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Exercise 1 (4 points).
Let X,Y be metric spaces, f ∶X → Y a continuous map and Y be complete. Show that
the following are equivalent:

(i) f ∶X → Y is compact.

(ii) f(B) is compact for all bounded subsets B ⊂X.

(iii) For every bounded sequence (xk)k∈N in X the sequence (f(xk))k∈N has a convergent
subsequence.

Exercise 2 (4 points).
Let (M,g) be a compact Riemannian manifold.

a) Show that for any measurable subset A ⊂M there exists a measurable subset B ⊂ A
such that vol(B) = vol(A ∖B).

b) Construct a sequence of measurable subsets (Ak)k∈N of M such that vol(Ak ∩Al) =
vol(Ak ∩Ac

l ) = vol(Ac
k ∩Al) = vol(Ac

k ∩Ac
l ) holds for all k ≠ l ∈ N.

c) Show that the continuous embedding L∞(M)↪ L1(M) is not compact.

d) Conclude that for any p, q ∈ [1,∞] with p ≥ q the embedding Lp(M) ↪ Lq(M) is
not compact.

Exercise 3 (4 points).
Consider a Riemannian manifold (M,g) with its Levi-Civita connection ∇ and its volume
form dvol ∈ Ωn(M). Let α ∈ Ω1(M). Show that there exists a smooth function δ(α) ∈
C∞(M), called divergence of α, that is uniquely determined by either of the following
three conditions:

(i) d(α♯ydvol) = −δ(α)dvol, where α♯ydvol ∶= dvol(α♯,−, . . . ,−) denotes insertion.

(ii) δ(α) = − 1√
det(g)

∂
∂xi (

√
det(g) ⋅ gijαj) with det(g) = det((gkl)k,l=1...n) in all local coor-

dinates.

(iii) δ(α) = −∑n
i=1(∇eiα)(ei) for all local orthonormal frames (ei)i=1...n.

Exercise 4 (4 points).
The theorem of Stone-Weierstraß implies1 that the set of polynomial functions on an
interval [a, b] is dense in C0([a, b]). Here, as it is usual, the space of continuous functions
carries the supremum norm. You may use this theorem in the following.

a) Show that polynomial functions on [−1,1]n are dense in C0([−1,1]n) for any n ∈ N.
Hint: You may start to prove the following: Let pi∶ [−1,1]n Ð→ [−1,1] be the i-th
canonical projection. Then the image of C0([−1,1])⊗n Ð→ C0([−1,1]n), f1⊗⋯⊗fn ↦
p∗1f1 ⋅ . . . ⋅ p∗nfn is dense.

1or states; depending on the version



b) Let n ∈ N. Show that P̃ from exercise 4 on sheet 4 is dense in C0(Sn). Conclude
that the eigenfunctions of ∆Sn ∶C∞(Sn)Ð→ C∞(Sn) span a dense subspace.

Which of these statements remain true, when we equip the spaces of continuous functions
with the L2-norm instead?


