B. Related vector fields APPENDICES

B Related vector fields

Definition B.1. Let M and N be smooth manifolds, and f: M — N a
smooth map. A vector X € Z (N) is called f-related to X € 2 (M)
ifdfoX =Xof, i e., if the diagram

™ - TN

commutes.

Lemma B.2. Let M and N be smooth manifolds, and f : M - N
a smooth map. If X € 2 (N) is f-related to X € 2 (M) and if Y €
2 (N) is f-related to Y € 2 (M), then [X,Y] is f-related to [X,Y].

Proof: For any ¢ € C°(N) we have

U‘t\d Txy)
Oarz)p = dp(df (X)) = d(po £)(X) = O (0 f).
N va Y

Thus we have 9 (po f) = Ox, ;0 = (0g) o f and similarly dy (o f) =
(Oy) o f for allfp € C>°(N). We now calculate

Daf(x,y]) P TG X,Y](SOOf)

M = Ox(0v(po f)) -0y (0x(pof))
5X((@)°f)—ayb?§1((az¢)°f)
(0x(0p9)) o f = (0r(Ox9)) o f

= (Oxyp)ef.
A )
As derivations are in bijection to vector fields, this implies df ([ X,Y]) =
[X,Y]o f, which is the statement of the lemma. n
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