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2 Semi-Riemannian manifolds and their submanifolds

Recapitulation before the lecture on 10.05.:

Let ǧ be a semi-Riemannian metric on B.

Let ĝb = w2gF be a family of semi-Riemannian metrics on F .

w ∈ C∞(B), w > 0

warped product

gw = ǧ +w2gF

Theorem 2.5.13. (Riemann curvature tensor for warped products)

Let gw be a warped product on B×F with the notation from above. Let

X, Y, Z be horizontal and let U, V, W be vertical vector fields on M .

Then

R(X, Y )Z = Ř(X, Y )Z (2.5.1)

R(X, U)Y = (∇2w)(X, Y )
w

U

= �(∇2 log w)(X, Y ) + (ˆX log w)(ˆY log w)� (2.5.2)

R(U, V )X = 0 (2.5.3)

R(X, Y )U = 0 (2.5.4)

R(X, U)V = −gw(U, V )
w

∇X(grad w) (2.5.5)

R(U, V )W = R̂(U, V )W
− g(grad w, grad w)

w2
�ĝ(V, W )U − ĝ(U, W )V �. (2.5.6)
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2.5 Warped products

Theorem 2.5.13. (Riemann curvature tensor for warped products)

Let gw be a warped product on B×F with the notation from above. Let

X, Y, Z be horizontal and let U, V, W be vertical vector fields on M .

Then

R(X, Y )Z = Ř(X, Y )Z (2.5.1)

R(X, U)Y = (∇2w)(X, Y )
w

U

= �(∇2 log w)(X, Y ) + (ˆX log w)(ˆY log w)� (2.5.2)

R(U, V )X = 0 (2.5.3)

R(X, Y )U = 0 (2.5.4)

R(X, U)V = −gw(U, V )
w

∇X(grad w) (2.5.5)

R(U, V )W = R̂(U, V )W
− g(grad w, grad w)

w2
�ĝ(V, W )U − ĝ(U, W )V �. (2.5.6)

“(2.5.5)”: R(X, U)V is horizontal because of

g (R(X, U)V, W ) = g (R(V, W )X, U) (2.5.3)= 0.

For the horizontal part we calculate

g (R(X, U)V, Y ) = −g (R(X, U)Y, V )
(2.5.2)= −g �(∇2w)(X, Y )

w
U, V �

(∗)= −gw(U, V )
w

g (∇X(grad w), Y ) ,
where we used at (∗):

(∇2f)(X, Y ) = (∇Xdf)(Y ) = �∇X(grad f)♭�(Y )
= �∇X grad f�♭(Y )) = g(∇X grad f, Y )
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2 Semi-Riemannian manifolds and their submanifolds

Theorem 2.5.14 (Ricci curvature tensor for warped products). Let

gw be a warped product on B × F with the notation from above. Let

X, Y be horizontal and let U, V be vertical vector fields on M . Let

¸ ∶= dim F . Then

ric(X, Y ) = řic(X, Y ) − ¸
(∇2w)(X, Y )

w
(2.5.7)

ric(X, V ) = 0 (2.5.8)

ric(U, V ) = ricF (U, V ) + g(U, V )h (2.5.9)

where

h = Δw

w
− (¸ − 1)g(grad w, grad w)

w2
= Δw¸

¸w¸
.

scal = ˇscal + scalF

w2
+ h1, (2.5.10)

where

h1 = 2¸
Δw

w
− ¸(¸ − 1)g(grad w, grad w)

w2
= 4¸

¸ + 1

Δ(w(¸+1)�2)
w(¸+1)�2 .

Proof:

“(2.5.7)”: This follow immediately from contracting (2.5.1) and (2.5.2).

“(2.5.8)”: This follow immediately from contracting (2.5.3) and (2.5.4).

“(2.5.9)”: The formula with the first expression for h follows immedi-

ately from contracting (2.5.5) and (2.5.6). Furthermore we calculate

(∇2w¸)(X, Y ) = ∇X(dw¸)(Y ) = ¸∇X(w¸−1 dw)(Y )
= ¸(¸ − 1)w¸−2 (dw ⊗ dw)(X, Y ) + ¸w¸−1(∇2w¸)(X, Y )
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2.5 Warped products

which yields by contraction

Δw¸ = − dim M�
i=1 ‘i(∇2w¸)(ei, ei)

= − ¸
dim M�

i=1 ‘i �(¸ − 1)w¸−2(dw ⊗ dw)(ei, ei) +w¸−1(∇2w)(ei, ei)�
= − ¸(¸ − 1)w¸−2g(grad w, grad w) + ¸w¸−1(Δw)

and this yields the other formula for h.

“(2.5.10)”: This is obtained from (2.5.7) and (2.5.9) by contraction,

and similar calculations with Δ(w–) as above.

Example 2.5.9 cont’d. Let us discuss these formulas for Robertson-

Walker spacetimes. Let ĝ be a Riemannian metric of constant sectional

curvature Ÿ on F , and let again w ∶ (a, b) → R>0 be smooth. We

consider on M = (a, b) × F the semi-Riemannian metric

g = −dt⊗ dt +w(t)2ĝ.

Let U, V, W ∈ X (M) be vertical vector fields and ‹ ∶= ˆt, which is a

horizontal vector field with g(‹, ‹) = −1. Note that grad w = −w′ ‹ and

Δ̌ = ˆ2

ˆt2 . From Theorem 2.5.13 we directly get

R(U, ‹)‹ = −w′′(t)
w(t) U (2.5.11)

R(U, V )‹ = 0 (2.5.12)

R(‹, U)V = gw(U, V )
w(t) w′′(t)‹ (2.5.13)

R(U, ‹)‹ = −w′′(t)
w(t) U (2.5.14)

R(U, V )W = Ÿ +w′(t)2
w(t)2 �ĝ(V, W )U − ĝ(U, W )V �. (2.5.15)
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2 Semi-Riemannian manifolds and their submanifolds

and for ¸ = dim F

ric(‹, ‹) = −¸ w′′(t)
w(t) (2.5.16)

ric(‹, V ) = 0 (2.5.17)

ric(U, V ) = ��w′′(t)
w(t) + (¸ − 1)�Ÿ +w′(t)2�

w2(t) �� g(U, V ). (2.5.18)

scal = ¸
��2 w′′(t)

w(t) + (¸ − 1)�Ÿ +w′(t)2�
w(t)2 .

�� (2.5.19)

The formulas for rotationally symmetric Riemannian metrics, see

Example 2.5.10, coincide with these formulae up to some signs.
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3.1 General Relativity

3 Lorentzian manifolds

3.1 General Relativity

The basic idea of general relativity is that matter curves the space. For

physical justification of the precise laws, we refer to physics textbooks.

The goal of this subsection, is to explain the required background for

our lecture.

We will need some further definitions. Let (M, g) be an m-dimensional

semi-Riemannian manifold. For h ∈ Γ(T0,sM), s ≥ 2, one defines the

(metric) contraction of the first and second component as

m�
j=1 ‘jh(ej, ej, ● , . . . , ● ),

where (e1, . . . , em) is a generalized orthonormal basis. One can simi-

larly define contractions in other arguments. In the case h ∈ Γ(T0,2M)
we also used the term metric trace, written as trg h, for the contrac-

tion of the two components. The (usual) trace and the metric trace

are related by the formula: if H ∈ Γ(End(TM)), then

tr H = trg�g(H( ● ), ● �.
For a symmetric (0, s)-tensor h on M , one defines its divergence

div h ∈ Γ(T0,s−1M) as the metric trace of ∇h in the first two compo-

nents, i. e.,

∀p ∈M ∶ ∀X1, . . . , Xs−1 ∈ TpM ∶
div h(X1, . . . , Xs−1) ∶= dim M�

j=1 ‘j(∇ej
h)�ej, X1, . . . , Xs−1�.
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3 Lorentzian manifolds

Definition 3.1.1. For a semi-Riemannian metric, the Einstein ten-

sor is defined as

G ∶= ric−1

2
scal ⋅g

A key concept of general relativity is that our universe is modeled

by an m = (n + 1)-dimensional Lorentzian manifold that satisfies the

Einstein equations which are given by

G +Λg = 8fiT, (3.1.1)

where T is the energy-momentum tensor, and where Λ is a real con-

stant.

The relevant case for traditional general relativity is m = 3 + 1, but

in string or super-string theories one also considers other dimensions.

When Einstein published the mathematical framework of general

relativity in 1915, he was able to use the concepts of Riemannian

geometry established by Riemann, Ricci-Curbastro and many others,

at the end of the 19th century, by adding signs. It took a while until

Einstein got the right type of equations. In fact Einstein got the

right equations after he had an extensive exchange with the famous

mathematician David Hilbert. At first, Einstein thought the left hand

side should be ric, but this led to the contradiction div T ≠ 0 – see

below. After discussions with Hibert, he assumed G for the left hand

side, i. e., as above with Λ = 0. Later on he realized that Λ ≠ 0 is also

possible. Later again, he regretted this a lot, he said that allowing

Λ ≠ 0 was “die größte Eselei meines Lebens”. So he came back to

G. Nowadays physicists are convinced that Λ ≠ 0, and it is called the

cosmological constant or the dark energy.
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3.1 General Relativity

The tensor T describes the effect of the matter and of the fields.

Obviously, as long as we do not have information about T , the state-

ment of the Einstein equations is void, but the explicit form of the

T -tensor is involved. Let us mention that one usually describes the

energy-momentum tensor by writing down the “action functional” and

then by deriving with respect to perturbations of the semi-Riemannian

metric. In fact, it is even too early to write down the Lagrange func-

tional even for simple systems. We might explain this in more details

later on, but even if we just want to describe an electron coupled to an

electromagnetic field we should discuss spinors, spinc-structures, the

Dirac operator,. . . .

Thus, we restrict to summarize some simple properties of T .

(1) If the spacetime describes a vacuum, then T = 0.

(2) For all spacetimes we have div T = 0.

(3) It is consensus that the energy-momentum tensor satisfies several

positivity assumptions:

• the dominant energy condition: If X, Y are timelike

(or causal) tangent vectors with the same basepoint and

the same time orientation, then T (X, Y ) ≥ 0.

• the weak energy condition: T (X, X) ≥ 0 for all timelike

(or causal) X ∈ TM .

• the null energy condition: T (X, X) ≥ 0 for all lightlike

X ∈ TM .

Property (2) can be seen from the experimental or the mathematical

perspective. It can be seen as the conservation of energy and momen-

tum density, which one can verify experimentally. On the other hand,

if we know how to derive the Einstein equations from the action func-

Summer term 2021 Page 93





3 Lorentzian manifolds

tional, it can be proven mathematically. It also provides the contra-

diction mentioned above: we have seen in Exercise Sheet 3, Exercise 3

(b) that div ric = 1
2d scal which is non-zero in general for solution of

ric = 8fiT .

Property (3) is physically interpreted is non-negative energy den-

sity in different senses. The dominant energy condition implies the

weak energy condition, and the weak energy condition implies the null

energy condition.

Remark 3.1.2. Another positivity condition found in the literature

is the strong energy condition: (T − 1
m−2(tr T )g)(X, X) ≥ 0 for

all timelike (or causal) X ∈ TM . Other than indicated by its name,

it does not imply the weak energy condition. Furthermore there are

matter models for which it is not satisfied.

Remark 3.1.3. By taking the metric trace on both sides, (3.1.1) im-

plies

trg G +mΛ = 8fi trg T,

and this can be resolved as an expression for ric

ric = 1

2
scal ⋅g + 8fiT

= m

m − 2
Λ ⋅ g + 8fi �T − 1

m − 2
(trg T ) ⋅ g�

This is in fact an equivalent formulation for (3.1.1).

In particular, for Λ = 0 the strong energy condition is equivalent to

non-positive Ricci curvature in all timelike directions, i. e., RIC(X) ≤ 0

for all timelike X.
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3.2 Causality

The Einstein equation as a flow.

Roughly speaking: the Einstein equation describes the evolution

of the spacetime, div T = 0 describes the evolution of matter. This

rough picture is not complete, as div T = 0 does not describe fully the

evolution of matter.

The spacetime of our universe has further structure: a time-orientation

and a causal structure which we will describe below.

A particle (or an observer) in this spacetime is given by a curve

c ∶ (a, b) →M with g(ċ(·), ċ(·)) ≤ 0, and the case g(ċ(·), ċ(·)) = 0 is

only allowed for particles with zero rest mass.

3.2 Causality

In this subsection we will follow [5, Section 2] up to ??.
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