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1. Exercise (4 points).
Let (Mn, g) be a Riemannian manifold and x∶U → V be a chart of M . Define
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the components of the Riemannian curvature tensor with respect to the chart x. Show that
in these coordinate the representation of the curvature tensor in terms of the Christoffel
symbols is given by:
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2. Exercise (4 points).
Consider the sphere Sn ⊂ Rn+1 with induced Riemannian metric gSn . Let {ei}i ⊂ Rn+1 be
the standard orthonormal basis and define the vector fields Xi ∈ X(Rn+1)

(Xi)∣p = ei − ⟨ei,p⟩p for all p ∈ Rn+1

In this exercise we want to compute the Riemannian curvature tensor of the standard
metric of the sphere. We proceed as follows:

a) Show that Xi∣Sn ∈ X(S
n).

b) Recall that the Levi-Civita connection on Sn is given by (∇XY )∣p = πtan
p (∂X Ỹ ) for

X ∈ TpM and Y ∈ X(Sn) with an extension Ỹ ∈ X(Rn+1) and πtan
p is the orthogonal

projection Rn+1 → Tp Sn. Show:

(∇Xj
Xk)∣p = −⟨ek,p⟩Xj ∣p

c) Show for i, j, k ≥ 2: (R(Xi,Xj)Xk)∣e1 = −δikej + δjkei.

d) Show that for all points p, q ∈ Sn there exists a A ∈ SO(n + 1) such that Ap = q holds.
Conclude that the full Riemannian curvature of the standard sphere is given by:

gSn(R(X,Y )Z,T ) = gSn(Y,Z)gSn(X,T ) − gSn(X,Z)gSn(Y,T ).

3. Exercise (4 points).
Let (M,g) be a Riemannian manifold and p ∈ M a point in M. Let R̂ be a curvature
tensor for TpM , i.e. a tensor R̂ ∈ TpM ⊗ (T ∗

pM)⊗3, which satisfies the following identities:

R̂(X1,X2,X3) = −R̂(X2,X1,X3)
gp(R̂(X1,X2,X3),X4) = −gp(R̂(X1,X2,X4),X3)
R̂(X1,X2,X3) + R̂(X2,X3,X1) + R̂(X3,X1,X2) = 0



for all X1,X2,X3,X4 ∈ TpM . We take a chart x∶U → V with x(p) = 0 and construct a
Riemannian metric

gij(x) = δij −
1

3
∑
α,β

R̂iαβjx
αxβ

on the chart neighborhood U . Show that Rp = R̂ holds.

4. Exercise (4 points).
Let (M,g) be a Riemannian manifold and f ∶M → R be a smooth function. We define
gradient vector field of f by

g(grad f,X) =X(f)

for all X ∈ X(M). Moreover we define the Hessian of f by

Hess(f)(X,Y ) = (∇df)(X,Y )

for all X,Y ∈ X(M).

a) Show that the gradient is a well-defined smooth vector field on M .

b) Let x∶U → V be a chart. Show the local representation of the gradient of f :

grad f ∣U =∑
i,j

gij
∂f

∂xi
∂

∂xj

If (ei) is a generalized orthonormal basis of TpM with gp(ei, ej) = εiδij, then show

grad f ∣p =∑
i

εi∂eif ⋅ ei

c) Show that the Hessian of f is a well-defined (0,2) tensor on M . Does it depend on g?

d) Show that the Hessian is given by Hess(f) = ∂X(∂Y (f))−(∇XY )(f) and that Hess(f)
is symmetric.


