (Lifting Lie algebra homomorphism to Lie group homomorphisms).
Let G and H be Lie groups, g = Lie(G), b = Lie(H). Assume that G is simply-
connected®. Then for any Lie algebra homomorphism f:g — b there is a unique Lie

group homomorphism F:G — H, such that dyF = f.

A full proof of this theorem is carried out in [12, Theorem 3.27], building on
the Frobenius theorem. Another approach, using the Baker—Campbell-Hausdorff
formula, is worked out in [5] where the above theorem is Theorem 3.7. We sketch

the latter approach.
Sketch of Proof:

(a) On g we choose an open neighborhood Us of 0 as in Corollary 1.36. On b
we choose UJ 3 1, Ul e b analogously. We set Us := Uy n f~1(UY). We define
Vs = exp(Us). We set Fy:Vs » H as Fy = expfof olog® where exp! is the
exponential map of the Lie group H, and logG the local inverse of the exponential
map of . For o, 7 € Uz we calculate using the Baker-Campbell-Hausdorff formula,
more precisely Theorem 1.38 (2) for X =log(c) and Y =log(7) at (*), Theorem 1.38
(5) at (+) and Theorem 1.38 (2) for X = folog(c) and Y = f olog(7) at (7):

Fy(1) = exp”of olog”(1) = exp”(0) = 1
[
=0

Fy(o7) = exp!’ of olog®(o7)
® expt of (BCH(IogG(U), logG(T)))
) epo(BCH( fologf(o), fo logG(T)))
W (epo of o logG(U)) : (GXPH of o IOgG(T))

= Fy(0)Fy(r). (1.10)

(b) For a given o € G we choose a path 7:[0,1] - G with v(0) = 1 and (1) = 0.
This is possible, as G is connected and thus path-connected. We restrict the open
neighborhood Us further to some star-shaped open neighborhood Uy of 0 that is sym-
metric with respect to 0, i.e., X € Uy <= —X € Uy, and such that u(Uy x Uy) c Us.
We define Vj := exp(Uy). We choose a subdvision SUB: 0=ty <ty < <t =1 as

8We use the convention that the definition of simply-connectedness includes connectedness
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in (1.8) and (1.9) with Vj instead of V;. We define

Fratn(7, SUB) = F3(v(to) ™y (t1)) Fs(v(t1) v (t2))+ Fs(y(te-r) ' y(tk))  (1.11)

F3(v(t1)) F3(y(tg-1)"1o)

If SUB’ is a subdivision of SUB, then follows from (1.10) that
Foatn (7, SUB’) = Flam (7, SUB) .

If SUB; and SUB, are two subdivisions, then we choose SUB’ to be a refinement

of both of them, and we argue
Fpath('% SUBI) = Fpath('% SUB?) = Fpath('ya SUB2) .

Thus we now write Fam(7), as this does not depend on the subdivision SUB.

(c) Now, one shows: if 4/ is another path as above, and if H:[0,1] x [0,1] is a
homotopy from v to 7/ with fixed endpoints, then Fan(7) = Fpatn(7')-

For this purpose one chooses a k € N (such a number is given again by a “Lebesgue

number”, whose existence again relies on a compactness argument) , such

H(li- 2% [~ 1) < v

for all i,j € {1,...,k}. Now one passes from 7 to 4/ in k? steps by replacing in each
step a piece of the curve described by the square [z - %] X [j - %], see the drawing

in the lecture. This proves the claim in this item.

(d) As g is simply-connected, we see that there is a map F:G — H, such that
F(o) = Fpamn(7) if v(0) = 1 and v(1) = 0. The smoothness of F' follows from the

smoothness of F3.

(e) Now let 0,7 € G, we choose paths 7, p:[0,1] - G with v(0) = p(0) = 1, v(1) = o,
p(1) =7. Then ¢, o p is a path from o to o7. Thus the concatenation 7 * (¢, o p),
defined as

~v(2t) for0<t<i
v (oo p)(t) = i
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is a path from 1 to o7, and one easily checks? that (1.11) yields

Fpath(7 * (ly 0 p)) = Fpath(U) ‘Fpath(T) .

This gives the homomorphism property F(o7) = F(o) - F(7).

2 Actions of groups on spaces

2.1 Definitions for groups actions and examples

In this section all topological spaces are assumed to be Hausdorff spaces.

Definitions 2.1.

1.) A topological group is a topological space with a map u:G x G — G such that
(G,p) is a group and such that (o,7) = u(o,771) is continuous’. We write

ot = u(o, 7). We denote the unit element by 1.

2.) A (continuous) left action of a topological group G on a topological space X is

a continuous map a:G x X — X such that
(i) a(l,z) =x for all x e X,
(ii) a(or,x) =a(o,a(r,x)) for allo,7 e G, Vr e X.

One also says that X is a G-space. We often write ox for a(o,x), condition (ii)
then reads as (o1)x = o(Tx), so we can omit the parentheses. As a symbol we
write G ~ X. Note that a group action induces a group homorphism G —
Homeo(X), where Homeo(X) denotes the group of homeomorphisms from X
to X. However, not every group hommorphism G — Homeo(X) defines an

action, in general.
3.) In order to get the definition of a right action we replace condition (ii) by
(ii") a(or,z) =a(r,a(o,x)) for all o, 7€ G, Vr e X.

One then writes xo and we have z(oT) = (zo)T.

9in fact one has to be careful with the order!
IThis is equivalent to claiming that p and ¢+~ o~! are continuous.
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1)

The action of G on X is called discrete if G carries the discrete topology. Then
continuity in 1.) s trivially satisfied, and the only conditions on the continuity
in 2.) is that for allo € G, {, : X — X is continuous. So a discrete group action

of G on X is the same as a group homomorphism G — Homeo(X).

An action is smooth, if G is a Lie group, if X is a smooth manifold, and if a

is a smooth map. We then say that X is a smooth G-space.

An action is free, if
VoeGN{1}:VoreX:ox+x.
An action is effective or faithful if
VoeGN{1}:FzeX:0x+x.
An action is transitive if
Ve,ye X:3oeG:ox=y.

(For right actions the obvious modification should be done in each definition.)

The orbit of x is Gz = {ox | 0 € G}. (We then have: G acts transitively <=
Gr=X forallze X P Gz =X for some xe X.)

The stabilizer or isotropy group at z € X is
Gy ={oeG|lor=x}.

This is a closed subgroup of G (obvious). For smooth actions it is a submanifold

(more involved, no proof here).

The quotient space is
G\X={Gz|reX}.

We will clarify its topology and its smooth structure, if it exists.

Examples 2.2.

1)

Let X = G be a topological group (or even a Lie group)

(i) a(o,7) =p(o,7) =0T
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(ii) a(o,7)=p(r,07)

(iii) a(o, 1) =p(r,0)

(iv) a(o,7) =p(o7t,71)

(i) and (ii) are left actions, while (iii) and (iv) are right actions.
2.) Let X =G. Conjugation: a(o,7) =070t =: Cy(7) is a left action.
3.) Ad,:g — g defines a left action a(o, X) := Ad,(X) on g.

4.) O(n+1) acts on S™ c R™! transitively and smoothly. Let e,,; := (0,0,--,0,1)T
Then the stabilizer of O(n +1) at e, is

AR

5.) {1} acts on S™ c R™*! by multiplication. This is a free, discrete smooth action.

O(n+1)

Ace O(n)} ~ O(n)

The quotient RP™ = {£1} \Sn is the real projective space.

6.) U(1) = St:={z€eC||z| = 1} acts on S?"*! c C**! by multiplication. This is a
free, smooth action, called the Hopf action. The quotient CP" = g1 \SQ"J'1 is

the complex projective space.

2.2 Proper maps and proper actions

Definitions 2.3.

1.) A continuous map f: X1 — X is proper if F~Y(K) is compact for all compacta
Kc XQ.

2.) An action of G on X is defined to be proper if

Gx XS X xXx

(0,2) » (0x,1)

is a proper map. The map © is called the associated shear map.

Example 2.4. Assume that GG acts on X continuously. If G is compact, then the
action is proper. In order to prove this, let K c¢ X x X be compact. We write
pr: X x X - X for the projection to the i-th factor. Then K := pry(K) c X is also
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compact. As a consequence ©~'(K) is a closed subset of the compact set G x K,

and thus compact as well.

Note: if the action map a:G x X — X is a proper map, then the action is proper
(i.e., © is a proper map). The converse is not true. In fact let a:G x X - X
be a compact map. For some xy € X consider the compact set A := a7 '({zg}) =
{(9,97'z0) | g € G}. Then pr, defines a continuous surjective map A - G, thus G is

compact. Thus it is too restrictive to claim that a:G x X - X is a proper map.

As an example, consider the action of G = (R, +) on X = R given by a(c,z)00 +z.
One easily checks, that this action is proper (as an action), but as R is not compact,

the map a is not proper.

For K c X we define 0K := {ok | ke K} and
Gg={0eG|ocKnK +a&}.
In particular, for x € X, G, = G, is the isotropy group of z.

Proposition 2.5. The action of G on X is proper if, and only if, G is compact
for all compact sets K c X.

In the special case that GG acts smoothly on the manifold X, this is the equivalence

of i) and ii) of Exercise Sheet 3, Exercise 2. We will thus currently omit the proof.

Recall the following from the beginners’ lectures:

Theorem 2.6 (Bolzano—Weierstrass). Let X be a metrizable topological space (i. e.,

a space whose topology is induced from a metric). Then
X is compact < X 1is sequentially compact

where a space X is called sequentially compact if X is a Hausdorff space in

which any sequence has a convergent subsequence.
All smooth manifolds are metrizable.

Proposition 2.7. Let G and X be metrizable, let X be locally compact, and let G

act continuously on X. Then the following are equivalent

(i) the action of G on X is proper.
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(ii) Let (x;)ien be a sequence in M and (0;)in o sequence in G such that the se-

quences (;)ien and (o; - x;)ien converge. Then we find a convergent subsequence of

(Ui)ieN~

In the special case that G acts smoothly on the manifold X, this is the equivalence

of ii) and iii) of Exercise Sheet 3, Exercise 2. We will thus skip the proof.

Lemma 2.8. Let F: X — Y be a continuous, proper map between (topological)
manifolds. Then I is closed.

Note: The Lemma is still correct if one does not require X and Y to be topological
manifolds, but to require instead that X and Y are locally compact and metrizable

(Hausdorff) spaces. However, an adapted proof is required in this generality.
Proof: Let A c X be closed, and take p e F(A). We have to show that p e F(A).

We choose a chart U 2> V of Y, containing p, y(p) =0. We choose an £ >0 with
B.(0)c V.

There is a sequence (¢;)in in A such that lim; .. F'(¢;) = p. After removing
finitely many exceptions from the sequence, we get F'(q;) € y~! (f(())) = K for
all i. Obviously, K is compact, and as F' is proper F~1(K) is a compact subset
of X, hence K':= F~1(K)n A is also compact, and we have ¢; € K.

Thus after passing to a subsequence, ¢, := lim;_., ¢; exists in K’ c A. Then
F(geo) = F(lim ¢;) = lim F(g;) = p.

Hence p € image F'. [ |

3 Topological quotients

Motivation: Let G be a Lie group acting on (smooth) manifold M. We try to find
good conditions, such that \M is a (smooth) manifold.

We now consider the topology on such quotients, admitting a setting that is a bit

more general.
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Definition and Lemma 3.1. Let X be a topological space. Let f:X — Y be
surjective. Then 'Y has exactly one topology such that

(i) f is continuous

(ii) for any topological space Z and any continuous map g: X — Z we have: if there

is a map g:Y — Z such that

commutes, then g is already continuous.

This topology is called the quotient topology on Y. A surjective map such that
Y carries the quotient topology is called a topological quotient.

Moreover the quotient topology is characterized by the following:

UcY isopen < f(U)cX is open.

Proof:

(a) Uniqueness of the topology:
Let O; and O, be two topologies on Y with properties (i) and (ii). Then we get

the following commutative diagram

/K

(Y,0,) e (Y,0,)

As the maps id: (Y, 0;) — (Y, O3) and id: (Y, O2) — (Y, O;) are both continuous, we
have O, = O,. The topology is thus unique (if it exists).

(b) Existence of such a topology:
We define: a subset U c Y is open iff f~1(U) is open. This is a topology:

(i) and Y are open in Y, as @ = f~1(@) and X = f~1(Y") are open in X.
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(ii) Assume that Uy,..., Uy are open in Y. Then

is also open.

(iii) Assume that U; i € I are open in Y. Then

FHUT) =U(F o)

iel iel
is also open.

f is continuous: obvious!

Continuity of maps g:

Assume Z and g as in (ii). Let W be open in Z. Then ¢g=*(W) is open in X.
Note that g~1(W) = ffl(ﬁ’l(W)). By the definition of the topology on Y at
the beginning of this step, this holds only if g~(W) is open in Y. n

Examples 3.2.

Y
i.e., it maps open subsets to open subsets.

x
1) fi:R? > R, ) + x, is a topological quotient. The map f; is an open map,

2.) f2R->R,
t ift<0
t—10 if0<t<1
t-1 ifl<t

is a topological quotient. The map f5 is not an open map, as it maps to open
set (0,1) to the non-open subset {0}.

3.) The composition of two topological quotients is again a topological quotient.
This is part of the following stronger statement: Let f: X - Y be a topological
quotient, Z a topological space, ¢:Y — Z a surjective map. Then h:=go f is a

topological quotient if and only if ¢ is a topological quotient.
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“only if”: Let h be a topological quotient, then for U € Z:

Uopenin Z <= h™(U) openin X <= ¢ (U) open inY,
——

SR )
thus g is a topological quotient.

“if”: Let g be a topological quotient, then for U € Z:

U open in Z <= ¢ '(U) open in Y <= f‘l(g‘l(U)) open in X,
—_————
—h ()

thus h is a topological quotient.

WARNING 3.3. If fi: X1 = Y] and fo: Xo = Y5 are topological quotients, then in
general fi x fo: X1 x Xo = Y] x Y5 is not a topological quotient. This product map
f1 x fo will be continuous, but in some cases the quotient topology on Y x Yo has

more open subsets than the product of the quotient topologies on Yy and Y.

Proposition 3.4. Assume that a topological group G acts continuously on the topo-

logical space X. Then
mX - G\X
pr[p]=G-p
18 an open map.

Proof: For any o € G we define ¢, := a(o, *): X - X, x — oz which is continuous.
As [l -1 is the inverse to /,, we know that /, is a homeomorphism. Let V ¢ X be
open, thus ¢,(V') is also open. Thus Uyeqlo(V) = 7r*1(7r(V)) is open in X, and
finally we get that (V) is open in G\X . ]

Tue 7.5.

Corollary 3.5. Let again G ~ X (continuously). If X is second countable, then

G\X is also second countable.

Proof: Let B={U;|ie€I} bea countable basis of the topology of X. Then 7 (U;)
is open in G\X for any ¢ € I. Thus

gz{’/T(Ul)|ZEI}
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is a countable set of open subsets of G\X .
It remains to show that B is a basis of the topology of G\X :

Let V c G\X be open. Then, by definition of the quotient topology, #=1(V') is
open in X. Thus there is J c I such that

= (V)=UU;.

jeJ

Using the surjectivity of f, it follows that

V=n(r(V))= Q]W(Uj) -
B

4 Quotient manifolds

4.1 The theorem about smooth structures on quotients

Recall: A smooth map f: M — N is called a
(i) submersion iff Va e M : df| :TeM — TN is surjective
(ii) immersion iff Vo e M :df| :T,M — Ty N is injective

(iii) local diffeomorphism, iff V€ M : are open neighborhoods U of x in M and V'
of f(x) in N such that
f ‘U: U-V

is a diffeomorphisms. Using the local reversal theorem we obtain:
[ is a local diffeomorphism iff Vo € M : df| :T. M — Ty, N is bijective.

Theorem 4.1. Let a Lie group G act smoothy, freely, and properly on a man-
ifold M. FEquip G\M with the quotient topology. Then G\M carries a unique
smooth structure such that w: M — G\M is a submersion. Furthermore dim G\M =
dim M —dimG.

Examples 4.2.

1.) {#£1} acts on S™ c R™*! compare Example 2.2 5.). This action is discrete,

smooth, free, and proper. We equip RP" {£1} \S " with the quotient topology
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and the smooth structure given in Diff. geom. I, Exercise Sheet 1, Exercise 3. It
is easy to check that the canonical projection map 7: 5™ — RP™ is then smmooth

and a submersion.

We consider again the Hopf action of S on S?7*!1 ¢ C**! by complex multi-
plication, compare Example 2.2 6.). This action is non-discrete, smooth, free,
and proper. We equip the complex projective space CP" = g1 \S2n+1 with the
smooth structure given in Exercise 4.3. Then the canonical projection, called

the Hopf fibration, 7: §?*1 - CP" is a submersion.

Let Z™ act on R” by addition (or equivalently expressed: by translation). This
action is discrete, smooth, free, and proper. In Diff. geom. I, Exercise Sheet 3,
Exercise 3 we introduced a manifold structure on T" = 7n \R". The topology is

the quotient topology, and the smooth structure is the one of the above theorem.

In general, if G is discrete, then dim G\M = dim M, thus the submersion is in
fact a local diffeomorphism. Furthermore, from Exercise Sheet 3, Exercise 3 a)
we see that G acts properly discontinuously (and freely). Thus we are in the
setting of Diff. geom. I, Exercise Sheet 13, Exercise 4, if we replace the right
action by a left action, i.e., by defining in the exercise R(p,0) := a(o!,p), for

oceG,peM. Thus M — G\M is a surjective covering.

Conversely, you may ask whether every covering m: M — N that is surjective and
a local diffeomorphism arises this way. Here the answer is “No”, however, it is
yes, M is simply-connected. By choosing p € M, a covering map m: M — N yields
a group homomorphism 7,: 7 (M, p) — m (N, 7(p)), and one can show that this
is injective. Assuming N and M are connected, the answer the above question
is “Yes” if and only if 7, (7T1(M,p)) is a normal subgroup of m (N, 7(p)). Such

covers are called normal coverings or Galois coverings.

Let us formular the complex analogue of Diff. geom. I, Exercise Sheet 1, Exercise 3.

Exercise 4.3 (Potential exercise for Differential Geometry I). Let n € N and CP"

be the set of 1-dimensional complex vector subspaces of Cr*1 = R2n+2,

(a

) Identify CP™ with the quotient (C**1\{0})\~, where
rry <= INeC* st x=N\y

and endow it with the quotient topology. Show that CP™ is a compact Haus-

dorff space satisfying the second axiom of countability.
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(b) Show that the maps

J 1 :
U; :={[:v]€(CP"|:Bj¢O}i>(C"§R2", (2] > —(21,-. .55, ooy 2Zne1), 1< g <m+],
Z.

J

» »

are well-defined homeomorphisms (the “Z; L and z =

(21,0 2ne1) €CP¥1)

means omitting “z;

(c) Show that A= (¢;:U; = R®*™) 10 ni1y s an atlas for CP™.

d) Fori,je{l,...,n+1}, i #j show that p;(U;nU;) is an open subset of R>"
j j
and that
pio () (UinU;) > @i(UinUj)

is a C*-diffeomorphism.

Lemma 4.4. Assume that a Lie group acts G smoothly acts on a manifold M,
peM. if s,,G - M, o~ op is injective (on a neighborhood of 1), then s, is an

TMMErsion.

In the following, we call this map s, the orbit map! of p.

Examples 4.5.

1.) R - R, z ~ z3 is an injective smooth map, but it is not an immersion. Thus
it cannot be obtained as a map s, as above for a suitable smooth action of
G =R on M =R. However, it is the map s, for G = M =R, p = 0 and for the

non-smooth, continuous action a(o,x) = %0 + 3.

2.) Forae R\ Q, T?:= 72 \R2 we define a:R x T? - T? as

a(t, [(z,y)] = [(z +t,y +at)]

where t,z,y € R, thus [(x,y)] € T2.

T do not think that this terminology is used in the literature, but it seems a reasonable name
to me
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Figure in the lecture, not yet drawn electronically

A 2-dimensional torus with a line of irrational slope «

For any p € T?, the map s,:R - T? is an injective immersion. However

Rp = s,(R) is not a submanifold.

Proof of Lemma 4.4: We assume that there is an open neighborhood U of 1 such
that sp‘U is injective. We write /., o € G, both for left multiplication ¢,:G — G and
for left multiplication ¢,: M — M.

“dys,:g = T,M is injective”: Assume dsp‘ﬂ(X) = 0 for X € g and define () :=
exp(tX), i.e., v is a l-parameter subgroup and satisfies 4(0) = X and ~(tg +1) =
v(to)y(t). We calculate

i 10 = 000+ 0)5) = d%uo)(%Lzo ((t) -p))

—_———
=sp(v(1))

=dlyg) © dsp(;Y(O)) =0.

As a consequence (t) -p = p. for any ¢t € R. For ¢ close to 0 we get a contradiction
to the injectivity of SP‘U'

“dgsp:g = TppM is injective for all o € G”: We calculate

sp(£s(7)) = Lo(7) - p = (07)p = 0(7p) = 7 - 5,(7) = £, (5,(T)).

Hence the diagram

d4l,
.G —T,G

ls
e

G G
sp‘ ‘sp and its derivative at 7 =1 dﬂsp‘ ‘dasp
L, dpls
M M

T,M 5% T, M

e
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commute. As dqf, and d,f, are isomorphisms and as djs, is injective, d,s, =

dyly o dysp o ( dﬂﬁg)_l is injective as well. m

Proof of Theorem 4.1:

(a) If M is second countable, then G\M with the quotient topology is also second
countable topological space, see Corollary 3.5. In the literature there two non-
equivalent definition of “a manifold” see the section “Conventions and Notations”.
If you belong to the group of mathematicians for which a manifold is required
to be second countable, then you now have seen the proof that G\]\J is second
countable; and you may proceed with proof item (b). If you belong to the group
of mathematicians for which a manifold is only required to be paracompact?, then

you can argue “in each component” in a a similar way.3

(b) “G\M is a Hausdorff space.”:

The action is proper, thus by Definition 2.3 the associated shear map

GxMS MxM

(0,2) = (0, 7)
is a proper map. Thus by Lemma 2.8
image(0) =O(G x M) = {(a-:c,a:) |oed, a:eM}

is closed. Obviously for the equivalence relation ~ defined by being in the same

G-orbit, we have
Ve,ye X : (x,y) €eimage(0) — x~y < [z] =[y].

Suppose [z] # [y]. Then (z,y) ¢ image(O). As image(©) is closed, (x,y) is an inner
point of (M x M) ~ image(©). This means that z has an open neighborhood U, in

2 A locally Eudlidean Hausdorff space with a C'*-atlas is paracomact, if and only if every connected
component is second countable. To understand our lecture, you may use this as a definition of
“paracompactness”.

3More precisely: Consider a connected component My and consider GMy = {op|oc e G, pe
Mpy}. One checks that G\GMO is a connected component of G\M , and any connected com-
ponent can be obtained this way.

As M is paracompact, My is second countable. The restriction of the canonical map m: M —
G\M yields an open and surjective map My 5 G\GMO, see Proposition 3.4, and as in
the proof of Corollary 3.5 you see that the second countability for My implies the second
countability of G\GMO. Thus we have seen that any connected component G\M is second
countable.
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M and y has an open neighborhood U, in M, such that
(Up x Uy) nimage(©) = .

the sets w(U,) and m(U,) are open due to Proposition 3.4, thus they are (open)
neighborhoods of [z] and [y]. For proving the Hausdorff property, it thus only
remains to check that =(U,) n7(U,) = @.

Suppose that [z] € 7(U,) n7(U,), and one may choose the representative z of
this class such that z € U,. From [z] e m(U,) we get the existence of a w € U, with

[2] = [w]. Thus there is a 0 € G with z = cw. We obtain the contradiction

(z,w) = (cw,w) = O(o,w) € image(O) N (Ux x Uy) =g.

(¢) “Uniqueness of a smooth structure on ¢ \M”

Suppose we have two smooth atlantes A; and A, on (3 \M such that M 5 (G \M , Ai)

is a submersion for ¢ = 1,2. We now apply the following lemma:

Lemma A.1.2. Let f: X - Y be a surjective submersion from the C*-manifold
X to the C*-manifold Y, and let Z be a further C'*°-manifold. Let h:Y — Z be a
map. Then h is smooth if and only if ho f is smooth.

We apply the lemma to the diagram
M

(\M A ——— (¢ \M. A)

twice:

e Once for X := M, Y = (g\M,4), Z = (Gg\M,A), f =n and h = id.
Then the smoothness of ho f =m: M — (G\M, Ag) gives us the smoothness of
h=id:(G\M, A) > (G\M, A,).

e Once for X := M, Y := (G\M,Az), Z = (G\M,Al), f =mand h = id.
Then the smoothness of ho f =m: M — (G\M, Al) gives us the smoothness of
h=id (G \M, As) > (G \M, A,).

Thus id: (G\M , Al) - (G\M , Ag) is a diffeomorphism, which says that the two
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smooth structures are the same.

(d) The Construction of a suitable smooth structure on (3 \M is a bit more involved

and will be proven in the next subsection, Subsection 4.2. n

4.2 The construction of a suitable smooth structure on the

quotient

In this subsection, G will always ba a Lie group, acting smoothly and freely on a

smooth manifold M.
Definition 4.6. In the following a submanifold S of M will be called transversal
(to the orbits of G) if we have for allpe S:

T,S @ image(dys,) = T,M . (4.1)
Recall dysy:g — T,M s the differential of the orbit map s,:G — M, o+ op.

As s, is injective, Lemma 4.4 tells us that dimimage(dss,) = dimG. Thus for a

transversal submanifold we have

dimG =dim M -dim S .

Example 4.7. We continue with Example 4.2 2.). Any non-trivial R-linear function
L:R?+2 = C*! - R defines a hypersurface Ny := {x € S?"*! | L(z) = 0} which is a

totally geodesic sphere in S?7*! of dimension 2n.
For which p e Ny, do we have
T,Np, @ image(dys,) = T,M ?

Note that ¢ € T3S!, and we have the above direct sum decomposition iff dys,(7) ¢
T,Np,. Because dys,(¢) =ip and T,Ny, = ker L np* we see that the above decompo-

sition is direct precisely on

Spi={xeS* | L(x)=0and L(ix) #0}.
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We see that S, is an open subset of N and
Np~Sp =S8 nker(C™! - C, zv L(z)-iL(iz))

which is a totally geodesic hypersurface in N, diffeomorphic to S?"~1. Every orbit
that passes through p € Sy, is of the form (cost)-p+ (sint)ip which intersects Sy, in

p and —p, i.e., once in the component

Spy={reS™"| L(x)=0and L(iz) >0},
and once in the component

Sp_={zeS*"| L(x)=0and L(iz)y0}.

Thus S, Sp+ and Sy, for any non-trivial L: C**! - R and all of their open subsets

are transversal to the orbits.

Remarks 4.8.

1.) If you try to imagine how a possible manifold S will look like, think of a small
manifold. Even when G and M are compact, one can rarely choose compact

transveral submanifolds S.

2.) We state that G-p = {op | 0 € G} = 5,(G) is a submanifold of M, and that
T,,(G - p) = image(d,s,). We will not prove this statement here, and we will
not use it in the following. A proof will follow immediately from Theorem 4.1

using the implicit function theorem which then also shows 7,,(Gp) = kerd,,7.

Lemma 4.9. Let G ~ M freely and smoothly. Then for any p € M, there is a

transversal submanifold S through p.
Proof: Choose a vector space W c T,,M with
W @ image(dys,) = T,M .

It is easy to construct? a smooth submanifold Sy in M with p € Sy and and 7,5, = W.
Then
§:={x ¢ S | T8 nimage(dss,) # {0}

4The submanifold Sy can either be constructed in a chart or by taking the Riemannian exponen-
tial map exp? for some® Riemannian metric g and the defining Sy := {exp X | X e W, ¢g(X, X) <
€2} for some small € > 0.
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is an open subset Sy containing p. We see that S is a transversal submanifold with
peSs. [

Lemma 4.10. If S is a transversal submanifold, then

GxS LM
(0,p) —>op

s a local diffeomorphism.

Proof: Because of the local reversal theorem, the statement is equivalent to showing
that
d(mp)ﬁi TUG @ TpS —> TgpM (42)

is an isomorphism for all c € G and all p€ S.

For o =1, X € T1G, Y €T,S we calculate
d(Lp)ﬁ(X, Y) = d]]_Sp(X) +Y.

With (4.1) this implies that image (d(,)9) = T,M, i.e., we have (4.2) for o = 1.

Now consider arbitrary o € G. From o(7p) = (o7)p we see that the diagram

GxS v M
ggxids KU
M

GxS 9

and its derivative at 7= 1
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A1)
TG xT,S —— 2 T,M

dely x idg 5 dply

1,Gx1,8S ———— T,,M
(o.p)

commute. Now as three arrows in the last diagram are already known to be iso-
morphisms, the remaining on, i.e., d, ¥, is also an isomorphism. This gives (4.2)
in general. [

End Fr 10.5.

Read following on Fr
17.5.

Definition 4.11. A transversal submanifold is small if

(i) Gx S UM s injective and a homeomorphism onto its image (thus an embed-

ding of codimension Q).

(i) there is a diffeomorphism S 2,V ¢ RdimM-dimG

Lemma 4.12. Assume that the action G ~ M is smooth, free and proper. For

each p € M, there is a small transversal manifold S through p.

Proof: Let Sy be a transversal submanifold through p € M. We choose a Rieman-
nian metric g on S, which allows us to define the open balls B9 )(p) of radius ¢
around p in (S5, ¢g). We define S; := Bi/si’g) (p). For a sufficiently large i € N, we will
prove that S := S; satisfies Conditions (i) and (ii) in Definition 4.11. Thus we will
have proven that S is ia small transversal submanifold through p.

“(i)”: Suppose that for all i € N:

GxS -2 M

is not injective. Thus there are (o;,p;), (6;,p;) € G x M, (0;,p;) # (F:,P;) such that

o;p; = 0;p;. This gives ((71-)71 o;p; = p;- Obviously we have
limp; = p and limp; =p.

As G acts properly, Proposition 2.7 tells us that a subsequence®, of 7; := (&i)_l o

SWe will pass to the subsequence without adapting the notation, for better readability.
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converges to some 7o, € G. In the limit we 7;p; = p; gives T7.p = p. As G acts freely,

this implies 7, = 1.

As ¥ is a local diffeomorphism, there is an open neighborhood U of (1,p) in G'x Sy
such that 19‘[] is a diffeomorphism onto its image. There is some ig € N such that

any 1 > i satisfies (7;,p;) € U and (1,p;) € U. Then
I(75,pi)= Tipi = Di = V(1,Ps) ,

and hence 7; = 1 and p; = p;, which gives the contradiction (o;,p;) = (7, D;)-
For any i > iy we thus know that 1J; := 19|GXS_: G x S; > M is injective.

Now for i > ig + 1 we will show that ¥J; is homeomorphism onto its image, i.e., it
is also an open map. Note that S; c S; c S;_;. Let K be a compact neighborhood
of 1in G. As ¢J;_; is continuous and injective, this also hold from

?91‘-1‘ 7:K><§i—>19(K><E) cM.
KXSi
As any continous bijective map from a compact space to a Hausdorff space is a
homeomorphism, the above map is a homeomorphism. Thus by restricting further
ontinuous and injective, this also hold for
W% o :}o(xSi—w?(f(xSi)cM.
KXSI'
We precompose this with the homeomorphism /,-1 x id: (a[o( ) x S; > K x S;, and

thus
o (Eo-—l X id)

191‘ o = ’lgz o
(cK)xS; KxS;

defines a homeomorphism (a[o( ) xS; - 19((0[%' ) X Si). Thus the domain of 9; is
covered” by a collection of open sets U, := 0}0{, o € GG, such that 19i|UJ:UJ - M
is open. This implies that 9J); itself is open and thus a homeomorphism for any
1>+ 1.

“(ii)”: Take a chart y: U—V ofS, containing p. Then S; c U for sufficiently large

1219+ 1. [ ]

We are thus may assume that we are in the following setting:

Setting 4.13. Let G ~ M be a smooth, proper, free action. Let pe€ M, n =dim M,

“in German: iiberdeckt
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and k = dimG. The submanifold S of M is a small G-transversal submanifold
through p € M. Then ¥(G x S) is open in M, and 9:G x S - (G x S) is a
local diffeomorphism and a (global) homeomorphism, thus it is a diffeomorphism.
Furthermore 9 is G-equivariant, i.e., for 7,0 € G and q € S we have T-9(0,q) =
¥(10,q). In particular, all orbits G-q are submanifolds with T,,(G-q) = image(dys,).
The Lie group G acts smoothly on V(G x S), thus 9(G x S) is a smooth G-space.

Furthermore we have a chart y: S -V e R*F,

Lemma 4.14. We assume the setting above. Then the map g := oo (L,id)oy?
obtained by the chain of maps

y (2,id)
—

R oV s 56 x S — (G x §) —— ¢ \WE xS e g\M

p——(1,p)

is a homeomorphism.
Corollary 4.15. G\M is a topological manifold.

Proof of Lemma 4.14: In the following diagram

(1,id) )
T L Gx S ———9(GxS)

idg Prg o’ s

~

S G\st% G \V(G x5)

all maps except « and /3 are already defined and continuous, and obviously prgo(1,id) =
idg. The spaces G\G xS and G\ﬁ(G x S) carry the quotient topology, thus the
maps 7 and 7’ are topological quotients. By applying Condition (ii) from Definition
and Lemma 3.1, we get a continuous map a: G\G xS - S, making the left square
commute. Obviously « is bijective, and n’ o (1,id) is a continuous right inverse
of a, thus « is a homeomorphism. If we apply Condition (ii) from Definition and
Lemma 3.1 to X =G xS, Y = G\GX S, 7= G\WGX S), f=n" g:=mod, then
we get a well-defined continuous map [ making the right square commute. The

map [ is bijective. If we apply Condition (ii) from Definition and Lemma 3.1 to
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X:=19(GxS5),Y := G\ﬁ(GXS), Z = G\GXS, fi=m, g:=n"od7! then we see

that 8~1 is also continuous.

So the whole diagram commutes and consists of continuous maps. Thus
modo(1,id)=Boa™

is a homeomorphismus. Precomposition with the homomorphism y~! yields the

statement. [ ]

Lemma 4.16.

A= {Cbgl | S is a small transversal submam’fold}

is a smooth atlas on G\M.

Proof: We have already seen that A is a CC-atlas for G\M . Thus it remains to
check that the transition maps are smooth. thus consider two small transversal
submanifolds S and S, not necessarily running through a common point. The
Y-map for S will be called 9. There are open subsets U e S and U e S such that

WG xU)=9(Gx8S)nI(Gx8)=0(GxU).
Let y:U - V o R** and §:U - V o R"* be two charts of U and U. We get
charts as in Lemma 4.14 for G\M
Cbglt G\ﬁ(G xU) v, (1)51: G\@(G X (j) N f/’
We have to show the smoothness of the transition map

@il o (bs

3 :@gl(ﬁ(GXU))—>®§1(1§(GXU))

o1 (9(GxU))

which is the composition
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Yy (ﬂ-a 1d) 9
Ve—— U<r—>GxU4>N WG xU)
g . (1id) g .
= o =
Thus the smoothness holds, as it is a composition of smooth maps. [ |

Lemma 4.17. We equip G\M with the smooth structure of the preceding lemma.
Then w: M — G\M is a submersion.

Proof: We fix a small transversal submanifold S with associated map . It is
sufficient to verify the submersion property of 7 on the open subset ¥(G x S) as
such subsets cover all of M. Now, out of the commuting diagram in the proof of

Lemma 4.14, we get the following commuting diagram

GXS—>Q9 WG x S)
prg s

S T} G\ﬂ(GxS)

where the map 9 is a diffeomorphism by the definition of “small transversal sub-
manifold” and where p := o a! is a diffeomorphism by the construction of the

smooth structure on G\M . As prg: G xS — S is obviously a submersion. [

The formula dim \M =dim M - dim G is obvious from the construction of the
smooth structure on G\M . The proof of Theorem 4.1 is thus complete.

Summer term 2024 Page 47



I LIE GROUPS AND QUOTIENTS

5 Further examples

5.1 Frame bundles

For a Riemannian manifold (M, g) and p € M we define Po(M, g)‘p as the set of
all orthonormal bases of (1,M,g,). The group O(n) acts on the right on this
bundle by the usual transformation of basis formula. In fact let (eq,...,e,) be an
orthonormal basis, viewed as a row vector whose coefficients are vectors in 7,,M.
Let A = (a;;) € O(n), then one defines

(E1,...,6n)=(€1,...,6,) A

by matrix multiplication, i.e., €; = Y.i; a;;e;. This right action is transitive and free,
and there is a unique smooth structure on Po (M, g)|p such that O(n) - Po(M, g)

A (eq,...,6e,) - Ais a diffeomorphism. We define Po(M,g) := L.JpeM PO(M,g)‘p.
Then Po(M,g) carries a unique smooth topology, such that for any U e M the

p?

following property holds:

Let ez U — Po(M,g),i=1,2,...,n be maps such that

E(p) = (e1(p),...,en(p)) € Po(M7g)|p-

Then € is smooth as a map U - Po(M, g) if and only if e; is smooth as

a vector field on U for any 1.

The group O(n) acts smoothly, freely, but no longer transitively on Po(M,g), and
the orbits are the subsets Po (M, g)|p which are in fact submanifolds. One can check
that this action is proper, and we consider the quotient space, which is a smooth

manifold by Theorem 4.1. The “canonical”
I:M - Po(M,9) [0 ()

that maps p € M to the orbit Po(M, g)‘p is a diffeomorphism. Usually one identi-
fies M with this quotient.

If M carries other structure than a Riemannian metric, one can often do similar

definitions for the structure group and the adapted bases.

Examples 5.1.
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1.) If M has no structure at all, we may take all frames. This yields Pg,(M,g),
which is a manifold on which GL(n,R) acts smoothly, freely, and properly, and
such that M = PGL(Mag)/GL(n,]R).

2.) If M has an orientation, we may take all positively oriented frames. This yields
Par, (M, g), which is a manifold on which GL,(n,R) = {A € R | det A > 0}
acts smoothly, freely, and properly, and such that M Par, (M, 9)/GL+(n, R)-

5.2 Homogeneous spaces

We now consider a Lie goup, and we assume that H is a subgroup of G that is
closed as a subset of the topological space G. We have already mentioned, that
this implies that H is also submanifold. We get an action of H on G as follows

a(r,0) =L, (o) =70 for 7€ H and 0 € G.

Lemma 5.2. The action H ~ G by left multiplication as described above is a proper,
free and smooth action. The same holds for other left- and right-actions H ~ G
given in Example 2.2 1.).

Proof: That the action is free and smooth is obvious. We will check properness

using Proposition 2.7.

So let us assume that (z;);y is a sequence in G converging to x., € G, and that
(01)ien is a sequence in H, such that (o;-2;);y converges in G to Yoo € G. It follows
that in G we have the limit

limo; = lim(o; -2 2;1) = 70 - Yoo -
1—> 00

71— 00

-1

[ee]

As H is closed, we have o, - ys) € H. Thus (0;);y converges in H to x -y} and

the statement follows with Proposition 2.7. [

We now, let again be H a closed subgroup in a Lie group G. We consider the
manifold G / H , whose elements are left cosets, i. e., subsets of the form o- H where
o € G. Left multiplication turns G/ H into a G-space with a transitive GG action.
We want to argue, that every smooth G-space with a transitive action is of this
form, as shown in the following exercise. We will thus additionally assume in this

section from now on:

The topology of G is second countable
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This assumption is equivalent to the condition, that G' has countably many con-
nected components.! With this additional condition Sard’s theorem? implies the

following

Proposition 5.3 (Consequence of Sard’s theorem). Let G be a Lie group with
countably many connected components acting transitively and smoothly on a smooth
manifold M, pe M, then the orbit map

5pG—>M, owo-p

s a submersion.
With this information the following exercise can be solved:

Exercise 5.4. Let G be a Lie group acting smoothly and transitively on a manifold
M. Let H be the isotropy group of p € M. Show that there is a unique G-equivariant
diffeomorphism F: G/H — M that maps 1- H to p.

Smooth G-spaces with a transitive G-action are called homogeneous spaces.
They are essentially given by the pair (G, H) where G is a Lie group and H a closed
subgroup. However, a given manifold M can be obtained in several ways as a homo-
geneous space G / H , thus one always has to consider M as a G-space. For example
as smooth manifolds we have §27+1 ~ O(2n + 2)/0(2n+ 1) = U(n+ 1)/U(n)a but
this does not hold as homogeneous spaces, as it is a GG-space for another G. However,

when one writes G / H , this is usually meant in the sense of G-spaces.

Homogeneous spaces are of tremendous importance, as they provide many exam-
ples, and there are man techniques and even computer programs to calculate many
properties, e.g., its curvature properties, the spectrum of the Laplace operator on

such spaces.

Definition 5.5. Let G be a Lie group acting smoothly and transitively on a manifold
M. Let H be the isotropy group of p € M. Thus for any h € H, {p,: M — M is a

diffeomorphism fixing p. We define its isotropy representation

I'H » GL(T,M), hw~dyl,.

In many analysis lectures, this assumption is considered anyhow.
2we do not want to prove or discuss this here and how to apply this. See [8] for a reference.
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Let again s,: G - M, o = o -p be the orbit map, and let H the isotropy group at
p. If p is a complement of h in g, i.e., if g = h @ p, then the differential ds,:g - T, M
of the orbit map s, is an isomorphism. One thus often identifies M with G / H and
T,M with p. The isotropy representation is thus a map

I:H—>GL(p).

Lemma 5.6. Let (M,g) be a Riemannian manifold, and assume that G ~ M is a
smooth, transitive and isometric action. If the isotropy representation is irreducible,
i.e., if there is no H-invariant linear subspace W c T,M with {0} # W + T,M,

then M is an Finstein manifold, i. e., there is a A € R, such that ric = \g.

Proof: As the action is isometric, the isotropy representation is a map H —
O(T,M). For any h € H we have I(h)*g, = g, and I(h)*ric, = ric,, thus also
Ric,oI(h) = I(h) o Ric,. As the endomorphism Ric, is symmetric, it is diago-
nalizable. Let A be an eigenvalue of Ric, and define W := ker(Ric,-Aid) as the
corresponding eigenspace. As I(h) and Ric, commute, we get (I(h))(W) c W.
Thus W is invariant under the action of G given by I. We assumed that {0} and
T,M are the only invariant linear subspaces, and as W # {0} by the choice of A, we
have W =T,M. Thus ric, = A\g,.

Now consider any point g € M, and we write g=0~1-p, 0 € G. As {, acts isomet-

rically we have (%g, = g, and ¢} ric, = ric,. Thus we have ric, = Ag, for all ge M. =

Example 5.7. We consider the Lie group SU(3) with a bi-invariant Riemannian
metric g. The adjoint representation Ad:SU(3) - GL(su(3)) turns su(3) into an
SU(3)-space. It has no non-trivial® linear subspace W invariant under the SU 83)
action. This implies that the bi-invariant metric is unique up to a constant. We

may normalize g such that

€ su(3)

o O O

has length 1.

The scalar product on su(3) c C33 is then

(A, B) = %tr(A*B)

3Such a subspace is trivial if W = {0} or W = su(3).
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As then SO(3) is a closed subgroup of SU(3), consisting of those matrices in
SU(3), where all coefficients are real. The quotient M := SU(3)/SQ(3) is called
the Wu manifold?, and plays an important role in bordism theory. The manifold

carries a quotient metric, denoted as g, and dim M = 5.

We define p as the orthogonal complement of § in g, namely

¢ 0 0 00 0 0 ¢ O 0 0 ¢ 0 00
p=spany|0 - ;10 2 0}, 0 Of,]O0 O Of,]0 O ¢
0 0 0 0 0 — 000 ¢ 0 0 0 2 0

One may check® that the action of SO(3) on p has no non-trivial invariant linear

subspaces. Thus (M,g) is an Einstein manifold. One can check that ric? = 6g.

5.3 Bi-quotients

We assume that G is a compact connected Lie group, and H a closed subgroup.
As discussed above the associated homogeneous space G/ H is a G-space. It may

happen that a subgroup K of G still acts freely on on G / H - Then the bi-quotient
kK\G/u

is a smooth manifold. This gives rise to interesting examples, as e. g., the Gromoll-
Mayer sphere, see https://ncatlab.org/nlab/show/Gromoll-Meyer+sphere. This
is a compact 7-dimensional manifold, homeomorphic, but not diffeomorphic to S7,

and it carries a metric with sectional curvature K > 0.

6 Riemannian submersions and the O’Neill formula

Notes on literature for this section:
« [3, Chap. 9]: a good and deep, but not easily readable reference
e [9, Chap. 7, Def. 44 and following], textbook by O’Neill, but no proofs

« [10], original article by O’Neill including proofs

4In fact it belongs to the family SU(n)/SO(n) of so-called Landweber’s manifolds
Sproof omitted here!
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6 RIEMANNIAN SUBMERSIONS AND THE O’NEILL FORMULA

Definition 6.1 (Riemannian submersion). Let (M,g) and (B.h) be Riemannian
manifolds, m =dim M, n=dim B, and f: M — B a submersion. For any p € M we
define the vertical space at p as V, :=kerd,f which is a vector space of dimension
n—m. Then V = Upm Vp is a submanifold of TM of dimension n. Further we

define the horizontal space at p as
Hy= (V) ={XeT,M|X 1V,}.
The map f is called a Riemannian submersion if
vpeMidyf| Hy = TinB (6.1)

18 an isometry.

We can decompose any X € T,M as

X = Xver + Xnor,  Xver € Vp, Xhor € Hp.

Further we denote the orthogonal projections as mo: TM — H and wye: TM — V.

r'w):= {Xe%(TM)eVpeM:X|peVp}
I'(H):= {Xef{(TM)eVpeM:X|p€'Hp}
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A.1 Supplements from the theory of smooth

manifolds

A.1.1 The Koszul formula

Let (M, g) be a semi-Riemannian manifold. We write (X,Y’) for g(X,Y). In the
lecture “Differential Geometry I” we have shown that there is a unique connection V

on T'M, called the Levi—Civita connection such that it is metric and torsionfree.

We give here a version of the Koszul identity that differs slightly from the one

given in that lecture. It gives a formula for the Levi-Civita connection.
Lemma A.1.1 (Koszul formula). For X,Y,Z € X(M) we have

2<VXy,Z>
= 0x (Y, Z) + 0y (X, Z) - 07 (X,Y)
+([X7Y]’Z>_<[Y7Z]’X>+<[ZvX]7Y>

In order to prove this lemma, one verifies that the right hand side defines a

connection that is torsionfree and compatible with the metric.

The proof of this Lemma is given, e.g., in [4, Eq. (9) in Proof of Theorem 3.6].
It is also worked out in [1, Def. 2.7.2] for submanifolds of R”, but the same proofs

also works for arbitrary semi-Riemannian manifolds.

A.1.2 A lemma on surjective submersions

Lemma A.1.2. Let f: X - Y be a surjective submersion from the C*-manifold
X to the C*-manifold Y, and let Z be a further C'*°-manifold. Let h:Y — Z be a
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map. Then h is smooth if and only if ho f is smooth.

Proof: It is obvious that Ao f is smooth if A is smooth, as every submersion is by

definition a smooth map.

Now assume that ho f is smooth. For a given y € Y we want to show that h is
smooth on a neighborhood of . As y may be arbitrarily chosen, this then implies
that h is smooth.

Let n:=dim X and k:=dimY.

At first we choose a preimage =z € X of y, ie. f(x) = y. (Here we use the
surjectivity of f.) We choose a chart @y : Uy — Vo of Y with y € Uy, then we choose
a chart g : Uy = Vj of X with x € U

We obtain a smooth map F : V; —» Vj, F := oo fowyt, Vi=Vyn gpo(f‘l(ﬁo)).
As df|, : T, X - T,Y is surjective, we see that d(Pg o ¢;!)|s () is surjective. The
implicit function theorem thus says that there is a small neighborhood V5 of ¢q(x) in
Vi, a diffeomorphism 1) : Vo — W, x Ws, Wi open in R*, W, open in R* %, that there
is an open neighborhood V; of @o(y) in V, and a diffeomorphism 1 : V;, - W7, such
that 1o F o)=L : Wy x Wy — W, is the projection to Wi, i.e. o F o=t (ay,x5) = a3

where z; € W;.

In the following diagram all symbols e denote open subsets.
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Xn / y
5 o, )
Uy :=Uyn f~1(Uy) Uy
o o
Vi= Vo ol (T0)) d %
. .
v, - 7
G W
Wy x W Phm W,
. .
Rr Pl R¥

We set U := g5t (V2), U = @o(12), p:=1pospg: U~ Wi x Wa, @:=1po: U - Wi
Then ¢ : U - Wy xWsy and @ : U — W are charts with 2 € U and y € U. Furthermore
Po fopl: W, xWy— W is the projection pry, to Wi.
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f
Xn Yk
h
Q Q
e
U
2
Prw,
W1 X WQ
(3 (o}
R» Pher Rk

Now as ho f is smooth, ho fop™t: Wl x Wy - Z is smooth as well. As the map
hofogp_lz(ho@_l)oprwl:W1XW2—>Z

is smooth, it is in particular smooth in the W; direction (for fixed element in W),
but this is just the map ho 1) - Wy, which is thus smooth. This implies that h‘ﬁ

is smooth. [
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Nomenclature

[e,¢] Lie bracket .. ... oo oo p. 6
Ad  adjoint representation of a Lie group .................. ... .. p- 10
ad adjoint representation of a Lie algebra............ .. ... ... ... ... p. 10
Aut(G) group of automorphisms of the Lie group G ......................... p. 4
CP™  complex projective SPaCe .. .....ou e p- 28
Diff (M) group of diffeomorphisms of M ........... ... ... ... ... p. 11
ly left multiplication ..... ... . . p. 1
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DX How of X .o p. 11
Ric, Ricci endomorphismat p............. ..o p. 51
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Vo vertical space at p....... p. 53
G~X Gactson X fromtheleft......... ... ... ... ... .. ... ......... p. 26
H;  3-dimen. Heisenberg group .......... ... i, p. 22
T right multiplication. ... ... . . . p. 1
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