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A fundamental question in 4-dimensional Riemannian geometry is the following:

What is the boundary of the space of Einstein metrics on a fixed compact
4-manifold?

By work of Anderson and Bando-Kasue-Nakajima it has been known since the
late 80s that non-collapsed limits of sequences of compact Einstein 4-manifolds
are Einstein 4-orbifolds with isolated singularities and ALE-spaces bubbling off.
Conversely, the famous Kummer construction of the K3 surface shows that the
16 singular points of the orbifold T 4/Z2 may be desingularised by gluing in
Eguchi-Hanson spaces. The Eguchi-Hanson lives on the crepant resolution of
the singularity C2/Z2 which is biholomorphic to T ∗CP1. Hence one can ask the
more refined question: Which Einstein 4-orbifolds do actually occur as boundary
points, i.e. can be desingularised to Einstein 4-manifolds?
Recent progress towards this question has been made by Biquard, who discov-
ered a new obstruction in the curvature tensor in the orbifold point preventing
desingularisation. If the obstruction vanishes, the desingularistation can be
constructed at least in the ALH (or conformally compact) setting. A good
overview is provided by Biquard’s ICM talk [9], see also the survey [2] for the
general subject.
The aim of this seminar is to carefully review the relevant aspects of the geome-
try of Einstein metrics in 4 dimensions with the ultimate aim to study Biquard’s
first paper [8] in detail. This includes topics such as Kähler and Hyperkähler ge-
ometry, the Kummer construction, the Hitchin-Thrope inequality, the orbifold
compactness theorem and ALH (or conformally compact) Einstein metrics. This
covers the first two introductory sections of the program. The final section is
devoted to Biquard’s work.

1 Foundations of (hyper-)Kähler manifolds

Initial Requirements.
One of the key techniques to construct interesting Riemannian Einstein met-
rics is Kähler geometry which makes extensive use the language of complex
manifolds. Following the seminar will thus require some familiarity with basic
concepts about complex manifolds with a focus on those requirements needed
to solve the Calabi problem (see below). Every particpant should know the
following concepts when the seminar begins: complex manifolds, complex and
almost structures on a manifold, Nijenhuis tensor, holomorphics maps, com-
plex submanifolds, complex projective spaces; decomposition TpM ⊗R C =

T
(1,0)
p M ⊕T (0,1)

p M , similar decompositions for tensors and into (p, q)-forms; the
operators ∂, ∂, d, dc; holomorphic vector bundles; algebraic sets in Cm, affine
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algebraic varieties, affine coordinate ring, maximal ideals in coordinate ring ver-
sus points; submanifolds in CPm defined in terms of homogeneous polynomials,
Zariski topology; morphisms, rational maps and birational maps between alge-
braic varities (over C); basic knowledge about sheaves as e.g. sheaf cohomology;
Statement of Chow’s Theorem ([13, p. 167]).
Probably more experienced participants will have fewer need to read in advance,
while less experienced participants will profit from having read deeper into the
subject.
As a guideline everyone should have read and understood [15, Sections 5.1 to 5.3]
about the basic language used to describe complex manifolds and [15, Sec-
tions 5.8] about the basics of algebraic geometry. Chapter 5 in [15] aims to be
a short and condensed summary, thus it might be advisable to complete this
reference by some standard textbooks. Among the many books about algebraic
geometry, the book by Griffiths and Harris [13] seems well adapted to our needs.
As the first talks will have to advance with adequate speed, unexperienced
participants will also profit from having read about Kähler geometry. Besides
the short summary [15, Sections 5.4 to 5.7] we recommend the first chapters in
[4] and [19].

1. Talk: Kähler manifolds and resolution of singularities. Timo Essig.
1st half: Kähler manifolds, Kähler potentials, local and global ddc-Lemma,
curvature of Kähler manifolds, exterior forms on Kähler manifolds and Hodge
star operator, operator ∆∂ , ∆∂ and ∆d; Summary of Hodge theory, Kähler
classes and Kähler cone. [15, Sections 5.4-5.7]
2nd half: Resolution of singular varieties (over C), blow-up, Hironaka’s theorem;
deformations of complex analytic varieties leading up to the theorem by Kodaira,
Spencer and Kuranishi. Holomorphic line bundles , Chern classes, Divisors and
the Lefschetz Hyperplane Theorem.[15, Section 5.9 and 5.10]

2. Talk: Solution of the Calabi problem. Michel Kinne. Describe the
Calabi problem. Translate it into the complex Monge-Ampère equation. Sketch
how to use the continuity method to solve the Monge-Ampère equation. Use
the a priori estimates without proof. [15, Sec. 6.1 and 6.2]

3. Talk: (Hyper-)Kähler geometry. Lorenz Jetter. We treat hyper-Kähler
manifolds with special emphasis on the case of 4-dimensional closed manifolds,
i.e. manifolds with holonomy in SU(2).
[15, Sec. 10.1 and 10.2]: Discuss the groups Sp(m) and their role as holonomy
groups in the hyper-Kähler case. Then specialise to m = 1 with Sp(1) = SU(2);
hyper-Kähler structures; associated twistor spaces; hyper-Kähler ALE-spaces;
Eguchi-Hanson spaces
Mention the Kronheimer classification of hyper-Kähler ALE spaces using the
McKay correspondence (before Theorem 10.2.3 in Joyce’s book [15]).
Gibbons-Hawking Ansatz for the contruction of hyper-Kähler manifolds, see
[21, Sections 3.1 and 3.2], in particular Eguchi-Hanson, multi-Eguchi-Hanson,
(incomplete) Gibbon-Hawking spaces, Taub-Nut space.
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4. Talk: Kummer construction, K3 surfaces. Jin Li. [15, Sec. 10.3]: K3-
surfaces, the K3-surfaces obtained as Fermat quartic; Kummer construction;
the moduli space of marked K3 surfaces – viewed as complex surface without
the choice of a Kähler metric; local and weak Torelli theorem and Looijenga’s
theorem about the period domain; K3 surfaces as hyper-Kähler manifolds.
Further Literature: [11]

5. Talk: Higher-dimensional compact hyper-Kähler manifolds. Claudio
Meneses. Complex symplectic manifold, deformations of irreducible complex
symplectic manifolds, marked irreducible complex symplectic manifolds and
their moduli space, period map and hyper-Kähler analogues of the local and
the global Torelli theorem. Examples of compact hyper manifolds using Hilbert
schemes.Families of hyper-Kähler metrics on X [m], when X is a K3 surface.
Hyper-Kähler metrics on Km(Y ). [15, Sec. 10.4]

2 Foundations of Einstein manifolds

6. Talk: Einstein metrics in 4 dimensions. Sven-Ole Behrend.
Explain the decomposition of the curvature operator

R =

(
R+ Ric0

Ric0 R−

)
w.r.t. the decomposition Ω2 = Ω+ ⊕ Ω− in 4 dimensions [7, §1.G,H]. Prove the
Hitchin-Thorpe inequality and its strengthening for nonpositive/nonnegative
curvature, see [14, Theorem 1 and 2] or [7, §6.D]. Discuss the equality case.
If time remains, then include “interesting parts” of [2].
Further Literature: [7], [3]

7. Talk: Orbifold compactness. Julian Seipel.
Let M be a fixed 4-manifold. The set{

(M, g) : Ricg = λg, |λ| ≤ Λ,diam(M, g) ≤ D
}

is precompact w.r.t. the Gromov–Hausdorff topology. In the non-collapsed case,
i.e. if vol(M, g) ≥ v > 0, possible limits are Einstein orbifolds. Discuss the proof
of this result along with consequences. A sketch can be found in [2], details in
[1, 5, 20].

8. Talk: Perturbation of the asymptotically hyperbolic Einstein fill-
ings. Alan Pinoy. Let (M = M ∪ ∂M, ḡ) be a compact Riemannian manifold
with boundary. Suppose that we have a smooth function u : M → [0,∞), such
that u−1(0) = ∂M and ‖du|∂M‖ḡ ≡ 1. Then g := u−2ḡ is a complete metric on
M with sectional curvature tending to −1 at infinity. Such metrics will be called
asymptotically hyperbolic. This notion generalizes the Poincaré disk model of
hyperbolic space. Conversely, if we have a pair (M, g) arising this way, it deter-
mines uniquely a conformal manifold (∂M, [ι∗ḡ]) at infinity, where ι : ∂M →M
is the inclusion. We say that an asymptotically hyperbolic manifold (M, g) is
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an Einstein filling, if it is an Einstein metric (with scalar curvature −n(n− 1),
n = dimM).
The main result of this and the following talk says that under suitable conditions
any perturbation of the conformal structure at infinity may be filled by an
asymtotically hyperbolic Einstein manifold. The goal of the current talk is to
explain Theorem A of [17] with main focus on the special case of Poincaré disk
model, see Theorem A of [12]1. Also explain the geometric ideas of the proofs,
using the facts about asymptotic analysis of the following talk. Discuss the role
of the Lichnerowicz Laplacian and its essential spectrum [17, prop. D]. Discuss
that the operators ∆L + c, C > 2n − n2/4 and L∗L where L is the conformal
Killing operator satisfy “Coercivity at infinity” [17, Eq. (1.4)]. If time remains,
explain the remaining results in the Introduction of [17].
The talk certainly will require synchronization with the speaker of the following
talk, e.g. about when to discuss the “indicial radius”.

9. Talk: Analysis on asymptotically hyperbolic manifolds. Jérémy Mougel.
The goal of this talk is to provide the results about asymptotic analysis on
asymptotically hyperbolic manifolds (or more generally conformally compact
manifolds) required in the talk before. The emphasis should lie more on ex-
plaining the main ideas how to prove such statements than in giving a complete
proof of every single statement.
In order to provide such tools we see two approaches, and the speaker may
choose the one (s)he finds most appropriate. One either might follow the litera-
ture by Lee (and Graham) [17, 12]. Or one might put this in the more systematic
framework of the zero calculus. While the systematic framework might be suit-
able for speakers with some background or further interests in this direction,
less experienced will probably do better following [17, 12].
While it is almost clear what concepts are important if one follows Lee’s litera-
ture, we shall give some comments on the zero calculus.
Asymptotically hyperbolic manifolds are a special class of conformally compact
manifolds, and the analysis on such spaces can be effectively described in terms
of the zero calculus. The zero calculus is in fact a special case of the edge
calculus [18] with the special assumption that the map π : ∂X → Y in Mazzeo’s
work is simply the identity id : ∂M = ∂X → ∂M = Y . Treating only the
special case of the zero calculus leads to an essential simplification, and as a
consequence, the speaker should restrict to this special case, as worked out in
detail in [16]. Central result are e.g. [18, Theorem 6.1] or [16, Theorem, Part (b),
in the Introduction], but even more importantly: the speaker should reformulate
the statements needed in the previous talk in the language of the zero calculus,
and then discuss how to solve this in light of e.g. [16]. As this is probably
didactically not easy, we recommend this only for more experienced speakers.

1The speaker is free to choose whether (s)he wants to present the more special version
in [12] or the more general version in [17].
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3 Biquard’s obstruction

Around 2013, a new obstruction was found for an Einstein orbifold (M0, g0) with
isolated singularity modelled on R4/Z2 to be the limit of Einstein manifolds
(Mi, gi). This obstruction lies in the curvature tensor of the orbifold metric g0

in the orbifold point p0. More precisely, if

R =

(
R+ Ric0

Ric0 R−

)
w.r.t. Ω2 = Ω+ ⊕ Ω−

then the obstruction ist det Rg0
+ (p0). Conversely, if this obstruction vanishes,

the desingularisation can be constructed in the AH setting by gluing in an
Eguchi–Hanson space.
In this part we mainly follow [8] and [10]

10. Talk: Deformation theory of the Eguchi–Hanson metric following
[8, §1,2,3]. Guadalupe Castillo Solano.
This talk is concerned with the Eguchi–Hanson space alone. The 3-dimensional
space of infinitesimal L2-integrable Einstein deformations of the Eguchi–Hanson
metric gEH is spanned by oi(x, y) = Ω(Iix, y), where Ω is the unique L2-
harmonic 2-form and Ii are the three complex structures. For a tensor H =
Hijklx

ixjdxkdxl consider the infinitesimal deformation problem dgEH
Ric(h) =

ΛgEH in the class of tensors h decaying sufficiently fast to H. This can be
solved if and only if Biquard’s obstruction vanishes and otherwise only modulo
the obstruction space spanned by the oi.

11. Talk: The approximate solution [8, §4,5,6]. Jonathan Glöckle.
Consider now the Taylor expansion g0 = gEucl+H+O(|x|4) in the orbifold point
and glue in the metric t(gEH + th) where h solves the infinitesimal deformation
problem from above for t > 0 sufficiently small. The advantage of gluing in this
metric (rather than tgEH) is a better fit to the orbifold metric. Describe the
problem of solving the Einstein equation modulo the obstructions oi extended
to the glued manifold and introduce the relevant function spaces.

12. Talk: Solving modulo the obstruction space [8, §7,8]. Stephen Mc-
Cormick.
The talk begins with some preparatory material on the Bianchi gauge. The
Bianchi-gauged Einstein equation is solved modulo the obstruction space via a
fixed point argument. The iteration starts on the approximate solution con-
structed above. This works in the compact and the AH setting.

13. Talk: Killing the obstructions in the AH setting [8, §9,10,11].
Lothar Schiemanowski.
In the AH setting the additional flexibility coming from deforming the conformal
structure on the boundary at infinity can be used to kill the obstructions and
hence produce a true Einstein metric.

14. Talk: Asymptotic behaviour [8, §12,13,14]. Jørgen Lye.
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Determining the precise asymptotic towards the conformal boundary requires a
refinement of obstructions and approximate solutions carried out in [8, §8]. A
tranvsersality argument gives the generic uniqueness of the solutions.

15. Talk: The AdS–Taub–Bolt family. Paul Schwahn. The AdS–Taub–Bolt
metrics form an explicit family of AH Einstein metrics on T ∗S2 which converges
to an orbifold metric on B4/Z2. [6, 22]. This orbifold metric is the Z2 quotient
of a selfdual Einstein metric on B4 [23] which is not the hyperbolic metric.
This family illustrates the main result of Biquard as mentioned in [8, p. 199, p.
251]. This talk discusess the construction of the AdS–Taub–Bolt family and its
geometric properties. The limit metric of Pedersen and its geometric properties
(self-duality) will be discussed as well.
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