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1. Exercise.

1.) A topological space X is called locally Euclidean of dimension n € N, if every z € X
has an open neighbourhood U, such that U is homeomorphic to R”.

2.) A topological space X satisfies the second axiom of countability, if it has a countable
basis of the topology (see e.g. section 1.1 in the script on Analysis IV by Prof.
Garcke).

3.) A topological space X is called separable, if it contains a countable dense subset.
Let X be a locally Euclidean topological space satisfying the second axiom of countability.

i) Show that X can be covered by countably many neighbourhoods as in point 1.)
above.

ii) Show that X is separable.

2. Exercise.
Let X be Ru{p}, where p is some object not contained in R and define

O :={U | U open in R}u{(U\{0})u{p} |U open in R, 0 U u{Uu{p} |U open in R, 0e U}.
Show that O is a topology on X and prove that it is locally Euclidean, but not Hausdorff.

3. Exercise.
Let X be a topological space, x € X. The connected component of x is defined as the
union of all connected subsets of X containing x. Show that:

i) The connected component of z is connected.

ii) The connected component of x is closed in X.

4. Exercise.

Let X be a Hausdorff space such that every point in X has a compact neighbourhood.
Show the following property (called local compactness): For any = € X and any neigh-
bourhood U of = there is a compact neighbourhood of x contained in U.
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1. Exercise (4 points).

i) Let M := S" := {x € R™!||z| = 1} be the n-sphere endowed with the topology
induced by R™*!. Construct for any point p € S® an open neighbourhood V' of p in
S™ and a homeomorphism from V' to R™.

ii) On R™* define

T Y1 n n+k
o I = Ty Y, Tl
Ttk Ynik - i=1 i=n+1

Show for all r € R\{0}, that M :={z | (x,x),x =7} is a submanifold of R"**.

2. Exercise (4 points).
On the set M we define the metric:
1 z+
d: M x M - R, (x,y)»{ g
0 z=y
inducing the discrete topology. Show that M is a Hausdorff space and locally Euclidean of
some dimension n € Ng. What number is n? Show that the topology of M has a countable
base, if and only if M is countable.

3. Exercise (4 points).
Let n € N and RP” be the set of 1-dimensional vector subspaces of R"™*!.

i) Identify RP™ with the quotient (R™*!\{0})\~, where z ~y <= I eR*st. x = \y
and endow it with the quotient topology. Show that RP™ is a compact Hausdorff
space satisfying the second axiom of countability.

Hint for the Hausdorff property: You may use without a proof the triangle inequality

b
for small angles, oy . < oy + vy, where cos o,y = H(aal\ le”.

ii) Show that the maps
; 1
Uji={[z] eRP"|z; # 0} BR", [a] > —(21,. .., Ty Tpe1), 1<j<n+1,
Lj

(==

are well-defined homeomorphisms (the “Z;” means omitting “,z;,”).
iii) Show that A= (¢;:U; = R")jc12,. ns1y is an atlas for RP™.
iv) Fori,je{1,...,n+1}, i+ j show that ¢;(U;nU;) is an open subset of R" and that
gio (¢;) 1 ¢;(UinUj) — ¢:(Uin Uj)

is a C°°-diffeomorphism.



4. Exercise (4 points).

A topological space X is called path-connected, if any two points of X can be connected
by a continuous path v :[0,1] - X. A topological space is called locally path-connected,
if any neighbourhood of any point x € X contains a path-connected neighbourhood of .

i) Show that any topological manifold is locally path-connected.

ii) Show that the connected components of a locally path-connected topological space
are open and closed.

iii) Deduce that the connected components of an n-dimensional topological manifold
are again n-dimensional topological manifolds.
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1. Exercise (4 points).
Let ke Nu {0, 00,w}.

a) Show that any C*-atlas A is contained in exactly one C*-structure A
Hint: Define A as the set of all charts that are C*-compatible with all charts of A.
Then show the required properties.

b) Assume now A; and A, to be two C*-atlases of M. Show that: A; = A, if and only
if all charts of A; are C*-compatible with all charts of A,.

2. Exercise (4 points).
We consider R with the standard topology, which is obviously a topological manifold. We
consider four atlases Aga, Aquad; Acub, and Ayyir on R:

Agta = {(idg : R > R)}, Aquad = {(idg : R - R), (Ryg > Rug, 2 = 2%)}
Acub = {(R g R, €z = -173)} Aunif = Astd U Acub

a) Determine for each atlas the maximal k such that it is a C*-atlas.

b) Show that the C'-structure defined by Agq is different from the C!-structure defined
by Acup. Are there two atlases among the four ones defined above, that define the
same C'l-structure?

c¢) Construct a diffecomorphism (R, Agq) = (R, Acup)-

3. Exercise (4 points).
We define a symmetric bilinear form ¢(t) : R2 x R2 — R by setting

- i ()(o)er
Yy’r\y Yyl \y

e Show that (by,by) is a generalized orthonormal basis for g(X:1) if and only if there
exists a t € R and §,e € {1,-1} such that

cosht sinh ¢
br=0- (sinht) and b, = e (cosht)'

e Determine the number of connected components of O(1,1) := Isomy, (R?, g(tD) .



4. Exercise (4 points).
Let R ¢ R™™ denote the subspace of symmetric n x n-matrices.

a) Let f:R™™ » Roxn - Aw AT A, with AT denoting matrix transposition. Show that
1, is a regular value for f.
Recall: Some ¢ is by definition a regular value, if the differential d,f has full rank

for all x € f~1(c).
b) Determine ker(dy, f).

¢) Deduce that the orthogonal group O(n) is an @—dimensional submanifold of

RnQ ~ Rnxn

d) Construct a chart of O(n) whose chart neighborhood contains 1,,.
Hint: Consider the exponential map exp(A) = Yoo, LA™,

n=0 n!
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1. Exercise (4 points).
Let M and N be m—dimensional, resp. n—dimensional, C'*-manifolds with atlases

AM = {2y 1 Ui » Vidier and AV = {y; 1 U] > V] }jes.
Define the family

AN = {2 Us x U]{ - Vix Vj’}(z’,j)elxj with 2 ;(p, q) = (2(p), y(q))-
a) Show that AM*N ig a C'°-atlas on M x N with the product topology.
b) Equip M x N with the smooth structure defined by AM>*N and show:

i) The projection 7 : M x N - M is C*. (And, of course, so is 7V.)

ii) For any smooth manifold W and smooth maps f: W — M and g: W — N the
map

(f,9): W - MxN pe(f(p),9(p))

is smooth again.

c) Show that
Ty (M x N) > T,M xTyN, X (dpm™ (X)), dgm™ (X))
is an isomorphism of vector spaces.

2. Exercise (4 points).
Let ke N and € > 0 be given.

a) Define a diffeomorphism F' : R¥! — R*! such that F restricted to R¥*1 \ B.(0) is
the inclusion
Rk+1 N BG(O) s Rk+1,

but F(RF x {0}) ¢ R* x {0}.
Hint: Use the graph of a function n:R* — [0,€/4] with support in R¥ N B.»(0) and
use a function x:R — [0, 1] with support in (—€/2,€/2) and some further properties.

b) Show for all m,n > 1 that the atlas AM*N constructed in Exercise 1 is not a
C'*°—structure.



3. Exercise (4 points).

Viewing Z" as a subgroup of (R",+) one obtains the quotient 7™ := R"/Z" (the n-
dimensional torus) which, equipped with the quotient topology, is a topological manifold
(you need not to prove this fact). Let 7 : R® - T be the projection.

a) Construct a C>~-atlas = {x; : U; = V;}is on T™ such that every p € R™ has a
neighbourhood U that turns the restriction 7|y : U - 7w(U) into a diffeomorphism.

b) Show that 7™ is diffeomorphic to S* x...x S
—_————
n times

c¢) Consider the submanifold

T:={(2,y,2)"T eR}|(V22 +y2-2)*+2% =1}

of R? which is obtained by rotating a circle in the halfplane {z > 0,y = 0} c R?
around the z-axis (you do not have to prove this).
Show that T2 is diffeomorphic to T.

4. Exercise (4 points).
Let G be a C*°—manifold together with a smooth map m : G x G - G such that (G, m)
is a group. In particular there is a neutral element e € GG.

a) Calculate
d(eye)m : T(eye)(G X G)(E T.G x TeG) - TeG.

Hint: Calculate d.eym(X,0) and d(cm(0,X) for X e T.G.

b) Let z : U -» V be a chart of G with e € U and z(e) = 0. Let U’ ¢ U be an open
neighbourhood of e such that m(U’ x U") c U. Denote V' := 2(U’) and show that
the differential of

F:V'xV' =V, (p,q) = z(m(z(p),z7(q)))

is surjective in a neighbourhood of 0 € V' x V'. Hint: apply the implicit function
theorem.

¢) Show that there is an open neighbourhood W of e and a smooth map inv: W - G
satisfying m(p,inv(p)) = e for p e W. Hint: Implicite function theorem.

Bonus: Show that the map inv with its property in c) can be used to prove that G - G,
g~ g7t is smooth. Hint: Use m(.,q) : G — G, g€ G to show smoothness on m(W,g™1).
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1. Exercise (4 points).

i) Let g be a symmetric bilinear form on a finite-dimensional vector space V', and let n,,
no and n_ be the numbers of basis vectors ey, ..., €, 1ng+n. With g(e;,e;) =+1,0 0or -1
as in Sylvester’s law of inertia. Calculate

max {dim W | W is a linear subspace of V' on which ¢ is positive deﬁnite}
max {dimW | W is a linear subspace of V' on which g is negative deﬁnite}
max {dimW | W is a linear subspace of V' on which g is positive semi—deﬁnite}
max {dimW | W is a linear subspace of V' on which g is negative semi—deﬁnite}

max {dimW | W is a linear subspace of V' with g|y.w = 0}

in terms of n,, ng and n_. Conclude that n,, ng and n_ do not depend on the chosen
basis.

ii) Let B € R™" be symmetric and A € GL(n,R). Show that the numbers of positive,
zero and negative eigenvalues of ATBA does not depend on A.

2. Exercise (4 points).
Let A :={pq : Uy = Vo}aea be an atlas of an m—dimensional manifold M. Define for all
a € A the sets UIM := || T,M and the family A™ = {dp, : UTM -V, x R™} ,c4, where

pela

for a v e T,M we set dg,(v) := (p, dppa(v)).

i) Show that T'M carries a unique topology such that for all « € A the subset UI'M is
open and d¢, a homeomorphism.

ii) Show that T'M with this topology is a topological manifold and AT a smooth atlas
on T'M.

iii) Show that 7:TM — M, T,M > v ~ p is a smooth map of manifolds.

iv) Show that some X : M — T'M is smooth in the sense of the definition given in the
lecture if and only if it is smooth as a map of manifolds M — T'M and wo X =idy,.

3. Exercise (4 points).
Let W= {p e R*|max{[p1], [pal; [ps|} = 1}.

i) Is W a submanifold of R3? Prove your statement.

ii) Equip W with the topology induced from R3 and show the existence of a C'*°-structure
on W.



4. Exercise (4 points).
Let V be an n—dimensional vector space over R.

i) Calculate dim(A?V) ® (A2V) and dim(A3V)® V.
ii) Show that
H:(A*V)® (A*V) > (A*V) eV
(zry)®(zrw) = (zAynz)@w—(TAyAwW)®2
is well-defined.

iii) Show that H is surjective and that dimker(H) = @

Hint: Calculate H((x Ay) @ (zAw)), H{(zAz)® (wAy)), and H((z Aw)® (yAz))
in order to show that (x Ay A z) ® w is in the image.
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1. Exercise (4 points).
Let M be a smooth manifold and 7" a C*° (M )-linear map

T:X(M) - C=(M)

Show that there exists a unique smooth 1-form «a € C(M;T*M) such that for all X «
X(M) and for all p e M the equality

(T(X)) () = aly(X],)

holds.
Hint: You may use without a proof that on a smooth manifold there is always a family of
smooth functions (&;)ier such that (n; := £%)ier is a partition of unity.

2. Exercise (4 points).
Let M be a smooth n—dimensional manifold and let Der™ be the space of derivations on M,
that is, of all linear maps ¢ : C* (M) - C>(M) which satisfy the following product rule:

Vi, f2e C®(M): 0(fifo) = (6f1) f2+ f1(0f2).
It follows from the lecture (the results about derivations in a point p € M) that the map
X(M) - Der™, X = 0x

is well-defined and it can be checked that it is even an isomorphism.
Let XY now be two smooth tangent vector fields on M.

a) Show that [Ox,dy ] := Ox o Oy — Jy o Ox defines a derivation on M and deduce that
there exists a unique smooth tangent vector field on M, which we denote by [ X, Y],
such that Oxyy = [0x,0v].

b) Show that, for any f e C(M), one has [X, f[Y]=0xf Y + f[X,Y].

¢) Show that, if 2:UU - V is a chart of M, then [-2;,-2]=0 for all 1 <i,j < n. Deduce

: . dz7) dx
that, if X|U = Xlaii and Y|U = Yla?civ then

0
oxt

jaYi_YjaXi) 9

(XY ]jy = (0x (Y = 0v (X)) 0w o ) on

:(X



3. Exercise (4 points).

Let M be a compact smooth n-dimensional manifold. By definition, a one-parameter group
of diffeomorphisms on M is a smooth map ¢ : M xR — M, (x,t) = @s(x), with ¢q = Idyy,
and ¢; 0o vy = @, for all s,t e R.

a) Show that, given any one-parameter group of diffeomorphisms (¢;); on M, the map
X|,= %h:o(@t(x)) defines a smooth tangent vector field on M.

b) Prove that a one-parameter group of diffeomorphisms ¢; as above with X € X(M)
as in a) necessarily has to satisfy

d
EL:S(%@)) = do(X|,) = X, 0

c¢) Conversely, show that, given any smooth vector field X on M, there exists a unique
one-parameter group of diffeomorphisms (¢;); on M such that %| wole(r)) = X(2)
for all x € M.
Hint: First construct o,(x) for fivzed x and t close to 0 using the theorem of Picard-
Lindelof and using b); then show that (z,t) = ¢ (x) can be extended to M x R.

4. Exercise: Proof of Prop. 11.4.7 (4 points).

Let N and M be smooth manifolds, and ¢: N - M a smooth map, pe€ N and § € T, N.
We equip M with a semi-Riemannian metric g, which then determines the Levi-Civita
connection on M. Let 1,7 € C*(N,p*T M) be two vector fields along . Show that

0e(g(n.7)) = g(Ven. 1)) + g(n(p), Veiy) -
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1. Exercise (4 points).
We define the hyperbolic plane as

H:={z+iylr e R,y e Ry}

endowed with the metric ghvp := ?%geu“ at z=x +1y.

a) Compute the Christoffel symbols with respect to the chart given by the identity
H — H c R2.

b) Compute explicitly the parallel transport Pe, 0,1 : T(o,1)H — T(;,1)H along the curve
¢ [0,1] = H with ¢;(s) := (st,1).

c¢) Let 2o € R and a € R\{0}. Show that 7 :R — H, ¢ - (z¢, ) satisfies X (t) = 0.

2. Exercise (4 points).
We consider S?:= {p e R3 | ||p| = 1} with the metric induced from R3.

a) We consider the following local parametrization

¥ :(0,27) x (0,7) = S, (¢,0) = (sin(#) cos(p), sin(8) sin(y), cos(6))

whose inverse defines so-called spherical polar coordinates. We also write z! = ¢ and
22 = f. Calculate the associated coordinate vector fields, the coefficients g;; of the
metric and the Christoffel symbols I’fj

b) For 6§ € (0,7) we define ¢:[0,27] - S2, ¢(t) := (sin(f) cos(t),sin(0) sin(t), cos(F)),
p :=¢(0). Compute the parallel transport P, o,:1,5% - 1,52, 50 P. 2, € End(7,5?).

3. Exercise: Levi-Civita connection for submanifolds (4 points).

Assume N, K € Ny. Let M be a semi-Riemannian submanifold of RN-K = (]RN KN, K)
where (-, -)n x was defined in Exercise 1 of Sheet no. 1. We write v: M — RN*K for the
inclusion. Then for p € M we get an embedding d,t: T,M — RN-K which we use to identify
T,M with its image in RV,

a) Show that there is a well-defined linear map
rian RVK L

that is the identity on 7),M and such that

ker(7") = {X e RVS | (X, Y )y k= OVY e T,M} .



Now let X € T, M and let Y € X(M) be given. You may assume in this exercise that there
is a smooth vector field Y € X(RN+K) Y = (Y1,... Y N+K):RVK  RNK guch that

Yiu=Y.

LetN(?X}N/ be defined componentwise, i.e. let oxY = (8X}~/1 ...,8X17N+K). We define
DxY = w;)an(ﬁxY). Prove the following:

b) DxY does not depend on how one extends Y to Y. Furthermore prove that_ DxY
is local in the sense, that for a neighborhood U e RN of p, the term DxY only
depends on X and Y|ynu-

c¢) Show that D Y satisfies the properties
e (i) linearity in ¥
e (iv) product rule
e (v) metric compatibility

in the definition of the Levi-Civita connection in the lecture from Nov 10th given
by M. Ludewig.

d) Let X:RMK — RNK be a smooth extension of X with ¥, X|, € T,M. Show

DxY - Dy, X = [X,Y]),.

e) Conclude that DxY = (VxY)|,.

As defined on Nov 10th, V denotes the Levi—Civita connection of the semi- Riemannian
manifold M in this formula.

4. Exercise (4 points).

Let M be a smooth, not necessarily compact, manifold. Given a 1-parameter group of
diffeomorphisms ¢ : M xR - M, (z,t) » ¢i(z) on M, let X be the associated tangent
vector field on M as in Exercise no. 3 of sheet 5. Show that, for any smooth tangent vector
field Y on M and point p e M it is

(e)-Y)] =-[X.]

)
p

d
oo

where, for any diffeomorphism ¢ : M — M, the term ¢, Y denotes the pushforward tangent
vector field of Y defined by ¢,Y :=dipoY o)7L,
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1. Exercise (4 points).
We have already seen that

H" := {X e R™(X, X) = -1, X" > 0}

is a semi-Riemannian submanifold of R™1. The induced Riemannian metric on H" is called
the hyperbolic metric gpyp.

a) Let f : R®»! - R™! be a linear map. Show that f(e;),..., f(ens1) is a generali-
zed o.n.b. iff f is an isometry. Show that f(H") = H" if f is an isometry with
(€ns1s f(€ns1))na <0.

b) Let p,q € H*,p # ¢q. Construct an isometry f : R»! — R™! such that Fix(f) =
span{p, ¢}. Conclude that f|;. defines an isometry H" — H".

c¢) Define 0 := ¢+ (p,q)n1 - p and v := 9/\/(0,0)n1. Show that p,v is a generalized
orthonormal basis of span{p,q}. For t € R we define v, ,(t) := cosh(¢)p + sinh(t)v.
Conclude that the image of 7, , is H" nspan{p, ¢}.

d) Show that 7, , is a geodesic. (Hint: Prop. 6.14 of the lecture can be helpful). Let
be a geodesic in H". Show that 7 is either a constant or a reparametrisation of a
Vo @S above.

2. Exercise (4 points).
Let F': M — N be a smooth map between smooth manifolds M and N. Let X,Y (rgsp.
X,Y) be (smooth) vector fields on M (resp. N). We say that X is F-related to X if
dF o X =X o F holds on M. 3 .
Show that, if X is F-related to X and Y is F-related to Y, then [X,Y] is F-related to
[X,Y].
3. Exercise (4 points).
Let (M, g) be a semi-Riemannian manifold with Levi-Civita connection V.
i) Show that there exists a unique family of R-bilinear operators
V) X(M) x T(T™*(M)) - T(T"*(M)), where r, s € N,
satisfying the following properties:

a) VOV f = 0xf,
b) vV = vyY,

o) (vEYw) (V) = 0x (w(¥)) - w(VxY),



Q) V¢ (T e ) = (VU)o T+ T (VT

Hint: Show first that V(™) is a local operator and then construct it chartwise. Then
check that on the intersection of the domains of two charts, the covariant derivations
defined by the two charts coincide.

Bonus: Show formally that this family of connections is C'*°-linear in the first
argument:
vIT = VT

ii) Consider some tensor field T' € T'(T%*(M)) with k € N. Show that for vector fields
X1,..., X € X(M) one has the formula

(vggv’@:r)(xl,...,xk) = Ox (T(X1,..., X))

k
-3 T(X1, . Xic1, Ve X, X, -, X)),
i1

4. Exercise (4 points).

Let (M,g) be a smooth compact Riemannian manifold. For ¢ € R, show that S.M :=
{X eTM|g(X,X)=c?}is compact. Then prove that every maximal geodesic of (M, g)
is defined on all of R.

Hint: recall what is known for mazimally defined solutions of first order ODFEs satisfying
the Picard-Lindelof assumptions on an open subsets of R™.
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1. Exercise (4 points).
Let (M, 1), (M, g2) be two Riemannian manifolds with the induced Levi-Civita connec-
tions V!, V2. We identify (as in Exercise sheet no. 3, Exercise 1)

Tp,q) (M1 x My) =T, My x T, M,
and define the product metric g; ® go on M; x My by

g1 ® g2 ((v1,w1), (v2,w2)) = g1(v1,v2) + g2 (wr, wy).

For vector fields X; € X(M;) where i = 1,2 we define X; ® X5 € X(M; x M) by the formula
(X1 ® Xa)] ) = (X, 0],) + (0, X, )

a) Construct a vector X € X(R?) that cannot be written as X = X; & X, for vectors
fields X, ¢ X(R).

b) Let X = X; @& X, and Y = Y] @ Y5 be vector fields on M; x M. Show that the
Levi-Civita connection V of (M; x M, g1 @ go) satisfies

VyX = Vi, Y1+ V%, Ye.

c) Let ¢y, be geodesics on M respectively My. Conclude, that ¢(t) = (¢1(t), ca(t)) is
a geodesic on My x Ms.

2. Exercise (4 points).
Consider the hyperbolic plane (£, g™P), where

H={z+iyeC|zeR and y>0}

with metric given by gi}yp = y% g Let r > 0,a € R. Show that the half-circles

+iy
Cra={2z€9||z-a|=7}

are (up to reparametrisation) geodesics of the hyperbolic plane.
A way to solve this is as follows. First show that one can reduce to the case (r,a) = (1,0).
Then find a Mébius transformation W 4: z v %2 where A = (‘; Z) € SL(2;R), with WA(i) =

cz+d

i and W 4(0) = -1. Conclude the statement by application of V 4 to the geodesic v(t) = iet.



3. Exercise: Models of the hyperbolic plane (4 points).
In this Exercise we want to identify three models of the hyperbolic plane.

e The hyperboloid model
H? = {(2,y,2) e R*| 2? +y* -2 = -1 and 2> 0}
equipped with the induced metric from R?! (as in Sheet no. 7, Exercise 1).

e The Poincaré half-plane model
5:{x+z’yeC|y>0},
with the Riemannian metric gfﬂ.y = L% geuel,
e The Poincaré disk model

D={z+iyeC|z*+y* <1},

2
; 3 3 D _ 2 eucl
equipped with the metric g,.,; = ((1_(x2+y2))) geuct,
a) We define a sterographic projection f:H? — D by the following procedure: Every
point p € H? is send to the intersection point of the connecting straight line of p and
the point (0,0,-1) with the z — y-plane. Show that f is an isometry.

b) Show that the map .
h:9->D, zw Q

Z+1
is an isometry.

4. Exercise (4 points).
Let M and N be semi-Riemannian manifolds of the same dimension. Assume that N is
connected.

a) Let fi, fo: N = M be two isometries. Assume there exists a point p € N such that
fi(p) = f2(p) and d, f1 = d,, f> holds. Show that the two isometries coincide.

b) Let f: M — M be an isometry. Show that the fix point set Fix(f) = {pe M | f(p) = p}
is a submanifold! of M.
Hint: Use the exponential function of M.

LA subset N ¢ M™ of a smooth manifold M is a submanifold if for every point p € N there exists a
chart 2:U — V around the point p such that (U n N) is a submanifold of R™. Note that this definition
does not exclude that different connected components might be of different dimension.
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1. Exercise (4 points).
Let (M™,g) be a Riemannian manifold and z:U — V be a chart of M. Define

o 0 0
I gl )\ =
Higy = do (R(axz" axj) axk’)
the components of the Riemannian curvature tensor with respect to the chart . Show that
in these coordinate the representation of the curvature tensor in terms of the Christoffel
symbols is given by:

ort B n
[ _ Jjk ik Fl rm Fl m
ijk 9 - _91,] + z : ( mit kj ~ * my Im) :

m=1

2. Exercise (4 points).
Consider the sphere §" ¢ R**! with induced Riemannian metric gs.. Let {e;}; c R™*! be
the standard orthonormal basis and define the vector fields X; € X(R"*!)

(Xi)|p = ¢; — {e;,p)p for all p e R"*!

In this exercise we want to compute the Riemannian curvature tensor of the standard
metric of the sphere. We proceed as follows:

a) Show that X;|_, € X(S").

sn

b) Recall that the Levi-Civita connection on S" is given by (VxY), = W;,an(ﬁx?) for

X e T,M and Y € X(S™) with an extension Y e X(R"*1) and mian is the orthogonal
projection R™*! — T),S". Show:

(Vx; Xp)|, = —{ewn) X)),

C) Show for 1,7, k>2: (R(Xl, Xj)Xk)lel = _5ikej + 6jk€z‘~

d) Show that for all points p,q € S™ there exists a A € SO(n + 1) such that Ap = ¢ holds.
Conclude that the full Riemannian curvature of the standard sphere is given by:

gS”(R(Xv Y)Zv T) = gS”(Ya Z)gS" (X7 T) - gS"(Xv Z)gS"(Y7 T)

3. Exercise (4 points). A
Let (M,g) be a Riemannian manifold and p € M a point in M. Let R be a curvature
tensor for T, M, i.e. a tensor R € T, M ® (T;; M)®3, which satisfies the following identities:
‘R(X17X27X3) = _R(X27X17X3)
9p(R(X1, X2, X3), X4) = —g,(R(X1, Xa, X4), X35)
R(X17X27X3) + E()(27 X37 Xl) + ‘é(Xfi’Xl?XQ) = O



for all X, Xo, X5, Xy € T,M. We take a chart 2:U — V with z(p) = 0 and construct a
Riemannian metric

1 D o
gij(x) = ;5 - 3 > Riggja®a”
a7/3

on the chart neighborhood U. Show that R, = R holds.

4. Exercise (4 points).
Let (M,g) be a Riemannian manifold and f: M — R be a smooth function. We define
gradient vector field of f by

g(grad f, X) = X(f)
for all X € X(M). Moreover we define the Hessian of f by
Hess(f)(X,Y) = (Vdf)(X,Y)
for all XY € X(M).
a) Show that the gradient is a well-defined smooth vector field on M.

b) Let 2:U — V be a chart. Show the local representation of the gradient of f:

I
grad fly = 29" 5 s

If (e;) is a generalized orthonormal basis of T,M with g,(e;, €;) = €;0;;, then show

grad f| = Y €0, f e

c) Show that the Hessian of f is a well-defined (0,2) tensor on M. Does it depend on g?

d) Show that the Hessian is given by Hess(f) = 8X(8y(f)) -(VxY)(f) and that Hess(f)

is symmetric.
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1. Exercise: Polar normal coordinates (4 points).

Let (M2,g) be a 2-dimensional Riemannian manifold. Let p € M be a point and choose
an € > 0 such that the exponential map exp,: B.(0) — exp,(B:(0)) is a diffeomorphism.
Denote by x = (x!, 22) the normal coordinates at p and consider the induced Polar normal
coordinates (r,p) via the identification 7, M = R? with euclidean space.

a) Show that we have the following identification of the induced coordinate vector fields:

0 0 . 0
5 " COS(QO)%-F sm(go)@

3——rsin( )iﬂﬂcos( )i
dp P P o

b) Determine the coefficients of the metric in Polar normal coordinates g.,, gy, gy, in
terms of the metric g;; with respect to normal coordinates.

c) Let (E1, Ey) be an orthonormal basis of (7,M, g,). Consider the closed curve ~,(t) =
exp,, (rcos(t) By +rsin(t)Ey) on M for ¢ € [0,27] and a radius 7 < e. Show that the
sectional curvature K, of (M, g) at p can be computed as follows

2 —
K, = 2 lim 270 £00] L]
T r—0 r3

9

where L[~,] is the length of the curve ~,. Can you give a heuristic explanation of this
formula? Hint: Use the Taylor expansion of the metric in normal coordinates and
express it then in Polar normal coordinates.

2. Exercise: Bianchi identities (4 points).

Let v € QY(M) be a 1-form and § € Q2(M) be a 2-form on a Riemannian manifold (M, g).
Let Xi, X5, X3, X4 € X(M) be vector fields on M. Recall the expressions of the Cartan
differential:

da(X1, Xy) = Xi(a(Xa)) - Xa(a(X1)) - a([X1, Xa]),
dB(X1, X2, X3) = > Xo1) (B(Xo2): Xo3))) = B[ Xe1), Xo@) ], Xo@3)),

where the sum in the second formula runs over all cyclic permutations of the set {1,2,3}.

a) Show:

da(X1, Xa) = (Vx,a)(X2) = (Vx,a)(X1)

b) Use dda =0 to deduce the first Bianchi identity:

R(X17X2)X3 + R(Xg,Xg)Xl + R(X3, Xl)XQ =0



c) Let X € X(M) be a fixed vector field. Define a(X;) = a(Vx, X) and deduce, by using
dda = 0, the second Bianchi identity:

(Vx, R)( X2, X3) + (Vx, R) (X35, X1) + (Vx, R)(X1,X3) =0

3. Exercise (4 points).
Let (M™,g) be a Riemannian manifold. Denote by R the Riemannian curvature tensor
as a (1,3)-tensor. Let X,Y, Z, U, W e X(M) be vector fields on M, then define

ROYNXY,Z W) =g(R(X,Y)Z,W)
g(RN(X AY), ZAW) = R(X,Y,Z,W)
the associated (0,4)-tensor and curvature endomorphism.
a) Let {e;}; c T,M be an orthonormal basis of g. Show that by
gpleinej, e ne) =6

for 7 < j and k <! we obtain a non-degenerated bilinearform on 7, M, which depends
smoothly on p.

b) Show that R4 is a well-defined (0,4)-tensor on M and RA” is a well-defined map
AN*T,M — A?T, M, which depends smoothly on p.

c) Show that we have the following identities:
(VxRON(Y, Z,U,W) = ~(VxROD)(Z,Y,U,W)
= (VxROD) (U, WY, Z) = ~(Vx ROD) (Y, Z, W, U)
d) Let TeT(T©=)M) be a (0,s)-tensor for s > 1. We define the divergence of T by

dIV(T)(Xl, RN 7Xs—1) = Zn:(VEjT)(ej,Xl, cee ,Xs_l),

j=1

where {e;}; is an orthonormal basis of T,M and Xy,..., X1 € T,M. Show:
. 1
div(ric) = §dscal.
Hint: Use the second Bianchi identity for the Riemannian curvature tensor.

4. Exercise: Schur’s Lemma (4 points).
Let (M™,g) be a Riemannian manifold.

a) Assume n > 2 and the sectional curvature K, only depends on the point p. Then
Riemannian curvature tensor is of the form

where k: M — R is a smooth function.

b) Assume n > 3 and the Riemannian curvature tensor is of the form above. Show that
ric = (n—1)kg holds and that in this case that the function « is locally constant. Hint:
Use Ezercise 3, d).



Differential Geometry I: Exercises

University of Regensburg, Winter Term 2023/24

Prof. Dr. Bernd Ammann, Julian Seipel, Roman Schiefil
Please hand in the exercises until Tuesday, January 16

12 noon in the letterbox of your group (no. 15 or 16)

Exercise Sheet no. 11

1. Exercise (4 points).

Let (M, g) be a semi-Riemannian manifold and N ¢ M be an open subset. Assume that
N is geodesically complete! and M is connected. Show that N = M holds. Hint: Consider
a point in the boundary N ~ N.

2. Exercise (4 points).
Let N c M be a semi-Riemannian submanifold of the semi-Riemannian manifold (M, g).
We say that N is totally geodesic if the second fundamental form II = 0 vanishes.

a) Show that N is totally geodesic iff every geodesic of N is also a geodesic of M.

b) Assume now that N is geodesically complete. Show that IV is totally geodesic iff every
geodesic v: I - M, of M with 4(0) € T'N is contained in N.

¢) Do we need the assumption of geodesic completeness in part b) to conclude the state-
ment?

3. Exercise (4 points).

Let (M,g) be a semi-Riemannian manifold and M be submanifold of dimension n =
dim(M) = dim(M) — 1. Assume that there exists a map into the normal bundle v: M —
N M, such that g(v,v) = €€ {-1,+1} holds. Denote by ¢ the induced Riemannian metric
on M.

a) Show that there exists a unique bundle map W e I'(End(7T'M)) with the property
g(W(X),Y) = g(I(X,Y),v)

for all X,Y € T,M and p € M. In particular, the endomorphism W|p: T,M — T,M is
self-adjoint. We call W the Weingarten map of the embedding (M, g) = (M, g).

b) Show that W(X) = -Vxv holds for all X € T'M.

¢) Assume that M is Riemannian and n = dim(M) > 3. Moreover the metric on M
is assumed to be flat, i.e. R = 0. Show that for any point p € M there is a plane
E c T,M with K(F) > 0. Hint: Consider planes E = span(¢;,&;) which are spanned
by an orthonormal basis &1, ...,&, of eigenvectors of W and use the Gauf§ formula.

LA semi-Riemannian manifold N is geodesically complete if the exponential map is defined on the full
tangent bundle TV



4. Exercise (4 points).

Let (M,g) be a flat semi-Riemannian manifold and M be a semi-Riemannian subma-
nifold of M with dimension m and induced metric g. Let (b,...,b,) be a generalized
orthonormal basis of T, M with the condition g(b;,b;) = ;5 ¢4, €; € {-1,1}. We define the
mean curvature vector field by H, = Y7 &, T(b;, b;).

a) Show that H, is well-defined.
b) Show that

Ric(X,Y) = §(H,, [(X,Y)) - ieimﬁ(m), fi(b, V).

holds for all X,Y e T,M

c) Let M be of dimension m — 1 and assume that there exists a map into the normal
bundle v: M - N'M, such that g(v,v) = € € {1} holds with associated Weingarten
map W (defined in Exercise 3). Show that:

g(v,v)-scal = (Tr W)?2 - Tr(W?).
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1. Exercise (4 points).
Let (M?2,g) be a two-dimensional Riemannian submanifold of R3. We call M a minimal
surface if the mean curvature of M in R? vanishes.

a) Show that a minimal surface has non-positive sectional curvature, and if the sectional
curvature is 0 in p € M, then the fundamental form vanishes in p.

b) Consider the catenoid

¢1IR2 - R?’
acosh(z) cos(y)

(z,y) ~ | acosh(z)sin(y)
sinh(z)

and the helicoid

@2:R2 - RS

zcos(y)
(z,y) =~ | wsin(y)
By

with constants «, 5 € R. Compute the induced metrics g1, go on R? and the Weingarten
maps. Show that the catenoid and the helicoid are minimal surfaces in R3.

c) Compute the sectional curvatures of both surfaces. Does there exists an isometry
(b: (R27gl) - (R2792)?

d) Show that there does not exists an isometry ¢:R3 — R3 such that ¢(image(®,)) =
image(®;) holds.

2. Exercise (4 points).
Let (M?", g) be a Riemannian manifold with non-positive sectional curvature, i.e. K <0.
We denote by J a Jacobi field along a geodesic ¢ of (M, g).

a) Show that g(/J, dVTiJ ) is a non-negative function.

b) Show that j—;(g(,], J)) is a non-negative function.

c) Conclude from the previous statements that the Jacobi field vanishes identically or
has at most one point where it vanishes.



3.

Exercise (4 points).

Let (M,g) be a semi-Riemannian manifold and J be a Jacobi field along a geodesic
c:1 =[a,b] - M. Show that there exists a geodesic variation c,: (—¢€,€) x I - M of ¢ such
that J = %Ls:ocs holds.

Hint: For some tqy € [a,b] choose a curve v : (=€,€) — M with v(0) = ¢(ty) and ¥(0) =
J(to). Find a vector field X along v such that (s,t) = cs(t) = exp, 4 (tX(s)) is a suitable
geodesic variation.

4.

Exercise (4 points).

Let (M, g) be a semi-Riemannian manifold.

a)

Recall that we denote the parallel transport along a curve v by P,. Let F:R? - M
be a smooth map and denote by ~; the curve in M which is given by

F(4st,0)

F(t,t(4s-1))
F(t(3-4s),t)
F(0,t(4 - 45))

V)
m

=

=W Nl A=

—_— g

Ye(s) =

m
[N [GUI TN T

m

Va)
m
— — —

S
S

i.e. the piecewise smooth curve which gives the image of the closed polygonal chain
with corner points (0,0), (¢,0), (¢,t) and (0,¢). Show that

lim
t—0 t2

Pyv-v :R(aF(O), aF(O))v
(%2 6.172

holds for all v € Tpg,0) M.
Hint: Use the following statement from the lecture (Lemma V.4.2): Let a:R? - M be
a smooth map and X a vector field along o such that %X = %X holds, then we have

V V vV V Jda Oa
YV x YV xop(& M)k
Ox Ox Oy Oy R(ax’ay)

If (M,g) is flat, then for every point p € M and vector v € T,M, there exists an
open neighbourhood of p given by U ¢ M and a section X:U — T'M of the tangent
bundle 7'M, which is parallel, i.e. VX =0 on U, and satisfies X, = v. Construct a
counterexample in the non-flat case for the previous statement.
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1. Exercise (4 points). B
Let M be a compact surface (without boundary) in R?. Let B,(0) be the closed ball of
radius r around 0 in R3, and let S,(0) = 0B,(0) be its boundary.

a) Show that the infimum R :=inf{r >0|M c B,(0)} > 0 is attained, and conclude that
M n Sg(0) is not empty.

b) Show that 7,M is the orthogonal complement of p for any p € M n Sg(0). Show for
any such p € M that the symmetric bilinear form

T,MxT,M >R, (X,Y)~ (5p,I(X,Y))
is negative definit.

c) Are there compact minimal surfaces M in R3? Justify your answer.

2. Exercise (4 points).

Let (M, g) be a connected, non-compact, geodesically complete Riemannian manifold and
p € M be a point. You may use the facts that under these conditions (M, d) is a complete
metric space and that for any p,q € M there is a shortest curve from p to q.

a) Show the existence of a sequence points {p; };en in M with d(p,p;) = oo for i - oo.

b) Conclude the existence of a geodesic ray! 7:[0, c0) - M with v(0) = p.
Hint: Consider a length minimizing geodesic ~;:[0,1;] = M with v;(0) = p and ~;(1;) =
pi. Use the fact that ||%;(0)| = 1 to conclude that there exists convergent subsequence
3i;(0) = X € T,M. Consider then (t) = exp,(tX) and show d(p,(t)) =t.

3. Exercise (4 points).

Let (M, g) be a connected, geodesically complete Riemannian manifold and N ¢ M be a
closed submanifold.? We fix a point ¢ € M~ N. We denote by d(x, N) = inf{d(z,y) |y € N}
the minimal distance from z to the submanifold N.

a) Show that there exists a point p € N with d(q,p) = d(q, N'). Do we need the assumption
that N is closed?

b) Show the existence of a geodesic 7, which connects p and ¢ with length given by
L(v) =d(q,p).

¢) Conclude with the first variation of the energy that the curve « hits N in an orthogonal
way.

LA geodesic ray 7:[0,00) - M is a geodesic such that for all compact subsets K c M there exists a
time 7" > 0 such that v(7T") ¢ K holds.

2You may use the facts that under these conditions (M,d) is a complete metric space and that for
any p,q € M there is a shortest curve from p to q.



4. Exercise (4 points).
Let M be a smooth manifold and G be a group equipped with the discrete topology.
Moreover we have a continuous group action

RMxG—-M
(p,g9) = R(p,9),

i.e. R satisfies R(p,gh) = R(R(p,g),h) for all pe M and g,h € G. We denote by p-G =
{R(p,g) | g € G} the orbit of p along the group action and we denote by M /G = {p-G | p €
M} the quotient space of the group action. The canonical projection m:M — M|G,p —
7(p) = p- G induces a topology on the quotient M /G, i.e. a subset U c M /G is open iff
71 (U) c M is open.

a) Show that the right multiplication maps R,: M — M,p — R(p, g) is a homeomorphism
for any g € G. Are these maps also diffeomorphisms?

Now we assume that the group action R is free and properly discontinuous. Here we refer
to an action R as free if for any g € G\ {e} the right multiplication maps R, has no fixed
point. An action R is properly discontinuous if for all points p,q € M there exist open
neighbourhoods U, V, of p respectively ¢ such that R,(U,) nV, = @ holds for all g € G
with the condition R(p,g) # q.

b) Show that the quotient space M /G is Hausdorff.

c) Show that the canonical projection m:M — M/G is a covering map, i.e. for all
points P € M /G there exists an open neighbourhood U of P and a homeomorphism
Oy (U) - U x G such that ® o pr; =7 holds.

d) (Bonus part) Assume additionally that R, is smooth for any g € G. Show then that
the quotient space M /G is a smooth manifold and the canonical projection is a local
diffeomorphism.
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1. Exercise (4 points).
Let ¢: (M, g) — (N,h) be a smooth map between connected manifolds and g = ¢*h is the
pullback of the metric h.

a) If  is a covering map, then show that (M, g) is complete iff (N, h) is complete.

b) Assume that ¢ is a local diffeomorphism and an isometry. Show that if (M,g) is
complete, then the map ¢ is a covering map.

2. Exercise (4 points).
Let (M™*2g) be connected, complete Riemannian manifold with constant sectional cur-
vature. Assume moreover that M is simply-connected. Show

H~ if K =-1,
(M, g) is isometric to 1 R* if K =0,
St it K=1.

3. Exercise (4 points).

Let ¢: (M, g) - (N, h) be a surjective submersion between connected complete Riemanni-
an manifolds. We call ¢ a Riemannian submersion if the map d,¢ induces an isomorphism
H,M = (ker(dyp))" = Ty N for each p e M. We call HM := Upepr H,M < TM the hori-

zontal subbundle and its elements horizontal.

a) Let y:I— N be asmooth curve, I some interval. Show that there exists a horizontal
lift ¥: I - M, i.e. a curve ¥ satisfying 7(t) € Hyu)M and ¢ o5 = . Also show for any
curve 7 : [a,b] = N that L(po71) < L(T).

b) Show: if y is a geodesic, then its horizontal lift 7 is also a geodesic. Hint: use the fact
that ~v locally minimizes length to show that v also minimizes length locally.

¢) Show: if a horizontal curve 7: I — M is geodesic, then po7: I — N is also a geodesic.

d) Let v be a geodesic in M. Show that if 4(0) lies in H, ;)M then we have §(t) e HM
for all teI.

4. Exercise (4 points).

Let (M™,g) be a Riemannian manifold. We assume that (M, g) is locally symmetric, i.e.
VR =0 holds. In this exercise we want to show that this condition is equivalent to the
existence of a local isometry o, : U - o(U) with o(p) = p and dpo = —idy,rr, defined on
open neighbourhood U ¢ M of p.



a)

Let € > 0 small enough such that the exponential function is a diffeomorphism onto
its image, i.e. exp,: B(0) > exp,(Bc(0)) = Bc(p). We define the map

op: B(p) = Be(p)
Y(t) = (=),

where we use that each point in B.(p) can be represented by a geodesic emanating
from p. Show that o, = exp, o(~idg,ar) o exp,* holds.

Let v € B.(0) and ¢ = exp,(v). Moreover let v(t) = exp,(tv) and 5(t) = v(~t) be
curves in M. We consider the map
Fe: TyyM ~ TyyM
w = ,ngt o (_idTpM) o ,P;}:O(’LU),
where Py Teq)M — Tip)M denotes the parallel transport along the curve ¢:I - M
with a,b € I. Show that for each Jacobi field J(t) along 7, the field J(t) = F;(J(¢)) is a

Jacobi field along 4. Conclude from the previous statement that the map o,: B.(p) -
B(p) is an isometry.

Let v:(—€,¢) = M be a geodesic with v(0) = p and 4(0) = v. Moreover assume that
(M, g) is not nessecarily locally symmetric and all the maps o, from part a) are
isometries. Show for a parallel frame (e;(t),...,e,(t)) along v we have

9y (R(ei(t), 5 (1)er(t)); en(t)) = gy (Rlei( 1), ¢;(=t)er(-1)), ei(-1))

and conclude that (M, g) is locally symmetric.



