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1. Exercise (4 points).
We define the hyperbolic plane as

H ∶= {x + iy∣x ∈ R, y ∈ R>0}

endowed with the metric ghyp ∶= 1
y2 g

eukl at z = x + iy.

a) Compute the Christoffel symbols with respect to the chart given by the identity
H→ H ⊂ R2.

b) Compute explicitly the parallel transport Pct,0,1 ∶ T(0,1)H → T(t,1)H along the curve
ct ∶ [0,1]→ H with ct(s) ∶= (st,1).

c) Let x0 ∈ R and a ∈ R/{0}. Show that γ ∶ R→ H, t↦ (x0, eat) satisfies ∇

dt γ̇(t) = 0.

2. Exercise (4 points).
We consider S2 ∶= {p ∈ R3 ∣ ∥p∥ = 1} with the metric induced from R3.

a) We consider the following local parametrization

ψ ∶ (0,2π) × (0, π)→ S2, (ϕ, θ)↦ (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ))

whose inverse defines so-called spherical polar coordinates. We also write x1 = φ and
x2 = θ. Calculate the associated coordinate vector fields, the coefficients gij of the
metric and the Christoffel symbols Γkij.

b) For θ ∈ (0, π) we define c∶ [0,2π] → S2, c(t) ∶= (sin(θ) cos(t), sin(θ) sin(t), cos(θ)),
p ∶= c(0). Compute the parallel transport Pc,0,2π ∶TpS2 → TpS2, so Pc,0,2π ∈ End(TpS2).

3. Exercise: Levi–Civita connection for submanifolds (4 points).
Assume N,K ∈ N0. Let M be a semi-Riemannian submanifold of RN,K = (RN+K , ⟨ ⋅ , ⋅ ⟩N,K)
where ⟨ ⋅ , ⋅ ⟩N,K was defined in Exercise 1 of Sheet no. 1. We write ι∶M → RN+K for the
inclusion. Then for p ∈M we get an embedding dpι∶TpM → RN,K which we use to identify
TpM with its image in RN,K .

a) Show that there is a well-defined linear map

πtan
p ∶RN,K → TpM

that is the identity on TpM and such that

ker(πtan
p ) = {X ∈ RN,K ∣ ⟨X,Y ⟩N,K = 0∀Y ∈ TpM} .



Now let X ∈ TpM and let Y ∈ X(M) be given. You may assume in this exercise that there
is a smooth vector field Ỹ ∈ X(RN+K), Ỹ = (Ỹ 1, . . . , Ỹ N+K)∶RN,K → RN,K such that

Ỹ ∣M = Y .

Let ∂X Ỹ be defined componentwise, i.e. let ∂X Ỹ = (∂X Ỹ 1 . . . , ∂X Ỹ N+K). We define
DX Ỹ ∶= πtan

p (∂X Ỹ ). Prove the following:

b) DX Ỹ does not depend on how one extends Y to Ỹ . Furthermore prove that DX Ỹ
is local in the sense, that for a neighborhood U ⊂○ RN,K of p, the term DX Ỹ only
depends on X and Y ∣U∩M .

c) Show that DX Ỹ satisfies the properties

• (ii) linearity in Ỹ

• (iv) product rule

• (v) metric compatibility

in the definition of the Levi–Civita connection in the lecture from Nov 10th given
by M. Ludewig.

d) Let X̃ ∶RN,K → RN,K be a smooth extension of X with ∀q∈M ∶ X̃ ∣q ∈ TqM . Show

DX Ỹ −DY ∣pX̃ = [X̃, Ỹ ]∣p .

e) Conclude that DX Ỹ = (∇XY )∣p.
As defined on Nov 10th, ∇ denotes the Levi–Civita connection of the semi-Riemannian
manifold M in this formula.

4. Exercise (4 points).
Let M be a smooth, not necessarily compact, manifold. Given a 1-parameter group of
diffeomorphisms ϕ ∶ M × R → M , (x, t) ↦ ϕt(x) on M , let X be the associated tangent
vector field on M as in Exercise no. 3 of sheet 5. Show that, for any smooth tangent vector
field Y on M and point p ∈M it is

d

dt ∣t=0
((ϕt)∗Y ) ∣p = −[X,Y ]∣p,

where, for any diffeomorphism ψ ∶M →M , the term ψ∗Y denotes the pushforward tangent
vector field of Y defined by ψ∗Y ∶= dψ ○ Y ○ ψ−1.


