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3.2 Causality

Lemma 3.2.29. Let c ∶ [a, b] → M be a causal piecewise C1-curve
which is not a lightlike pregeodesic. In each neighborhood of c with
respect to the compact-open topology we find a timelike smooth curve
with the same start and end point.The new curve has the same time
direction as c.

Proof:

(1) we can assume w. l. o. g. that c is smooth (see handwritten notes,
follows from Cor. 3.2.17a)

(2) The statement follows if there is a t0 ∈ [a, b] with ċ(t0) timelike.
(see handwritten notes)

(3) We assume that c is a smooth lightlike curve, but not a pre-
geodesic. W. l. o. g. [a, b] = [0, 1]. Deriving g�ċ(t), ċ(t)� = 0 we
obtain

0 = d

dt
g�ċ(t), ċ(t)� = 2g�∇

dt
ċ(t), ċ(t)�. (3.2.1)

Thus ∇
dt

ċ(t) ∈ (ċ(t))⊥⊥ .

We have explained (see in the handwritten notes for details): as
c is not a pregeodesic, there is some t0 ∈ [0, 1] with

∇
dt �t=t0

ċ(t) ∉ Rċ(t0)
and that this implies

g �∇
dt �t=t0

ċ(t), ∇
dt �t=t0

ċ(t)� > 0

Deriving (3.2.1) once again we get

0 = d

dt
g�∇

dt
ċ(t), ċ(t)� = g�∇

dt

∇
dt

ċ(t), ċ(t)� + g�∇
dt

ċ(t), ∇
dt

ċ(t)�.
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3 Lorentzian manifolds

In the following let (M, g) be any semi-Riemannian manifold.

Suppose that c● ∶ [0, 1]× (−‘, ‘)→M , (t, s)� cs(t) be a variation of
c = c0. Recall: The variation vector field of this variation is defined as

X(t) ∶= ˆ

ˆs �s=0cs(t).

If c● is a geodesic variation, i. e., if cs is a geodesic for any s ∈ (−‘, ‘),
then the variation vector field J satisfies – generalizing [12, Proposition
3.5.7] in an obvious way:

∇2

dt2J = ∇2

dt2
ˆ

ˆs �s=0cs(t)
= ∇

dt

∇
ds �s=0

ˆ

ˆt
cs(t)

= ∇
dt

∇
ds �s=0ċs(t)

(∗)= ∇
ds �s=0

∇
dt

ċs(t)
�������������������=0

+R(ċ, J)ċ

= −R(J, ċ)ċ
At (∗) we used Exercise Sheet 4, Exercise 3 c).

Definition 3.2.31. Let c be a (piecewise C1-curve. The J ∈ �(c∗TM)
is called a Jacobi field if

∇2

dt2J +R(J, ċ)ċ = 0.
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3.2 Causality

Lemma 3.2.32. Let c be a geodesic. For J ∈ �(c∗TM) the following
are equivalent

(1) J is a Jacobi field.

(2) there is a geodesic variation c● of c with variational vector field J .

Proof:

“(2)�⇒(1)”: see above.
“(1)�⇒(2)”: (Idea explained in the Riemannian case in [12, after Ex-
ample 3.5.10] ).
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