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1. Exercise (4 points).
Let (M, 1), (M, g2) be two Riemannian manifolds with the induced Levi-Civita connec-
tions V!, V2. We identify (as in Exercise sheet no. 3, Exercise 1)

Tp,q) (M1 x My) =T, My x T, M,
and define the product metric g; ® go on M; x My by

g1 ® g2 ((v1,w1), (v2,w2)) = g1(v1,v2) + g2 (wr, wy).

For vector fields X; € X(M;) where i = 1,2 we define X; ® X5 € X(M; x M) by the formula
(X1 ® Xa)] ) = (X, 0],) + (0, X, )

a) Construct a vector X € X(R?) that cannot be written as X = X; & X, for vectors
fields X, ¢ X(R).

b) Let X = X; @& X, and Y = Y] @ Y5 be vector fields on M; x M. Show that the
Levi-Civita connection V of (M; x M, g1 @ go) satisfies

VyX = Vi, Y1+ V%, Ye.

c) Let ¢y, be geodesics on M respectively My. Conclude, that ¢(t) = (¢1(t), ca(t)) is
a geodesic on My x Ms.

2. Exercise (4 points).
Consider the hyperbolic plane (£, g™P), where

H={z+iyeC|zeR and y>0}

with metric given by gi}yp = y% g Let r > 0,a € R. Show that the half-circles

+iy
Cra={2z€9||z-a|=7}

are (up to reparametrisation) geodesics of the hyperbolic plane.
A way to solve this is as follows. First show that one can reduce to the case (r,a) = (1,0).
Then find a Mébius transformation W 4: z v %2 where A = (‘; Z) € SL(2;R), with WA(i) =

cz+d

i and W 4(0) = -1. Conclude the statement by application of V 4 to the geodesic v(t) = iet.



3. Exercise: Models of the hyperbolic plane (4 points).
In this Exercise we want to identify three models of the hyperbolic plane.

e The hyperboloid model
H? = {(2,y,2) e R*| 2? +y* -2 = -1 and 2> 0}
equipped with the induced metric from R?! (as in Sheet no. 7, Exercise 1).

e The Poincaré half-plane model
5:{x+z’yeC|y>0},
with the Riemannian metric gfﬂ.y = L% geuel,
e The Poincaré disk model

D={z+iyeC|z*+y* <1},

2
; 3 3 D _ 2 eucl
equipped with the metric g,.,; = ((1_(x2+y2))) geuct,
a) We define a sterographic projection f:H? — D by the following procedure: Every
point p € H? is send to the intersection point of the connecting straight line of p and
the point (0,0,-1) with the z — y-plane. Show that f is an isometry.

b) Show that the map .
h:9->D, zw Q

Z+1
is an isometry.

4. Exercise (4 points).
Let M and N be semi-Riemannian manifolds of the same dimension. Assume that N is
connected.

a) Let fi, fo: N = M be two isometries. Assume there exists a point p € N such that
fi(p) = f2(p) and d, f1 = d,, f> holds. Show that the two isometries coincide.

b) Let f: M — M be an isometry. Show that the fix point set Fix(f) = {pe M | f(p) = p}
is a submanifold! of M.
Hint: Use the exponential function of M.

LA subset N ¢ M™ of a smooth manifold M is a submanifold if for every point p € N there exists a
chart 2:U — V around the point p such that (U n N) is a submanifold of R™. Note that this definition
does not exclude that different connected components might be of different dimension.



