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1. Exercise (4 points).
Let ke Nu {0, 00,w}.

a) Show that any C*-atlas A is contained in exactly one C*-structure A
Hint: Define A as the set of all charts that are C*-compatible with all charts of A.
Then show the required properties.

b) Assume now A; and A, to be two C*-atlases of M. Show that: A; = A, if and only
if all charts of A; are C*-compatible with all charts of A,.

2. Exercise (4 points).
We consider R with the standard topology, which is obviously a topological manifold. We
consider four atlases Aga, Aquad; Acub, and Ayyir on R:

Agta = {(idg : R > R)}, Aquad = {(idg : R - R), (Ryg > Rug, 2 = 2%)}
Acub = {(R g R, €z = -173)} Aunif = Astd U Acub

a) Determine for each atlas the maximal k such that it is a C*-atlas.

b) Show that the C'-structure defined by Agq is different from the C!-structure defined
by Acup. Are there two atlases among the four ones defined above, that define the
same C'l-structure?

c¢) Construct a diffecomorphism (R, Agq) = (R, Acup)-

3. Exercise (4 points).
We define a symmetric bilinear form ¢(t) : R2 x R2 — R by setting

- i ()(o)er
Yy’r\y Yyl \y

e Show that (by,by) is a generalized orthonormal basis for g(X:1) if and only if there
exists a t € R and §,e € {1,-1} such that

cosht sinh ¢
br=0- (sinht) and b, = e (cosht)'

e Determine the number of connected components of O(1,1) := Isomy, (R?, g(tD) .



4. Exercise (4 points).
Let R ¢ R™™ denote the subspace of symmetric n x n-matrices.

a) Let f:R™™ » Roxn - Aw AT A, with AT denoting matrix transposition. Show that
1, is a regular value for f.
Recall: Some ¢ is by definition a regular value, if the differential d,f has full rank

for all x € f~1(c).
b) Determine ker(dy, f).

¢) Deduce that the orthogonal group O(n) is an @—dimensional submanifold of

RnQ ~ Rnxn

d) Construct a chart of O(n) whose chart neighborhood contains 1,,.
Hint: Consider the exponential map exp(A) = Yoo, LA™,

n=0 n!



