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Exercise 1 (4 points).

For n ≥ 3 and α > 0 consider the function uα ∈ C∞(Rn) defined by uα(x) = ( 2α
∥x∥2+α2)

n−2
2 .

Show that ∥∇uα∥2, uα∆uα ∈ L1(Rn) and

∫
Rn

∥∇uα∥
2dx = ∫

Rn
uα∆uαdx.

Exercise 2 (4 points).
Let u ∈ C∞(Rn) be a solution of a∆u = λu

n+2
n−2 for n ≥ 3, a = 4n−1n−2 and λ ∈ R. Assume that

u > 0 and u ∈ Lp(Rn) for p = 2n
n−2 . Let furthermore σ∶Sn ∖ {e0} → Rn be the stereographic

projection and u1 ∈ C∞(Rn) be defined as in Exercise 1.

a) Show that u
u1
○ σ∶Sn ∖ {e0} → R extends to a smooth, positive solution v ∈ C∞(Sn)

of Y v = λv
n+2
n−2 , where Y is the Yamabe operator of the standard round metric gsph.

b) Calculate the scalar curvature of g̃ = vp−2gsph.

c) Show that g̃ has constant sectional curvature and determine its value.
Hint: Theorem of Obata.

d) Calculate λ (∫Rn u
p dvol)

2
n .

Hint: Start by showing that ∫Sn vp dvolgsph = vol(Sn, g̃) = rnωn for a suitable r > 0
and ωn = vol(Sn, gsph).

Exercise 3 (4 points).
Let (M,g) be a compact Riemannian manifold of dimension n ≥ 3 and (si)i∈N be a
sequence in [2, p) for p = 2n

n−2 . Suppose that fsi ∈ Lsi(M) is a positive solution of Y fsi =
λsi(M,g)f si−1si for each i ∈ N, normalized by ∥fsi∥Lsi = 1. Show that if ∥fsi∥L∞ →∞, then
si → p for i→∞.
Hint: If si subconverges to s∞ < p, find an interval s∞ ∈ (r0, s0) with r0 > n

2 (s0 − 2). Then
make use of Theorem 3.13 (iii) from the lecture.

Exercise 4 (4 points).
We consider the embedding Sk ⊂ Sn for 0 ≤ k < n induced by restricting Rk+1 × {0} ⊂ Rn+1

to the unit sphere. Let s∶Sn → R be the (intrinsic) distance function from Sk.

a) Show that im(s) = [0, π2 ] with s
−1(0) = Sk and (Sk)⊥ ∶= s−1(π2 ) ≅ S

n−k−1.

b) Construct a diffeomorphism Φ∶Sk × (0, π2 ) × S
n−k−1 → Sn ∖ (Sk ∪ (Sk)⊥) such that

pr(0,π
2
) ○Φ−1 = s and

Φ∗gSn = (cos s)2gSk + ds2 + (sin s)2gSn−k−1 .

c) Show that precomposition with (0,∞)→ (0, π2 ), t↦ arcsin((cosh t)−1 yields a diffeo-
morphism Ψ such that

Ψ∗((sin s)−2gSn) = (sinh t)2gSk + dt2 + gSn−k−1 .



d) Conclude that (Sn∖(Sk∪(Sk)⊥), (sin s)−2gSn) is isometric to ((Hk+1∖{p})×Sn−k−1, gHk+1+

gSn−k−1), where (Hk+1, gHk+1) is standard hyperbolic (k + 1)-space and p ∈Hk+1.

e) Prove that this isometry extends to Sn ∖ Sk and Hk+1 × Sn−k−1, showing that (Sn ∖
Sk, gSn) and (Hk+1 × Sn−k−1, gHk+1 + gSn−k−1) are conformal.


