
lemma2.lt?ktPcMbeaspaalikesubmld of a
Lorentzian afd

,
and c:[Oib ] → M

a light like geodesic with clo/ = :p c- F-
,

but ilo) ¢ NPP .

Then in eveymbhd of a
we find atindike one from I to q : = db) .
Proof : There is ✗• c- Tp ! with < Xo , ich>!
Define ✗ c- P ( c- TM/ leg ✗ lol = Xo , # ✗= !
Decline VIH : = ( 1- Es, /XIH ⇒ Hol -- to ,Vlbto
Chase araicatin es of c with GIs↳ = V

,

↳ lol c-! and es (b) = q for all s .

c lightlike ⇒ < is i is > Is °

% ,E-Es is >
= 2 < % :& ,⇒ k¥2 <¥+4
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= - § < ✗ , Es = -% <Hd, in>
< 0

.

⇒ J so > O K s e- ( O, so )

es is tinelike
.
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Theorem2.44-btmbealoentzianmfd.PH spaeelike
submfd

,
and het c:[ab] → M be a

cansal curve from Elo) = :pEI to q:-)b) .
Then in evey ( Compact - open) neighborhood
of a there is a-hineikeawvefromf.to q ,
un less a is

, up to parametrischan ,
a lightlike geodesic with i ( o ) c- NPD such
that P has no focal ralues to < b along a .
Loof : Jf c is not a light like

(pre - Igeodesic , we find afimelike
curve from p to q in anbhdofc .



Thies w lag c is a lightlike

geodesic .

Use Lemma 2.43

to see that the theorem hells

for E lol# Tpp .

Prof 2.38 goes the statent
if there no focal puts valens

in Ulb / in the one do I ITPR .



Ronald ✗ tü# IH : - THAI
c-TM

-FEI
For causal autres c :[ach ]→M

b

LG ] = { Ii HH dt
prope time

c parametrisch by prgwtie
Es g ( i CH i CH) E - 1



Pnp2.LI ( First variation

formula for timeliLeaves in
Lorentzen mfds /
Ma Lorelai an wfd

,

e-.ca
,
b)→

M a timelike smooth
, parametriert

by prager time .
htc
.

:[ab]d-%)

→ M
,
lt
,
s )↳ es It I a smooth

variation of c
, VH1 := ¥-4,01

.

Then 8-sls.jhkd-KV.FI > dt
a

+ < V (a)
,
ital > - <Vlblidbl>

.



¥ : Lorentzen analogie
of Them 3.2.8 ofclarahöh .

PET das Lks] = !!

F-isicss-dt-si.EE?:--;--.dt=-&i-a+EsiE.idt----0
= - § < ¥+4 : > dt

= -1%+24--1 [ < V,Ei > dt
<Malick > - <Ublich > Ein ☐



Mm particular Ip , q c-M
Eis stationay point of

{ ctinelike G- aerres
Parameter . by prope time

from p to q } ER
⇒ E is a ¥ gerdesic .



Profils (second vor
.

formula)

Lt M
,
c
,
c.
,
V as above

,

AH-3,8¥ c- P (c- TM)
.

Additionallg we assume c-↳
is (timeline ) geodesic .

Then 8%249 = < AH
,
ä (a) > -

|
so

< ACH
,
ich > - § < Rlvic / Vic> dt

a

- §<*¥+1 ,+4%+1 >dt
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=
-¥12444> dt-I%EE-i.at/s--o

⇐ § <¥41 , "" 1%+1>dt-rhsasj-%AE-dt-fbd-qcA.ci> dt

= <A- (b) iölb) >
-

-<Acaliölal>

%1E.li?sis.iis-:EEE::iFglc:,c)30/S--o
.

=L.IE/s...-isl::Ys--oiiI-c.
-

%" / = # ✓ + <Evi> i
⇒4%41



3.2.scanchyhypersafaees-Maconmect.nl
,
time -oriented

lerntaian afd
-

Def 2.62
Ac M B ackroyd if there are no

Pig c-A with p << g
Ii . e

.
no

time like curve hits A at least

twice )

Ac M is ags
d if there are no

Pig c- A with p
< q ( i. e. no

Canal one hits A at leasttmä



acausal ⇒ achmal

The Def 2.62 is the some if are
use Smooth any or pieeewcse
(

^
- arves .

Etage M - IR
" ^ acausal

←

÷

achronal



The closure of an achrmal set
is a ch renal : Suppe p, q c- A-

with pa q . 7 pm ,
q„
c- A Pn→P ,

q.iq . Prof 2.14 inplies that fer
tu > no we have pn << 9 n ⇒Auf

EE

Erde A
a umsah

→

^^ Ä mtacau.ae



Def 2.6s

Folge of an andermal salatA
is defined as

edge /Als = { p c-A- ,/
for all open nbhds)
Uof p there is a)Fuehle ltutwe - director

piercewie C? anne in U

from I ? Ip ) to I! (pl)which does out hit A
.I.EIN
A
"

t.EE?ii-n-



There are no such pusf - direeted
annes as this would eintracht

achronalitg , so we -aouldrglaa
future direeted

, by future -or past-
direct ed comes

.

Etyeles 2.66 MARK
-

Hat A- {E) It -H)=:
fuhr lightare

# aderonal
,
not a canal

edge (A) =0
.

1. lbl A- {EI It?-1×141

II
kausal

edge (AI-¢



2) BCR
"

,
A : -- {okBCR

""

then edge (AI - { 0J +dB .

*

¥-43 "


