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The principle of locality (or locality principle) states that an object
is influenced directly only by its immediate surroundings.

Thus, one can separate events located in different regions of
space-time and should be able to measure them independently.

4

@ Propose a mathematical framework which encompasses the
main features of the locality principle in QFT;

@ use this framework to carry out renormalisation in accordance
with the locality principle.
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In the Minkowski space (R, g), where g(x,y) = —xoyo + 27;11 Xy is
the Lorentzian scalar product, there is a notion of "past" and "future":
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Two sets S; and S; are causally separated  (S51//S2) if and only if
S; does not lie in the future of S; fori # j.
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: S(RY) — O(H) obeys the axiom

Supp(f1) | Supp(f2) = |¢(f1), ¢(2)| = 0. (1)

The (relative) satisfies the condition

Supp(f) [Supp(f) = S¢(fi + f2) = Sr(h) S¢(f2)
= [5¢(f), S¢(R)] = 0. (2)
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interpretation

We introduce two binary relations

@ on sets:

OlT/02 <~ [01, 02] = 07 (3)

@ on test functions:

fi T f 1< Supp(f)|Supp(f). (4)

ATh = ()T o(h). (5)

i Tfh = S¢(f + ) = S¢(h) S¢(h). (6)
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A locality set is a couple (X, T) where X isasetand T C X x X is a
symmetric relation on X, called locality relation (or independence
relation) of the locality set:

X1 X <= (x1,%) € T, Vxi,x € X.

First of locality

@ XTnY <= XY =0 on subsets X, Y of a set Z.

] XT Y < XL Y on subsets X, Y of an euclidean vector space (V, L)

Let U C R" be an open subset and € > 0. Two functions ¢, in D(U)
are independent i.e., ¢ T. ¢ whenever d (Supp(¢), Supp(¢)) > e.
For ¢ = 0, this amounts to disjointness of supports, otherwise to

e-separation of supports.
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g of events

Given a probability space P := (2, %, P) and two events A, B € ¥:
AT B< P(AnB)=P(A) P(B).

V.
c manifolds

Given two submanifolds Ly and L, of a manifold M:
Li Tl<= LiMly<= T,L1 +Tlb=TM VxelinL,.

WV
g numbers

Given two positive integers m, n in N:
min< m/in=1.
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category

structures

@ set X ~~ locality set (X, T);

@ semi-group (X, mx) ~ locality semi-group (X, mx, T)
(UC V= U' semi-group);

@ vector space (V/,+,:) ~> locality vector space (V,+,-, )

(UC V= U vector space);

o algebra (A,+, -, ma) ~ locality algebra (A, +,-, ma, 7).

morphisms: f : (X, T x) = (Y, [y)

@ locality map:
(FxF)(Tx)C Ty orequivalently x371xx = f(x1) T vf(x);

@ locality semi-group morphism £ : (X, mx, T x) = (Y, my, Ty):

fisa locality map and X] | x Xo —> f(mx(Xl,Xg)) = my(f(Xl), f(Xz))
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are functionals F on test functions (fields) ¢ of the form F(QD) fM (_/X (()0 ) dx (here /“ ()
is the k-th jet of ¢ at x): | he localised version at ¢:

Flo+) = F(o) + /M FUAW)) dx V. ()

Hammerstein property/partial additivity similar to a causality condition on S-matrices
of [Epstein, Glaser (1973)], [Bogoliubov, Shirkov (1959))], [Stiickelberg (1950, 1951)]

01 T2 = Fp1tot+pa) = Fle1 + ) F(o)+F(e+¢2).  (8)

Com pal’ing the tWO [Brouder, Dang, Laurent-Gengoux, Rejzner (2018)]
Provided D, F can be represented as a function V,F such that the map
¢ +— V F is smooth, then (8) = (7).
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on pseudodifferential operators

\U;hg(M) polyhomog. pseudodiff. operators on M with order in ' C C.

: Sl
A linear form A= W,

(M) — C is local if and only if

X TnX = AMxAx')=0.

I

res: W7, (M) — C defined as an integral of the trace of the

homogeneous component of the symbol of degree — dim, is local.

.

The as a

The index of a differential operator D of Dirac-type is local since

ind(D) ~ res(log(D?)).
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sovy | WFu, but vy [ 05
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v1 T WE by = (the product 11 - 1 is well-defined.)

We equip \U%: (the canonical trace TR is well defined) with the |oca|ity relation

pgh

Ay 777 A i (ord(Ar) + ord(A2) 7 7) = (TR([A1, Az])— 0).

Counterexample

Yet C equipped with the locality relation x 77"y <= x + y¢Z.
(C, T,+) is NOT a locality semi-group:for U = {1/3} we have
(1/3,1/3) e (U x U')N T but 1/3+1/3=2/3¢U".
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Speer’s analytic renormalisation JMP 1967] revisited

Eugene Speer considers Feynman amplitudes given by the coefficients of
the perturbation-series expansion of the S matrix in a Lagrangian field
theory (with non zero mass).

Excerpt of Speer's article

| A\

In this paper we apply a method of defining divergent quantities which
was originated by Riesz and has been used in various contexts by many
authors. [....] We find it necessary to consider functions of several
complex variables zy, - - - , zx, one associated with each line of the
Feynman graph. The main difficulty is the extension of the above
[Riesz's] treatment of poles to the more complicated singularities which

occur in several complex variables...
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(We assume the poles are at zero)

Speer shows [Theorem 1] that the divergent expressions lie in the filtered
algebra MFeYn(C>) := U, MFY1(CK) consisting of Feynman
functions f : CK — C,

Kz .-
f:M L,-:sz, Jic{1,--- ,k}, hholom. at zero.

[151 ... sm’
1 m jed:

Questions:
@ How to evaluate f consistently at the poles z; = - -+ = z, = 07

@ What freedom of choice do we have for the evaluator?

lor —17
Z1 — 22 0?7

21+ 70 10000 ?

f(zi,22) =
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meromorphic germs with

e M(CH>f= h(e‘—l_" h holomorphic germ, s; € Z>o,

e (;:Ck—>C, Ly ¢ Ck — C linear forms.

o Dependence set Dep(f) := (b1, ,€m, L1, , Ly).

of variables
On M(C*®) = Uen M(C¥) , fi L <= Dep() L Dep(f).

_9(Ck) is the set of polar germs f = g with h | 9 g

Back to the

b=z ln=L=2c¢c MO(C?)
(:=21—2) L (2142 =: L) = a=2 ¢ MOC?).

Z1+22
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Back to the principle in QFT

We consider M := M(C>) := U2 ; M(C¥) consisting of meromorphic
functions/germs f : C¥ — C with linear poles at zero,

bz

= i s L;linear inzy,--- ,z, h holom. at zero.
11... mm

Aim: evaluate meromorphic germs at poles according to the principle of
locality: "two events separated in space can be measured independently."

Principle of . factorisation on events
aand bindependent =  Meas (a V b) = Meas(a): Meas(b).
SN—— factorisation ~——

€A concatenation

@ As before, we equip M with the locality relation |;

Principle of revisited:

flg=&(f g)=E(f)E(g) for two meromorphic germs f and g in an
appropriate subalgebra M*® of M.
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They consist of a family £ = {&, € N} of linear forms
Ex: ./\/lFeyn(Ck) — C, compatible with the filtration, which fulfill the
following conditions

Q (extend evg) &£ is the ordinary evaluation evq at zero on holom.
germs;

@ (partial multiplicativity) £(f; - ) = E(A) - E(f) if f1 and £
depend on different sets (we call them independent) of variables z;
© £ is invariant under permutations of the variables £, o 0* = & for
any o € Xy, with 0*f(z1,- -+, z) := f(zo(1), -+, Zo(i) )
© (continuity) If f(2) - L3 --- L3n unif_%m;ly g(Zk) as holomorphic
n [ee]
germs, then &Ec(f,) — Ek( lim f,).
n—oo n—o0
Drawback: Speer's approach depends on the choice of coordinates

217.”72‘(7”.'
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Where we stand

° (/\/l', J_Q) an (locality) algebra of meromorphic germs at zero
with a prescribed type of poles (e.g. Chen C Speer C
Feynman);

@ M, C M?* the algebra of holomorphic germs at zero;

o the evaluation at zero: evy : M4 — C;

o the Galois group Gal? (M®/ M) of (locality) isomorphisms
of (M', J_Q);

o M*®" is generated by polar germs f = g with h | Y g.

4

Orthogonal projection

1.9 induces a splitting

M* :M+'J\QM._Q and 7T+Q i M® — M+
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9 5 Te
~—
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