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Exercise 1: Differential forms (0 points).
On R4, we consider the differential forms α ∈ Ω1R4 = Γ(T ∗R4) and β ∈ Ω2R4 = Γ(⋀2 T ∗R4)
given by

α = dx1 + x2dx2,
β = sinx2dx1 ∧ dx3 + cosx3dx2 ∧ dx4.

(As usual, the dxi are formed with respect to the chart x = (x1, . . . , x4) = idR4 .) Calculate
α ∧ β and dβ.

Exercise 2: Differentiation and insertion (0 points).
Let M be a smooth manifold and X ∈ Γ(TM) a vector field on M . Consider the graded
ring of differential forms Ω●(M) = Γ(⋀● T ∗M) with its operations Cartan differentiation
d∶Ω●(M)→ Ω●(M) and X-insertion ιX ∶Ω●(M)→ Ω●(M). Show that

ιX ○ d + d ○ ιX = (ιX + d)2

and that this operator is derivative (i. e. compatible with ∧-product).

Exercise 3: Cartan’s magic formula (0 points).
Let again M be a smooth manifold and X ∈ Γ(TM) be a vector field on M . If ΦX is the
local flow of X, then the Lie-derivative on differential forms is defined by

LX ∶Ω●(M)Ð→ Ω●(M),

ω z→ d

dt ∣t=0
ΦX(t)∗ω.

Show that LX = ιX ○ d + d ○ ιX .


