Differential Geometry 11

Lorentzian Geometry

Lecture Notes

©: Alain Riazuelo, IAP/UPMC/CNRS, license CC-BY-SA 3.0

Prof. Dr. Bernd Ammann

Summer term 2021

@

University of Regensburg



Presentation Version

Version of April 26, 2021

Page ii Lorentzian Geometry



Wiederholung zu Beginn der Vorlesung am 26.04.:

(V,g) vector space with non-degenerate symmetric form, oriented

Hodge star isomorphism: /= 7[2%(/’

k-« n—kyrx
SNV ATV %(54/1[’/: t oetaeT
g(a,B)vol = B A (*a) Va,fe€ /\k 748
Set (V. g) = R3!
e electrical field E = (E1, B2, E3):RxR3 — R3, (t,2) » E(t,z).
« magnetic field B = (B!, B2, B3)":RxR3 — R3, (t,z) » B(t,z).
o the (electrical) charge (density) p:RxR3 — R.
« the electrical current (density) j:R xR3 — R3.
0 -E1 -Fy —-FEj
Eir 0 By -By Z F da A da.

: F =
E, -Bs 0 B 0<jr<r<3
Es By -By 0

(Fyw) o 5=

(1.5.3)
in other words F' = E* A dt + %(B" A dt) Maxwell equations:

(i) div® (E) p. The Gauf3 law.

rot(E) = —%. The Faraday law.

(iii

)

(ii) divk’ (B) 0. The Gaufl law for magnetic fields.
)
)

(iv) rot(B) = j + 2£. The Ampére-Maxwell law.

Ende der Wiederholung
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5o = 25 LA A
=B 0%

VE F y{x /\ﬂ(XJ

We calculate
AF =div® B da! A da? A dad

OB .
1.0 1 2 3 (98 ...
dz” Adz' Adx® Adae (( 5 +r0t(E)), L., )

—

dvol

As a consequence F' is closed if and only if (ii) and (iii) hold.

«F = =B Adt+*(E" Adt)
0((/6’8 A}//\ﬂ[tf( A 0{2< /\y/y

(divR E) - dat

‘—g/d(*F)

Il
(o
<

W(((leRSE)Q — a@_t +r0t(B)) )

p(,1)

We define J(x,t) := (](x 0

) then (i) and (iv) are equivalent to

xd(*F) = J".

Result 1.5.3. We have written the electromagnetic field as F € Q?(V'),

for a (3+1)-dimensional Minkowski space. The Mazxwell-equations are

then equivalent to
dF =0, =*d(*F)=J".

Pulling back with any isometry R3' — V' and using (1.5.3) we obtain

the classical way to write E and B. Any rule how the electromagnetic

field changes under change of the inertial system is subsumed into this

picture.
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Because of the Poincaré lemma there is A € Q'(R31), the 4-vector
potential such that F'=dA. This A is unique up to a closed 1-form,
as F' = dA = dA implies d(A - A) = 0, i.e., there is some h € C®(R3!)
with A - A = dh.

As a next step we want to understand the electromagnetic field as
connection on a bundle, more precisely as a complex vector bundle
of rank 1. In [12, Sec. 1.2.1] you have seen the definition of real vector
bundles, and by replacing real vector spaces by complex vector spaces
(and R* by C*) we obtain the definition of a complex vector bundle.
The dimension of the fibers is called the rank of the bundle, thus a
complex vector bundle of rank k yields a real vector of rank 2k if we

forget fiberwise multiplication by ¢, only keeping multiplicatin by real

numbers. Real or complex cector bundles of rank 1 are called li
bundles. < m\

72
Definition 1.5.4 (Curvature of a vector bundle). If Vg Misa

vector bundle over a manifold M and if V is a connection on V', then

14
we define the curvature R(V:V") as _ q Y
O 7
RVYI(X,Y)s = ViVys - VY Vs - Vi ys, € R

where X, Y e '(TM) andSEF(V).rqs;m/jv f Wwol :(o[ﬁj |

One checks that the map

V4
RVV) . T(TM) xT(TM)xT(V) - T['(V)
v X,Y,s) » RVV)(X,Y)s
v,V —_—x . )
RTET(TTHOT MNey*ey

is a trilinear map of C*°(M)-modules. k/b/ﬂ( /
This implies that R(Y:Y) is given by an element of I'( A2 T* M @End(V)) =:

p given by ( End(V))

0?(M,End(V)). V= =@
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Now let us assume that M is a manifold and A € Q'(M).
_

k
Q(?\TKQ,QQ” L::MXCSM /Tké
§ S Tog=1idq
For p € M the fiber over p is 7=1(p) = {p} x C, and we use the standard
structure as 1-dimensional complex vector space on C 2 {p} x C. It is
thus a complex vector bundle of rank 1, i.e., a complex line bundle. It
has a global trivialization, an — up to isomorphism of bundle — there
is a unique such bundle (for each rank), there we call L the trivial
complex line bundle over M. A (smooth) section of L is a (smooth)
map M — M x C that is the identity in the first component.
Thus we may identify sections of L with complex-valued functions.

Now we define a connection V4 on L. For X € ICTM) and sy eI'(L)
ELCTIN

(V%Sf) ’p = (p, 8X|pf +’ZA(X|p)f)

and one can easily check that this satisfies the required properties of

we define

a connection claimed in [12, Def. 2.2.1]. The connection also satisfies
Ao
the product rule ccoine / 2

/—\_/K—x/\/\

Ox(sy,sn) = (Visy,sn) + (sy, Visn),

where the fiberwise scalar product is defined by ((p, 2), (p,w)) := zw.
Connection on complex vector bundles with fiberwise scalar product

satisfying this product rule are called unitary connections.

We calculate the curvature as

(RNX.Y)sp)|, = (Vavitss - Vi Viss - 9 yys)

f z’A(Y|p)

o)

-0 e~ ALY, Y] ) )
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A V=t Ae 2t EAW
¢ S

(0, (407 - 01 (403 ) - A@x YY)

dA(X,Y)

2 (ACX)JAY]) = A(Y] ) (A(X))) f).

g

=0

= 1dA(X,Y) sy

Curvaboe of L =ftec, 0% & vdA

Now the trivialization of L used above is not unique, other trivial-
izing maps are given by H € C*(M,C ~ {0}):

Tp:L=MxC—>MxC, (p,z)+r (p,H(p)z).

In this trivialization the formm A has to be adapted, due to the calcu-

lation «ﬁ {P/
(p. H)Ox| (H(+)" ) +iH@TA(X) ) (B6p) ')
Ix),(H)
= (p,Ox| f- —2—=lriA(X] ) f).
(2 H(p) friax, ng | ) 4

If M is simply-connected, then there is a function h € C*°(M,C) with
H =exp(ih), and we get

Ox,(H)
H(p)

Tu(Vi(Tu) ' (s5))

:23X| h_

and finally

Ta(V(Ti) (59)) = (p.0x| f+i(A=dR)(X] )f)

If the change of trivialization preserves the fiberwise scalar product,
then H : M - S' c C and then then we may choose h € C*(M,R).
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What does these bundle theoretic facts provide for electromagnetic

fields?

Let M = R3! and F € Q?(R3!) the 2-form describing the elec-
tromagnetic field. Then —potential A e QYR3!) with dA = F

yields yields a connection on the trivial complex line bundle with
RAX,Y)sf =i F(X,Y)sp.

Result 1.5.5. We can model the electromagnetic field as a unitary
connection on cufgﬁoplex line bundle (with fiberwise scalar product)
over R3. Tpw magnetic fields are physicalgyundz’stz’nguishable if and

only if the bundles with connection are isomorphic.

Remark 1.5.6. In our argumentation we used that the de Rham co-
homology groups H¥(R3!) vanish for & = 1,2. There are physical
situation, namely in quantum mechanics, where it is reasonable to al-
low more complicated topology for the space, e.g., if we assume the
existence of magnetic monopoles or if we do quantum mechanics on

completements of wires.

What we did above are only the first steps. Further steps are:

e The above form of the Maxwell equations generalizes immedi-

ately to Lorentzian manifolds, i.e., to curved spacetimes.

e It is now easy to view the Maxwell equations as the Euler-
Lagrange equation of an action functional in the perspective of

Lagrangian mechanics.

o The above considerations lead to describing the electromagnetic
field as the curvature of a bundle. This bundle can be enlarged to
a larger bundle which then describes the unification of the elec-
tromagnetic force with the weak force to the electroweak force.

We obtain the “standard model of particle physics”.
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2 Submanifolds of semi-Riemannian
manifolds

2.1 Semi-Riemannian manifolds

In this section we will always assume n= dim M.

Definition 2.1.1. Let M be a (smooth) manifold. A semi-Riemann-
ian metric is a (smooth) (0,2)-tensor g € I'(T*M ® T*M), such
that for all p € M the associated map g, : TyM x T,M — R is a
non-degenerate symmetric form. We say that g is of signature
(m, k) if all g, are of thatsignature. A semi-Riemannian man-
ifold (of signature (m,k) is a pair (M,g) consisting of a smooth
manifold M and a semi-Riemannian metric g (of signature (m,k)
on M. An m-dimensional Riemannian manifold /metric is a semi-
Riemannian manifold/metric of signature (m,0), and an (m + 1)-
dimensional Lorentzian manifold /metric is a semi-Riemannian

manifold/metric of signature (m,1).
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Theorem 2.1.2. Let (M, g) be a semi-Riemannian manifold. then
there is a unique map V : X(M) x X(M) — X(M) with the properties:
For feC®(M), X,Y,ZeX(M), a €R we have:

VixY = fVxY und Vx.x,Y =VxY +Vx Y. (C®(M)-linear
in the 1st argument)

In other words X — VxY is a C®(M)-modul homomorphismus.

Vx(Y+2Z)=VxY +VxZ. (additive in the 2. argument)
Together with Vx(aY) = aVxY we obtain R-linearity in the 2.
argument, i. e., the map Y — VxY is an R-linear map.

Vx(fY)=(0xf)Y + fvxY. (Product rule I)
VxY -y X -[X,Y]=0 (torsion free)
(v) Ox (Y, Z) =(VxY,Z)+(Y,VxZ). (Product rule II)

Deriving with respect to the Levi-Civita connection is also called

covariant derivation.

The proof is very similar as in the Riemannian case, so we do not
want to give it in details, see [13, Chap. 3] for a full proof. Let us
mention instead what has to be modified in the proof of Analysis IV,
Kapitel 2, Satz 2.7.2 [4] to get a proof of the above theorem. In the
proof of uniqueness one assumes the existence of two connections V
and V with the required properties. For any X,Y,Z e I'(TM) one can

show with identical arguments that
G
(7 C-VTon! 7 -
V¢ ?\ 9(VxY,Z) - g(VxY,Z) = 0. (2.1.1)

The goal is to show that VyY = VyY. In the Riemannian case one
can simply apply (2.1.1) to Z := VxY - VxY, and we get g(Z,Z) =0
and so Z = 0. This argument is no longer valid, but obviously the

non-degeneracy of g yields the conclusion as well.
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Lemma 2.1.3 (Locality of the Levi-Civita connection). Assume V @
Uec M, let VM and WU be the Levi-Civita connections of (M,qg) and
(U,gly). Let X,Y e T(TM) and X,Y € T(TU) with X|y = X|y and
Yy = Vlv, then (VYY) |y = (v%?) v
C

Notation 2.1.4. Let x: U >V UM,V k R” be a chart of the semi-
Riemannian manifold (M, g) with coordinate vector fields (0, ...,0,).
We define g;; := g(0;,0;) € C*(U). We assume that (g"/(p)),; is the

matrix inverse to (g;;(p)),;, so also g € C*(U).

@ Vel

Definition 2.1.5 (Christoffel symbols). Let x : U - V, U d M, be
a chart of the semi-Riemannian manifold (M,g) and we use Nota-
tion 2.1.4. Then we define the Christoffel symbols Ffj :U - R of

(M, g) for the chart x by the formula

_

2 Ffjak = vaz‘aj'

k=1
Here we use the convention, that we always sum over summands which
contain an index both as an upper and as a lower index. This is called

the Einstein notation, also called the Einstein summation con-

vention.

The properties in Theorem 2.1.2 imply
k 1 km
F,’j = 5 (8igjm + ajgim - amgij) g .
As a consequence we have for X = X‘0; and Y =Y/0;:

VxY = X' ((8;Y") + YITL) 0.

This formula implies that (VxY')|, only depends on on X|,, Y|, and
the derivatives of the components of Y, expressed in some coordinates,
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in the direction of X. In particular, if ¢: (-€,¢) - M is a curve with
¢(0) = X, and if Y is a vector field along the curve ¢, then VxY is
well-defined. This derivative will be denoted by Y. Let us formalize

this a bit clearer.

Definition 2.1.6. Let N and M be smooth manifolds, and f € C*(N,M).
Let 7™ : TM — M be the standard footpoint projection. A vector
field along f is a smooth map X : N - TM such that 1™ o X = f

Frn) - gy £ ()= 5(p,v)
X

& 7 %TTM c N<TH [ ﬂw:,“:m/y//
N

s
-
-

4>M

y f v L
KQL«(% N el

The space of all vector fields along f will be called T'(f*TM).

Ifx:U—->V,UeM,V acR" is a chart of M, then every vector field

along x can be written as
X| = X%p)o;
|p () |f(p)’

where X' : f~Y(U) - R are smooth.

Now, let us assume that M carries a semi-Riemannian manifold,
and let V be the associated Levi-Civita connection. For X as above
and Y € TN we define

VyX = (v X0+ X' (Vasy)di) o f. (2.1.2)
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Examples 2.1.7.

(1) Inthecase N = M, f =1idy, this is just the Levi-Civita connection
defined before.

(2) In the case that f is constant, say f = p € M, this is just the
usual derivative Vy X =0y X of X : N - T, M.

(3) If N is a submanifold of M, and f =+ : N < M the inclusion,

this defines a connection on the bundle T M= O T, M
. - pen
TM|N!=L ™ =] T,M

peN TN — Lr) T\o ,\ /
viewed as a vector bundle over N.

(4) If I is an interval and ~ : I - M a smooth curve. Then 4(t) =
(d/dt)v(t) is a vector field along . Thus 4 € I'(y*TM).

Every Y € I'(4*TM) can be derived with respect to ¢, using V.

For this derivative we write

v

th:: V%Y.

In particular, we have defined the second derivative
V.
—(t
7@

of a curve 7.

Definition 2.1.8. Let (M,g) be a semi-Riemannian manifold. A
curve v : I — M is a geodesic, if, and only if for all tel:

v
2 4(t) = 0.
dﬂ()

One easily checks that v is a geodesic if and only if for any co-
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ordinate system z : U — V, we have — using Notation 2.1.4 and

zovy=(~yl...;9")T: for all t e y"1(U) we have

J(t) = =T33 (1) 3 (1)

Lemma 2.1.9. If v : I — M is a geodesic, then t = g(¢(t),¢(t)) is
constant. S f

Proof:

N

So(0.50) = da(3(0).5())
Q(Vy(t)ﬁ(t)ﬁ(t)) + g(ﬁ(t), Vv(t)"Y(t))

29( (1), 4(8)) = 0

A .
=

For vectors an@ we define the notations of timelike, space-
like, lightlike, nonspacelike and s in Definitions 1.2.2 and

1.2.6.
Uov- sl d

Corollary 2.1.10. For avgeodesic v in a semi-Riemannian manifold

exactly one of the following is true
(1) v is timelike, i. e., for all t we have g(§(t),~(t)) <0;
(2) ~ is lightlike, 1. e., for all t we have g(¥(t),7¥(t)) =0;
(3) ~v is spacelike, i. e., for all t we have g((t),~(t)) > 0.

Note that geodesics may be used to define normal coodinates with

similar definitions and properties as in the Riemannian situation.

Page 50 Lorentzian Geometry



Definition 2.1.11. On a semi-Riemannian manifold (M, g) we define

the following curvature tensor.

(a) For vector fields X,Y,Z e I'(TM) we define the Riemann cur-

vature tensor
R(X, Y)Z =VxVyZ -VyVxZ - V[X,Y]Z € F(TM)

One proves as in the Riemannian context that R is a (1,3)-tensor

(field).

(b) We define the Ricci curvature tensor or the Ricci curvature
(0,2)-tensor rice I'(T*M  T*M) as

Vpe M: VXY € T,M : ric(X,Y) :=tr (W » R(W,X)Y).

x
[ (¢) The Ricci curvature endomorphism Ric e ['(TM ® T*M) as
the unique tensor such that for allp e M and all X,Y € T, M:

g(Ric(X),Y) =ric(X,Y).

(d) the scalar curvature

scal := trRic e C®(M). U Sweotly an

A map f: M — N manifolds is called a local diffeorhorphism if
for every p € M there are U @ M, V e N with p € U/and f(p) e V
such that f|y : U — V is a diffeomorphism. If ¢ (regp. §) is a semi-
Riemannian metric on M (resp. IN), then we say that'this f: M — N is
a local isometry from (M, g) to (IV, g) if for all p € M the differential
dyf: TyM — Ty, N is an isometry. Obviously any local isometry is a
local diffeomorphism. If a local isometry f is also a bijective, then f
is called an isometry.
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Lemma 2.1.12. If (M, g) and (N,h) are semi-Riemannian manifolds
and if f + M — N is a local isometry, then for all p € M and all
XY, Z W eT,M:

a) dpf (RM(X,Y), Z) = RVD(d, f(X),d,f(Y))d,pf(2).

(a)

(b) f*ric™M = ric(M9),
)
)

(c) ric™ ( pf(X)) pf(Rlc(Mg)(X))
(d) scal™9) = gcal ™M o f.

Proposition 2.1.13 (Symmetries of the curvature tensors). Let (M, g)
be a semi-Riemannian manifold. Then for allpe M and all X,Y,Z, W €
T,M we have

(1) g(R(X,Y)Z, W) =-g(R(Y,X)Z, W) (Anti-symmetry in
first two slots)

(2) g(R(X,Y)Z, W) =—-g(R(X, Y)W, Z) (Anti-symmetry in
last two slots)

(3) g(R(X,Y)Z,W)=g(R(Z,W)X,Y) (Interchange

symmetry)

(4) R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0 (1st Bianchi identity)

The proposition is a generalization of [12, Prop. 2.4.9], and can be

proved completely analogously. u

Note that the last inequality, i.e., the 1st Bianchi identity is also
called the algebraic Bianchi identity. However, it was not found by
Bianchi, but by Ricci. Due to Bianci is the “second Bianchi identity”,
and due to their similarity both come under the name Bianchi identity.
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Definition 2.1.14 (covariant derivation of tensors). There are unique

connections V on

TN =TM @ TMT*M®- & T*M

~~ "

T times r times

such that
(1) on C*(M) =T(TOOM) we have V =9,
(2) on I'(TM) the connection V is the Levi-Civita connection

(3) for oszI‘(T*M) we have
€T~
forall XY e': (Vxa)(Y) =0x(a(Y)) -a(VxY).

(4) for e T(T")) and e L(T@9) we have

Lq
b
Vx(h ® tz) = (thl) ® tg) +11® thz)
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Theorem 2.1.15 (2nd Bianchi identity /differential Bianchi identity).
Then for allpe M and all X,Y,Z,W € T,M we have

(VxR)(Y,2)W + (VyR)(Z, X)W + (VZzR)(X, Y)W =0.

This identity is called the 2nd Bianchi identity or the differential
Bianchi identity. Proof: It is sufficient to proof the theorem if X,

Y, Z are coordinate vector fields for normal coordinates centered in
p e M. We then have

VxX|p=0 VXY|p=0 VXZ|p:0
VyX‘ =0 VyY‘ =0 Vyz’ =0
p p p
VzX‘pZO V2Y‘p=0 V22’p=0

and thus also all commutators of X, Y, and Z vanish at p.

(VXR)(Y,Z)W|p = VX(R(Y,Z)W)|p—R(vXY,Z)W|p

-0
- R(Y, sz)W’p—R(Y, Z)wa’p

~—

=0

We obtain at the point p:
(VXR)(Y7 Z) = [VX7 R(K Z)] = [vXa [VYa VZ]:I

The statement now follows from the Jacobi identity which says that for
linear maps A, B, C € End(V') of a vector space V one has [A, [B,C]]+
[B,[C, A]] + [C, [, B]] =0, .
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