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The Killing operator

Let (M, g) be a semi-Riemannian manifold.
> Al = T*M, N\ = k-forms, &% = symmetric BLFs on TM,
> B ={Ropeas € N2 RN | Rlabcjd = 0} algebraic curvature tensors.

R= Riemann tensor

AT N Al A RgALeAl 4T, g AL 2T,

rg(R)

Al Y Al Al 47 % <~ a complex
x |
P — 7
where K : & — V(,&p), or IC(Xb) = %Lxg, is the Killing operator.
» Local integrability conditions for the range of K7
» Range of K = infinitesimal isometric perturbations of g.

> Compatibility operator C: for h € @%, h € rg(K) <= h € ker(C)
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The Calabi operator

Theorem (Calabi '61)

On a space of constant sectional curvature, there is a 2" order differential
operator C : ®* — B, such that

A B o Som, with C(h) = prg(VVh) — 3h- R,

is locally exact.

> prg: A ® A ® ©? — B is the projection such that

regoV?2
hap " VaVeyhod = VsVeyhaa — V(aVayhoe + V(5 Vayhac.

» h- R is the action of the symmetric endomorphism h on R,
(h . R)abcd =2 (Rabe[chd]e + Rcde[ahb]e) .
C

hab = VsV eyhod =V (5V ey had =V (5 V ayhoe + V(5 V gy hac — Rab [ hje — Rea (2 Pbje-
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The Calabi operator on semi-Riemannian manifolds

» On an a general semi-Riemannian manifold we can still consider
C(h) = prg(VVh) — 2h- R, but A! 5 52 5 @ is no longer a complex,

CoK(€) = R(dE) - VeR, (1)
where R : A?> — H is defined by the action of skew endomorphisms on R,
7z(/"l)abcd = 7(/"4 : R)abcd =2 (Rabe[c;ufd]e + Rcde[aﬂb]e> .

» R =0 <= R is of constant sectional curvature.
» Relation to the deformation operator:
If g .= ¢{g, then Ry = ¢{ R , then
dR:

are R
dt Le

VeR —(VE) R = VeR—(KE) - R—R(dE)
= —CoK(§) + R(d§) —(K§) - R — R(dE)
= - (prEE(VVh) +1h. R), where h = K(€).

deformation operator D

le.if g =g +ch, then R = R+ ¢ D(h) + O(&).



The Calabi operator on locally symmetric spaces

On a locally symmetric space, VR = 0, the diagram commutes
JACL- S
dT CT \A
2
S =

Al = ¢~~~ a complex

H
C rg(R)
> (Cis of 2™ order, a “Calabi operator”.

» When is this locally exact?

Theorem (Costanza, Eastwood, L & McMillan '21,'22)

On a locally symmetric Riemannian or Lorentzian space (M, g),

AL, 2 S BEis locally exact, unless (M, g) admits a parallel vector field
and a Hermitian factor in its local de Rham decomposition.
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Previous results on compatibility operators for

> Gasqui & Goldschmidt '83, 3 order compatibility operator on Riemannian
symmetric spaces
> Khavkine '19, compatibility operator of 4™ order for Schwarzschild
(warped product with constant curvature)
» Aksteiner, Andersson, Backdahl, Khavkine & Whiting '21, compatibility
operator of higher order for Kerr
Our proof uses the prolongation of the Killing equation to a connection on
E = A! @& A? whose parallel sections correspond to Killing vector fields
(c.f. Christian's prolongation of the Killing spinor equation to parallel spinors

on the cone).
~> Killing connection and its “exactness”



Exact connections

Let (E — M, V) be a vector bundle with connection V. Twisted de Rham:

R=curvature R:(dv )2

L~

v 1 dv 2 dv 3 dv
E— NNQE —— N"QE —— N°QE —— ...
N —— V=19 —— dv¢ = R(n)
> We say the connection V is exact, if for each ¢ € A! @ E with

dVp € rg(R), there is an 7 € E such that ¢ = V7.
> Clearly, if d¥ : A' @ E — A2 ® E is injective, then V is exact,

d"¢=R(n) = dY(¥—-Vn)=0.
> We call V generic, if R : A' ® E — A® @ E is injective.

Lemma
If V is generic, then V is exact and R : E — N\?> ® E is injective. J




The curvature filtration

How can we use genericity to show a connection is exact, even though the
curvature R : E — A2 ® E is not injective?

Define Eg :=ker(R: E — N ® E) and consider E/Ey — N ® E/Eo, however,
the induced map may still be not injective ~» curvature filtration of E:

ECEC...C Ek:={n€E|R(N)eNQE1}CE4wC..CE
Let m = min{k | Ex = Ex+1}. Then R: E/En — N ® E/E,, is injective.
Proposition (CELM '22)

Let (E, V) be a vector bundle with connection. If
» each Ei in the curvature filtration is YV -parallel and

» the induced connection on E/Ey, is exact,

then (E, V) is exact. In particular, if the induced connection on E/En, is

generic, then (E, V) is exact.




Proof

v

v

v

v

Assume that dV (v)) = R(n). Wlog, we can assume that dV¢ = 0.

Since V on E/E,, is exact with injective curvature,
AV =0 = =0 N ' QE/En, ie. Y € N'® Ep.
Observe that each Ei/Ek_1 is flat, and hence for each k,
v 1 dvV o 2 2
d” : ker (/\ ® Ek/Ek,1 — A ® Ek/Ek,1> — A" ® Ekfl/Ekfz

is injective.
This enables an induction ~ 1) € Ey with dVe) = 0.
But E/Eq is flat, so ¢ = Vn.



The Killing connection

On a semi-Riemannian manifold, for £ € A! and h € &2,
> ¢is Killing <= V¢ = p € A% This implies Vxu = R(&, X).
> h=K(£) <= h=VE—puwith u € A% This implies
dVh=Vu—R(E ).

~» Killing connection V on
N! = _
E= @ 5 (%) Y+ ENQE
N2 I V= R(E, -)

> ¢is Killing < (di) is parallel for V, [Kostant '55].

2
h o ©

> herg(K) — <v>€rg(V)ﬁ D
d¥h Al @ A2

The Killing connection not only controls the Killing vector fields but also the

range of the Killing operator!

9/20



The curvature of Killing connection

Let R € A’ ® E be the curvature of the Killing connection,

() (i wee)
k) = \R(w) - veR

i.e. the Killing connection is flat <= (M, g) has constant sectional curvature.

h
On the other hand, for (dvh> eAN'QE,

o <d‘gh> ) <C(0h))

h _
Hence, if <dvh> € rg(V), we recover the fundamental equality

CoK(¢) = R(dE) — VeR.
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Proposition (CELM '22)
On a locally symmetric space, the Killing connection is exact <=

A K ®? S5 B is exact.

Proof: h € ker(C) < C(h) = R(p) < d¥ (dgh) € rg(R) with h € @2

(=) Vexact = In= (i) € E, with ¢ = V7 and hence K(¢) = h.
h+w 1 . 2 2

(<) Let o = < é ) € /A" ® E with h € ®° and w € A7, such that

d¥(y) =

/N

R?H)) € rg(R), then

=0\ _ (h v 0 —
d=v+9(2) = () maai = () < R
This forces ¢ = d¥ h and hence C(h) = R(u + w).
AN B 0?7 S Bexact = h= K(€) and hence ) = ﬁ(di).
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The curvature filtration for the Killing connection

Let R € A’ ® E the curvature of the Killing connection on a locally symmetric

space,

()= Sk ) =()-(da) = i
A VA-R(,-) A —A-R A € s0(TM).

> Eo = TM & bo, where ho = aut(R) = {A € so(TM) | A- R = 0}.
In particular, hol = span{R(X,Y) | X, Y € TM} C he.

> E. = TM @ by, where by = {A € so(TM) | [A, bol] C br_1}.

> VR=0 = Vx(A-R)=(VxA) R —
Ey and all other Ei’s are parallel subbundles of E, so the Killing
connection is exact if the induced connection on so(TM) /b, is exact.

» induced connection on E/E, = so(TM)/b,, is the Levi-Civita connection.

What is b, and is the Levi-Civita connection on so( TM) /b, exact?
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De Rham decomposition

If (M, g) is a Riemannian or Lorentzian locally symmetric space, then its local

de Rham decomposition is as follows:

(M,g) = (L, h) X (Nhgl) X ... X (I\/k,gk)7

» (N;, gi) are irreducible Riemannian locally symmetric spaces (or empty),
and

» (L, h) is either flat (Euclidean or Minkowksi) or an indecomposable
Lorentzian manifold, i.e. either (L, h)

»> has constant section curvature, i.e. locally de Sitter or anti de Sitter, or
» is a Cahen-Wallach space.

Note that even though the tangent bundle of products decomposes into parallel

subbundles, this is not the case for the prolongation connection.
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Riemannian symmetric spaces

> If s50(TM) = ho @ by, e.g. if g is Riemannian, then [ho,hy | C by, and
hence b1 = bo, so E/En = E/Ey = by
> We show that (hg, V) is exact by showing that it is generic, i.e. that

Aobt "5 A3gpd s injective
v —  R@), R@)X,Y,Z)= cyc ([R(X,Y),%(Z)]).
Y, N—— N~

€hol  epgt

> If (M, g) is irreducible Riemannian symmetric with Ric = +g, then:
¥ € ker(R: A\'®@ by = A3®bg )
= Pape = Ylabjc is tracefree and of the form

) = wi®p;,  with w; € A2 eigen-forms of R : A2 — A2 for eigenvalue 2.
g

For an irreducible Riemannian symmetric space, what are the eigenvalues of

R: A% = N2, Wab = Rap“wed 7
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The eigenvalues of the curvature operator on 2-forms

Proposition (CELM '21)
Let (M, g) be an irreducible Riemannian locally symmetric space with
Ric = +g. The the eigenvalues for R : N> — N? lie between 0 and £2 and

> ker(R) = by, and
» R(w)=42w <= (M,g) is Kihler with Kihler form w.

Hence ’l[) =) wi® ¢ =w ¢, where w is the Kahler form. Since 1; is trace

free,

w(¢a _) = 07
which implies ) =0 and ¥ = 0, so R: A' @ hi — A @ by is injective.
Corollary

For a Riemannian irreducible locally symmetric space, the Levi-Civita
connection on aut(R)* is exact and so is the Killing connection.
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Indecomposable Lorentzian symmetric spaces

» Cahen & Wallach, '70: An indecomposable Lorentzian symmetric spaces
either has constant sectional curvature or is universally covered by a
Cahen-Wallach space.

> Constant sectional curvature (de Sitter or anti de Sitter space): the Killing

connection is flat and hence exact. v/

» Cahen-Wallach space: M = R™? with Lorentzian metric
g = 2dvdt+ §dx'dx’ + Qx'x/ (dt)?,

where (t,x*,...,x",v) are coordinates on R"*? and det(Q;) # 0.

The null vector field 0, is parallel and hol =

0 —-Q O —a —u' 0 u,w € R"
span { R(0:,0;))= |0 0 Q/ - —-w B ul| A€so(n)
=L 0 0 0 0 w' a/ aeR

=R" = so(1,n+1).
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The curvature filtration for the Killing connection of Cahen-Wallach spaces

Recall
/\1
Ec= @
aut(R) ={A€so(l,n+1) | [A, R(X,Y)] — R(AX,Y) — R(X,AY) = 0}
> ho = aut(R) = Zo(n)(Q) x R”
» E. = TM & by, where b = {A € so(TM) | [A, bol] C br—_1}.

a ut 0 aceR,

h = 0 B —ul|]| ueRn =co(n) x R"
0 0 -—a B € so(n)

b = so(l,n+1).

» E, = E and E/E, = {0} and hence the Killing connection for
Cahen-Wallach spaces is exact v/
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How to deal with products?

Let (M, g) = (M*, g') x (M?,g°) and denote T = TM', etc.

™ T T?
E= &® = @ ® @ .
so(TM) so(Th) so(T?) @ T'AT

> If Rlis injective, which we assume from now on, then
E/En = so(T")/bh @ so(T?)/b2 @ (T'AT?),

and this decomposition is parallel for V. Hence, the Killing connection of
(M, g) is exact if each of the three summands is exact. We have exactness
for so(T')/hk,, so it remains to show that V is exact on T* A T2,

> Again we show genericity of V on T* A T2: If ) € ker((dY)?), then
Y ET*M® (T A T?) and 9y is of the form

wA¢, withw a 2-form on M' and ¢ a parallel 1-form on M?

such that
R'(w) = +2w, i.e. wis the Kihler form.

That's why exactness does not hold for Kahler x flat.
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The counterexample

Let (M, g) = (M1, g1) x (M2, g2) with
» (M, g1) irreducible Hermitian symmetric with K3hlerform w and Kahler
potential ¢, and
> (Mo, g2) locally symmetric with parallel vector field .
Then, h:=¢-£ € @2,
C(h) = R(¢N¢),

and hence h is in the kernel of C. But h is not in the range of C.
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Happy Birthday, Christian!



