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Exercise 1 (4 points).
Let (V,ω) be a 2n-dimensional symplectic vector space and L ⊂ V be a Lagrangian
subspace.

a) Let v1, . . . , vn be a basis of L. Show that there exist w1, . . . ,wn ∈ V , s.t. (v1, . . . , vn,w1, . . . ,wn)

is a symplectic basis of V , i. e.,

ω(vi, vj) = ω(wi,wj) = 0

ω(vi,wj) = δij

holds.

b) Show that for every Lagrangian subspace L ⊂ V , there exists a Lagrangian comple-
ment, i. e., L′ ⊂ V a Lagrangian subspace with L⊕L′ = V .

c) We call a map J ∶V → V a compatible complex structure for ω if J2 = − idV holds and
g ∶= ω(⋅, J ⋅) is a scalar product on V . Show that if L ⊂ V is a Lagrangian subspace,
then L′ ∶= J(L) is Lagrangian complement for L.

Exercise 2: Hamiltonian action (4 points).
Let (M,ω) be a symplectic manifold. Let H1, . . . ,Hk∶M → R be Hamiltonian functions
on M with compact support. We assume that

{Hi,Hj} = 0

holds for all i, j = 1, . . . , k.

a) Show the induced flows of the Hamiltonians commute, i. e.,

ΦHi
t ○Φ

Hj

t = Φ
Hj

t ○ΦHi
t .

b) Show that the following map is well-defined

Rk → Hamc(M,ω)

(t1, . . . , tk)↦ ΦH1
t1
○ . . . ○ΦHk

tk
,

and show that it is a group homomorphism.



Exercise 3 (4 points).
We consider the two-dimensional sphere as a symplectic manifold (S2, ωS2), where the
symplectic form is given by

ωS2,p(v,w) = ⟨p,v ×w⟩R3

with p ∈ S2 and v,w ∈ TpS2 = p⊥.

a) For Hi = xi with i = 1,2,3 determine the induced flows ΦHi
t for all times t ∈ R.

b) Show that any element A ∈ SO(3) acts as a Hamiltonian diffeomorphism on (S2, ωS2).

c) Let xi∶S2 → R be the coordinate functions of the sphere for i = 1,2,3. Show that the
Poisson bracket of these functions satisfies

{xi, xj} = εijkxk,

where εijk is the Levi-Civita symbol. Hint: Work in spherical coordinates.

Exercise 4: Harmonic oscillator (4 points).
We consider the complex projective space CP n and the following maps

i∶S2n+1 ↪ Cn+1

π∶S2n+1 → CP n

with i the inclusion and π the quotient map.

a) Let H ∶Cn+1 → R, z ↦ 1
2 ⟨z,z⟩Cn+1 . Show that sgradH∣z = −i ⋅ z holds.

b) Determine the trajectories of the Hamiltonian system (Cn+1, ωst,H).

c) Show that there exists a unique symplectic form on CP n called the Fubini-Study form,
s.t. i∗ωst = π∗ωFS holds.


