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Exercise 1 (4 points).
Let (M,g) be a Riemannian manifold of dimension n ≥ 3, p ∈ M and N ∈ N. Show that
there is a metric g ∈ [g] for which

Sym(∇
k

ricḡ)∣p = 0

holds for all k = 0, . . .N .

Exercise 2 (4 points).
Let (M,g) be a compact Riemannian manifold of dimension n ≥ 3. Assume that scalg ≥ s0

for a positive constant s0 > 0. Let u ∈ C∞(M) be a minimizer of the Yamabe functional
with ∥u∥Lp = 1. The aim of this exercise is to show that

∥u∥L∞ ≥ (
s0

λ(Sn)
)

n−2
4

. (1)

You may proceed in the following steps:

a) Find a lower bound for

Qg
2(v) =

∫M vY gv dvol

∥v∥2
L2

that holds independently of v ∈H1,2(M) ∖ {0}.

b) Estimate Qg
2(u) from above in terms of ∥u∥L∞ .

c) Conlude (1).

Exercise 3 (4 points).
Let n ∈ N and σ∶Sn ∖{e0}→ Rn be the stereographic projection. Recall that in Exercise 4
on sheet 10 we constructed a map O(n + 1,1)→ Conf(Sn),A↦ Ã.

a) Show that there is an A ∈ O(n + 1,1) such that σ ○ Ã ○ σ−1∶Rn ∖ {0} → Rn ∖ {0} is
the reflection at the unit circle x↦ x

∥x∥2 .

b) Consider the conformal diffeomorphism Ψα ∈ Conf(Sn) induced by the dilation map
δα(x) = αx, α > 0, from Exercise 1 on sheet 11. Show that Ψα = Ãt for a Lorentz
boost

At =
⎛
⎜
⎝

cosh(t) sinh(t)
sinh(t) cosh(t)

idRn

⎞
⎟
⎠

and determine t in terms of α.



Exercise 4 (4 points).
Consider the Riemannian product (M,g) = (Sk ×H l, gsph+ghyp) for k ≥ 2 and n = k+ l ≥ 3.
Let u ∈ Lp(M) be a positive function, which satisfies ∥u∥Lp = 1 and Y gu = λup−1 in the
weak sense, for p = 2n

n−2 .

a) Construct a positive weak Lp-solution of Y g̃v = λvp−1 on (Sn ∖Sn−k−1, g̃ = gsph) with
∥v∥Lp = 1.

b) Show that v extends to a smooth solution on (Sn, gsph) and conclude λ = n(n−1)ω
2
n
n .


