Differential Geometry I: Exercises

University of Regensburg, Winter Term 2023 /24

Prof. Dr. Bernd Ammann, Julian Seipel, Roman Schiefil
Please hand in the exercises until Tuesday, December 19
12 noon in the letterbox of your group (no. 15 or 16)

Exercise Sheet no. 9

1. Exercise (4 points).
Let (M™,g) be a Riemannian manifold and z:U — V be a chart of M. Define
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the components of the Riemannian curvature tensor with respect to the chart . Show that
in these coordinate the representation of the curvature tensor in terms of the Christoffel
symbols is given by:
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2. Exercise (4 points).
Consider the sphere §" ¢ R**! with induced Riemannian metric gs.. Let {e;}; c R™*! be
the standard orthonormal basis and define the vector fields X; € X(R"*!)

(Xi)|p = ¢; — {e;,p)p for all p e R"*!

In this exercise we want to compute the Riemannian curvature tensor of the standard
metric of the sphere. We proceed as follows:

a) Show that X;|_, € X(S").
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b) Recall that the Levi-Civita connection on S" is given by (VxY), = W;,an(ﬁx?) for

X e T,M and Y € X(S™) with an extension Y e X(R"*1) and mian is the orthogonal
projection R™*! — T),S". Show:

(Vx; Xp)|, = —{ewn) X)),

C) Show for 1,7, k>2: (R(Xl, Xj)Xk)lel = _5ikej + 6jk€z‘~

d) Show that for all points p,q € S™ there exists a A € SO(n + 1) such that Ap = ¢ holds.
Conclude that the full Riemannian curvature of the standard sphere is given by:

gS”(R(Xv Y)Zv T) = gS”(Ya Z)gS" (X7 T) - gS"(Xv Z)gS"(Y7 T)

3. Exercise (4 points). A
Let (M,g) be a Riemannian manifold and p € M a point in M. Let R be a curvature
tensor for T, M, i.e. a tensor R € T, M ® (T;; M)®3, which satisfies the following identities:
‘R(X17X27X3) = _R(X27X17X3)
9p(R(X1, X2, X3), X4) = —g,(R(X1, Xa, X4), X35)
R(X17X27X3) + E()(27 X37 Xl) + ‘é(Xfi’Xl?XQ) = O



for all X, Xo, X5, Xy € T,M. We take a chart 2:U — V with z(p) = 0 and construct a
Riemannian metric
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on the chart neighborhood U. Show that R, = R holds.

4. Exercise (4 points).
Let (M,g) be a Riemannian manifold and f: M — R be a smooth function. We define
gradient vector field of f by

g(grad f, X) = X(f)
for all X € X(M). Moreover we define the Hessian of f by
Hess(f)(X,Y) = (Vdf)(X,Y)
for all XY € X(M).
a) Show that the gradient is a well-defined smooth vector field on M.

b) Let 2:U — V be a chart. Show the local representation of the gradient of f:

I
grad fly = 29" 5 s

If (e;) is a generalized orthonormal basis of T,M with g,(e;, €;) = €;0;;, then show

grad f| = Y €0, f e

c) Show that the Hessian of f is a well-defined (0,2) tensor on M. Does it depend on g?

d) Show that the Hessian is given by Hess(f) = 8X(8y(f)) -(VxY)(f) and that Hess(f)

is symmetric.



