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Exercise 1: Symplectic orthogonal complement (4 points).

Let (V,w) be a 2n-dimensional symplectic vector space, i.e. a 2n-dimensional real vector
space V' together with an anti-symmetric non-degenerate bilinear form w:V xV — R. Let
E c V be a linear subspace. We define the symplectic orthogonal complement of E in V
as

E* :={veV |w(v,w) =0 for all we E}.
Show the following:
a) E'v is a linear subspace of V.
b) The following dimension formula holds: dimF + dimEt» = 2n.
c) (Ete)te = E.

Exercise 2: Isotorpic, Lagrangian and symplectic subspaces (4 points).

Let again (V,w) be a 2n-dimensional symplectic vector space. A linear subspace E c V is
called isotropic if E ¢ E*~ and Lagrangian if E = Et«. It is symplectic if En E* = {0}.
Show that the following holds fo any linear subspace £ c V:

a) F is isotropic if and only if w|gxg = 0. In particular, E is Lagrangian if and only if
dim £ =n and w|g«g = 0.

b) E is symplectic if and only if E'« is symplectic.
¢) E is symplectic if and only if F + Ete =V,
d) FE is symplectic if and only if the bilinear form w|g«g is non-degenderate.

Exercise 3: Legendre transformation geometrically (4 points).

Let V' be a finite-dimensional real vector space, 2 ¢ V' a convex open subset and L:{) - R
a smooth convex function. Assume that dL:Q - Q*, v — d, L is a diffeomorphism onto its
image Q* c V*, so that its Legendre transformation H =IL(L):Q* — R is well-defined.

a) Show that for all p e Q*

H(p) = -sup{ceR|p(v) +c < L(v) for all veQ}. (1)

b) Graphically illustrate the procedure for obtaining the Legendre transformation,
in the case dimV = 1.

c¢) Show that Hess, H = (Hess, L)™! for p =d,L € Q*.



Exercise 4: Conserved quantities arising from Noether’s theorem (4 points).
For n e N, a function E,:R" - R and a non-degenerate symmetric matrix M € R™", we
consider the Lagrangian

L:TR" — R
1
T,R" > (q,v) —> §(U,M’U> - Eot(q).

a) Assume that n =3k, M = diag(myIs, ..., myl3) and E, is translationally symmetric
in the following sense:

Epot(q17 cee qk) = Epot(q1 +a,...,q+ CL)

for all ¢q1,...q, € R? and all a € R3. Determine the conserved momenta associated to
the translational symmetry.

b) Assume that n =3, M =ml; and E, is rotationally symmetric:

Epot(Q) = Epot(AQ)

for all ¢ € R? and all A € SO(3). Determine the conserved momenta associated to
the rotational symmetry. Compare your result to Exercise 1 on Sheet 1.



