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1. Exercise (4 points).

i) Let M := S" := {x € R™!||z| = 1} be the n-sphere endowed with the topology
induced by R™*!. Construct for any point p € S® an open neighbourhood V' of p in
S™ and a homeomorphism from V' to R™.

ii) On R™* define

T Y1 n n+k
o I = Ty Y, Tl
Ttk Ynik - i=1 i=n+1

Show for all r € R\{0}, that M :={z | (x,x),x =7} is a submanifold of R"**.

2. Exercise (4 points).
On the set M we define the metric:
1 z+
d: M x M - R, (x,y)»{ g
0 z=y
inducing the discrete topology. Show that M is a Hausdorff space and locally Euclidean of
some dimension n € Ng. What number is n? Show that the topology of M has a countable
base, if and only if M is countable.

3. Exercise (4 points).
Let n € N and RP” be the set of 1-dimensional vector subspaces of R"™*!.

i) Identify RP™ with the quotient (R™*!\{0})\~, where z ~y <= I eR*st. x = \y
and endow it with the quotient topology. Show that RP™ is a compact Hausdorff
space satisfying the second axiom of countability.

Hint for the Hausdorff property: You may use without a proof the triangle inequality

b
for small angles, oy . < oy + vy, where cos o,y = H(aal\ le”.

ii) Show that the maps
; 1
Uji={[z] eRP"|z; # 0} BR", [a] > —(21,. .., Ty Tpe1), 1<j<n+1,
Lj

(==

are well-defined homeomorphisms (the “Z;” means omitting “,z;,”).
iii) Show that A= (¢;:U; = R")jc12,. ns1y is an atlas for RP™.
iv) Fori,je{1,...,n+1}, i+ j show that ¢;(U;nU;) is an open subset of R" and that
gio (¢;) 1 ¢;(UinUj) — ¢:(Uin Uj)

is a C°°-diffeomorphism.



4. Exercise (4 points).

A topological space X is called path-connected, if any two points of X can be connected
by a continuous path v :[0,1] - X. A topological space is called locally path-connected,
if any neighbourhood of any point x € X contains a path-connected neighbourhood of .

i) Show that any topological manifold is locally path-connected.

ii) Show that the connected components of a locally path-connected topological space
are open and closed.

iii) Deduce that the connected components of an n-dimensional topological manifold
are again n-dimensional topological manifolds.



